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Abstract 



This Thesis reviews Vasihev's approach to Higher-Spin Gauge Theory and contains 
some original results concerning new exact solutions of the Vasiliev equations and the 
representation theory of the higher-spin algebra. 

The review part covers the various formulations of the free theory as well as Vasiliev's 
full nonlinear equations, in particular focusing on their algebraic structure and on their 
properties in various space-time signatures. 

Then, the original results are presented. First, the 4D Vasiliev equations are formulated 
in space-times with signatures (4 — p,p) and non-vanishing cosmological constant, and 
some new exact solutions are found, depending on continuous and discrete parameters: 
(a) an S'0(4 — p, p)-invariant family of solutions; (b) non- maximally symmetric solutions 
with vanishing Weyl tensors and higher-spin gauge fields, that differ from the maximally 
symmetric background solutions in the auxiliary field sector; and (c) solutions of the 
chiral models with an infinite tower of Weyl tensors proportional to totally symmetric 
products of two principal spinors. These are apparently the first exact 4D solutions with 
non-vanishing massless higher-spin fields. 

Finally, a generalized harmonic expansion of the Vasiliev's master zero-form is performed 
as a map from the associative algebra A of operators on the singleton phase space to 
representations of the background isometry algebra that include one-particle states along 
with linearized runaway solutions. Such Harish- Chandra modules are unitarizable in a 
Tr_4-norm rather than in the standard Killing norm. We also take the first steps towards a 
regularization scheme for handling strongly coupled higher-derivative interactions within 
this operator formalism. 
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Chapter 1 



Introduction 



Higher-Spin (HS) Fields have attracted the attention of theoretical physicists since the 
very early days of Relativistic Field Theory. As soon as the importance of space-time 
isometries was exploited, and free propagating particles were associated to the solutions 
of invariant equations under the corresponding symmetry group, it became natural to 
investigate the properties of relativistic fields of more general types. Indeed, the relativity 
principle reduced the classification of linear relativistic wave equations to the classification 
of the unitary irreducible representations (UIRs) of the Poincare group, and the latter 
where found to be fully specified by the two quantum numbers of mass and spin [5]. 
Therefore, the very existence of massive and massless UIRs of the Poincare group with 
arbitrary spin (or, more properly, helicity, in the massless case) was, and keeps on being, 
the first motivation for a study of the corresponding field theories. 

The massless, discrete-helicity case has received the greatest attention due to the local 
symmetry principles associated to it. The gauge invariance that the field equations ac- 
quire in the massless limit is a signal that they actually involve more variables than the 
physical degrees of freedom (dof). In group-theoretical terms, this means that the space 
of solutions no longer corresponds to an irreducible representation of the Poincare group, 
but rather to an indecomposable one, in which the unphysical polarizations form an in- 
variant submodule. The role of the gauge symmetry is precisely that of factoring out such 
submodule, thereby defining the gauge field via an equivalence class. 
The huge interest in gauge theories of course arises from the fact that massless lower-spin 
fields {i.e., spin s < 2) are known to describe the fundamental interactions, encoded in 
the Standard Model and in Einstein's General Relativity (GR): electroweak and strong 
interactions are based on abelian and non-abelian spin-1 gauge fields, that implement 
SU{3) X SU{2) X f/(l) local symmetry, and gravity on a spin-2 gauge field, that essen- 
tially implements diffeomorphism invariance. In Classical and Quantum Field Theory 
(QFT), local symmetries put strong restrictions on, or completely determine, the dynam- 
ics of fundamental constituents and the possible interactions between them - and have 



CHAPTER 1. INTRODUCTION 2 

indeed led theoretical physicists to spectacular predictions. 

By now, the classical lower-spin gauge theories are very well known, and explain an amaz- 
ing variety of very different phenomena. But the history of Physics is, to a good extent, 
a history of unification: formerly separated areas of investigation were shown to admit 
a description within a single conceptual and formal framework, which proved to be suc- 
cessful in increasing their predictive power. The last century achieved a partial success 
in unifying the fundamental interactions mediated by spin-1 massless particles within the 
framework of QFT. However, joining gravity in this technical and conceptual scheme still 
faces enormous difficulties. 

Indeed, a number of very important differences arise already at the classical level, when 
one compares gauge fields of spin 1 and 2: first, the former is associated to a gauge 
parameter e{x) which is an arbitrary scalar function of space-time coordinates, and the 
corresponding local symmetries are therefore internal, while spin-2 gauge fields are asso- 
ciated to a vector gauge parameter e'^{x), which can be identified with an infinitesimal 
change of coordinates, i.e., with space-time symmetries. This fact is at the root of many 
differences - that, for example, account for the known subtleties in the tout-court inter- 
pretation of gravity as a gauge theory in the Yang-Mills sense - that we shall examine in 
detail in a broader and more general context. Let us only stress here the well-known fact 
that, while consistent self-interactions of non Abelian spin-1 gauge fields demand finitely 
many nonlinear terms (up to the quartic order in the Lagrangian), the same request for 
a spin-2 field actually implies infinitely many nonlinear corrections of higher and higher 
order! Furthermore, the propagators of massless fields in QFT show that the exchange of 
even-spin massless boson gives rise to universally attractive static potentials, while odd- 
spin gauge fields mediate attractive and repulsive static interactions among particles of 
unlike and like charges, respectively. Finally, a QFT of spin-1 gauge fields, both abelian 
and non-abelian, has been constructed and has been shown to be renormalizable, while 
gravity is plagued by non-renormalizable infinities. 

The fundamental difficulty of the many attempts at combining internal and space-time 
symmetries into a bigger, more fundamental symmetry group, within a purely field- 
theoretical scheme, were encoded into the famous Coleman-Mandula theorem [7] in 1967: 
roughly speaking, it states that, under certain assumptions which at that time seemed 
reasonable for any physically relevant field theory, any S-matrix - governing interactions 
among quantum fields - symmetric under an algebra q which is bigger than the direct sum 
of the Poincare (or at most the conformal) algebra V and some internal symmetry algebra 
(spanned by elements that commute with the generators of V) has to be trivial. However, 
one very important exception was indeed found a few years later: supersymmetry was the 
first instance of a global symmetry that is not forbidden by the Coleman-Mandula theorem 
and that transforms fields of different spin into one another. Such a way out was found 
by explicitly evading one of the hypothesis of the theorem: in particular, by introducing 
Grassmann-odd generators, i.e., spin-1/2 fermionic parameters, and constructing a graded 
symmetry algebra, that acts via commutators and anti-commutators. The realm of the 
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physically interesting theories was therefore expanded, and the new landmarks were put 
down with the formulation of the Haag-Lopuszanski-Sohnius theorem [8], stating that, 
under similar assumptions, the maximal symmetry of a nontrivial S-matrix is the direct 
sum of the superconformal algebra and some internal symmetry algebra. 
In 1976, the discovery of supergravity [23], a theory with local supersymmetry, renewed 
the interest for Higher-Spin Gauge Theories (HSGT). Indeed, simple supergravity can be 
obtained from the requirement of a consistent gravitational coupling (a crucial require- 
ment for any matter or gauge field, due to the universality of the gravitational interaction) 
for a massless spin-3/2 field, the gravitino, whose free equation had been written down 
already in 1941 [4]. In some sense this was, historically, the first example of a HSGT, of 
a theory which is invariant under a local transformations that rotates fields of different 
spins among themselves, albeit a particularly simple one, for a reason that we shall ex- 
plain later. Since then, higher spins are fields with spin s > 5/2. The contributions of 
the fermionic superpartners were actually improving the quantum behavior of the theory, 
compared to pure gravity, but the theory still seemed to be divergent^. 
Therefore, Higher-Spin Gauge Theories correspond to field theories that include mass- 
less fields of various spins s and that are invariant under more general local symmetry 
principles associated with parameters that are spin-(s — 1) fields. Although there is, at 
present, no experimental evidence for fundamental particles of higher spin, from a purely 
field theoretical point of view the study of a more general case may teach some impor- 
tant lesson on the known gauge theories, and can lead to a better understanding of the 
gauge principle. Moreover, our experience with supergravity suggests that the quantum 
theory of a bigger symmetry multiplet, that contains the spin-2 gauge field together with 
other fields of different spins, might behave better than the known gravity theories, and 
hopefully be free of infinities. 

Nowadays, the dreams of unifications of the fundamental interactions and of a finite 
quantum theory of gravity both seem within reach in String Theory - for the very reason 
that the fundamental constituent is not a point particle but a one-dimensional extended 
object of length Ig ~ 10~^^cm. The string length, indeed, not only acts as a natural UV 
cutoff, but also provides some necessary conditions for unification in a very natural way, 
compared to the case of point-like particles. Indeed, in the stringy framework, fields of 
different spins arise as vibration modes of the string, with the spin naturally carried by 
Fourier coefficients that carry indices related to target space-time coordinates. However, 
such a framework leads to a much richer set of fields than the familiar low-spin ones. 
As a generic vibration of a classical string, with certain boundary condition, admits an 
expansion over an infinite set of harmonics with higher and higher frequency, in the same 
way the spectrum of a quantum mechanical relativistic string naturally involves infinitely 
many excitations that can be identified with different particles of higher and higher mass 



"'^More recent investigations [24], however, suggest that the divergences of supergravity are not as 
severe as were originally thought, and that J\f = S supergravity might even be finite! 
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and spin. The length and tension T of the string are related as (in units h = c = 1) 

1 



'1.0.11 



where a' is a constant, the so-called Regge slope, while the mass and spin of string exci- 
tations are related among themselves and to the tension as 

2 1 / N f 1 ) open string .. ^ ^. 

^ ~ — s - a , a = <^ ^ ' ^ , , . ^ , 1.0.2 

a' 1^ 2 , closed strmg ^ ^ 

where m'^ is the squared mass of string states, s is their spin, and a a constant. The string 
tension is typically assumed to be of the order of the Planck mass, Mpi ~ lO^^GeV, and is 
therefore so high that, at low energies, only the modes with low frequency can be excited, 
that exactly correspond to the massless fields - spin-1 and spin-2 gauge fields, in the open 
and closed string sector, respectively - that mediate the known long-range interactions^. 
Moreover, in the superstring spectrum, whose critical dimension is D = 10, a massless 
spinor with s = 3/2 is also present. The low-energy superstring dynamics is therefore 
well-approximated by ten-dimensional supergravity, while all higher-spin excitations have 
very high masses and essentially decouple. However, an infinite tower of higher-spin fields 
is necessarily present in String Theory, and is crucial for its consistency. Indeed, from 
a field theoretical point of view, the finiteness of the Theory, due to the natural cutoff 
given by the finite string length, translates into the inevitable appearance of an infinite set 
of higher-spin fields, with certain fine-tuned masses, whose contribution to the quantum 
perturbative expansion cancels exactly the divergencies of the lower-spin sector. A study 
of the properties of HS fields may therefore lead to a better understanding of String 
Theory. This becomes particularly true when referred to its high-energy regime, where HS 
fields can indeed contribute significantly to the dynamics. Despite many efforts, however, 
much less is known about strings in this limit than in the supergravity approximation, 
but nevertheless interesting observations have been made about the appearance of some 
intriguing symmetry enhancements. Indeed, hints of a higher-spin symmetry have been 
found in the study of string scattering amplitudes in the high-energy limit. This fact, 
together with our knowledge of spin-1 gauge theories - according to which the quantum 
theory of a massive boson is renormalizable only if the mass is generated via spontaneous 
breaking of the gauge symmetries -, led many to think that String Theory might in fact 
correspond to a Higher-Spin Gauge Theory in some spontaneously broken phase. All 
the extra symmetries should therefore be recovered in the tensionless limit, in which the 



^In the bosonic string spectrum there is also a tachyon, which is a signal of the instability of the 
vacuum around which the theory is expanded. Here we do not comment further on this subtlety, but just 
remind the reader that the tachyon is anyway not present in the spectrum of superstrings. Moreover, let 
us also mention here that theories of open strings only are inconsistent, and necessarily a closed string 
sector needs to be introduced. In other words, in some sense String Theory predicts the existence of 
gravity. 
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whole tower of string excitations become massless and each corresponding field mediates 
new long-range interactions. If this is the case, the study of HSGT in relation with the 
tensionless limit of strings might unravel the true symmetries on which String Theory is 
based, and give some guiding principle for exploring the physics of the so-far elusive eleven- 
dimensional M-theory that has been recognized to underlie the different ten-dimensional 
Superstring Theories. Furthermore, the latter are still lacking a background independent 
formulation, where space-time is a concept that only emerges from the dynamics of the 
various string excitations and is not fixed a priori. There are reasons to believe that this 
is essentially a technical problem, rather than an intrinsic weakness of String Theory: 
in particular, it might depend on the fact that, as mentioned before, it is only the low- 
energy dynamics of strings - that we are accustomed to describe with tools and concepts 
derived from the known low-spin gauge theories - that has been widely explored, while 
a more "fundamental" description may need to take into account the contribution of HS 
excitations to the space-time texture. The search for such a description may also therefore 
benefit from the developments of HSGT, since, as we shall see, classical interacting HS 
field equations exist that are fully background independent, in a way that is at the same 
time compatible with HS gauge symmetries. 

As mentioned above, the idea that String Theory is a broken phase of a more symmet- 
ric HSGT has been somehow in the back of many theoretical physicists' mind, but has 
never found a truly quantitative formulation. Nowadays, however, the level reached by 
our knowledge of HSGT and of the so-called AdS/CFT correspondence has enabled to rec- 
ognize, at least at a kinematical level, signatures of the huge Higgs mechanism (that some 
authors called La Grande Bouffe) expected to take place in switching on the tension, giv- 
ing mass to all higher-spin states and leaving massless only the low-spin excitations that 
mediate the known long-range interactions. A very important window for the study of 
both String Theory and quantum gauge field theories, the holographic AdS/CFT dualities 
relate, in their most general version, type HB Superstring Theory in space-time geome- 
tries that are asymptotically Anti-de Sitter (AdS) times a compact space to conformal 
field theories. More precisely, the AdS/CFT correspondence [29] is a conjectured equiva- 
lence, at the level of partition functions, between the type HB Superstring Theory on an 
AdS^ X S^ background and the A/" = 4 Supersymmetric Yang-Mills Theory (SYM), with 
SU{N) gauge group, living on the four- dimensional boundary of AdS^. The equivalence 
is, in fact, a duality: that is, the string and field theoretic pictures are two descriptions of 
the same physics, such that when one is weakly coupled, the dual one is strongly coupled. 
Although the4 correspondence is supposed to hold for every regime of both descriptions, 
i.e., for every value of the relevant parameters, it has been mainly tested in the limit of 
large N, large 't Hooft coupling A = Qym-^ ^'^d high tension T ~ vA, in which the bulk 
(string) side is well approximated by classical HB supergravity and the boundary theory 
is a strongly coupled A/" = 4 SYM in the planar limit (in which there is now some evidence 
that it is an integrable theory). 
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However, the correspondence also offers a powerful frameworlc to explore the physics of 
strings in the tensionless limit, that is dual to a weakly coupled or free boundary theory. In 
such a limit, the bulk theory cannot be approximated by supergravity anymore, since the 
mass of HS excitations becomes small, and, on the boundary side, the free SYM admits 
an infinite number of conserved currents of all spins. In the spirit of the correspondence, 
the dual bulk theory should therefore be a theory of interacting gauge fields of higher 
spin, based on some non-abelian infinite-dimensional extension of the AdS superalgebra. 
Recent investigations have indeed found tracks of a HS Higgs mechanism in the fact that, 
switching on a small A for the SYM, all the currents that correspond to bulk HS fields 
acquire anomalous dimensions, which is equivalent to a spontaneous breaking of all local 
HS bulk symmetries to the finite-dimensional ones of the supergravity theory. There are 
also very interesting issues of integrability, on the two sides of the correspondence, that 
show remarkable similarities: particularly intriguing are, for example, those between the 
construction of Yangian algebras [41] and HS algebras. 

The study of String Theory in the tensionless limit and of the HS dynamics has also 
been carried on, to some extent, in the framework of String Field Theory (SFT), a sec- 
ond quantized approach to strings. Interacting HSGT and SFT show very interesting 
similarities, since they both deal with similar variables (the string field and the master 
fields, that we will present later on, that both include space-time fields of all spins in an 
expansion over higher and higher powers of oscillators), that have similar associative but 
noncommutative composition laws (a i^r-product that essentially implements an (infinite) 
matrix multiplication), and since their field equations share the simple and elegant form 
of zero-curvature conditions. Therefore, also certain methods for finding exact solutions 
are very common in spirit in the two settings (and are also common to noncommutative 
field theories, in general), as well as the language and main tools. 

In fact, one expects that SFT in the tensionless limit reduces somehow to a HSGT. How- 
ever, there are a number of difficulties in relating explicitly the two theories. To begin 
with, important corners are still missing, on both sides: Closed SFT (CSFT) is, under 
many respects, much more complicated than Open SFT (OSFT), and its present formula- 
tion is still incomplete; on the other hand, the full classical theory of HS fields at all orders 
in interactions has only been worked out for a particular class of fields, those represented 
by totally symmetric tensors, that is exhaustive, up to dualities, only in four dimensions. 
For this reason, interacting HSGT deals today essentially with the fields that belong to a 
single Regge trajectory of the open string spectrum, i.e., obtained acting on the vacuum 
with powers of a single oscillator, like 

^Mi...Ms = a^_\ . . . a^_\\0) , (1.0.3) 

while ten-dimensional Superstring theories also contain mixed symmetry tensor excita- 
tions, obtained acting on the vacuum with several oscillators. In D > 4, such vibrating 
modes describe degrees of freedom that are independent from those encoded in totally 
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symmetric fields, and have therefore necessarily to be taken into account in the dynam- 
ics. It is possible that the tensionless limit of SFT will be clearer once a more complete 
formulation of CSFT and HSGT will be available. 

However, the study of the tensionless limit of the free string field equations, that can be 
consistently truncated to totally symmetric fields, has already given some positive results: 
in particular, it has been shown that in such a limit they reduce to equations for triplets 
of fields that describe the propagation of massless fields of all spins and that exactly re- 
duce to the unconstrained free HS field equations of Francia and Sagnotti that we shall 
describe in Chapter 2 (see [22] , also for generalizations to mixed symmetry free equations 
and (A)dS background, and for further references). 



History and properties of Higher-spin Gauge Theories 

From what has been said so far, one should appreciate the importance of a better under- 
standing of HS dynamics, and how HSGT are connected to many important aspects and 
open questions of the current research in String Theory. In particular, interacting HSGT 
restricted to the totally symmetric sector, offers a somewhat simplified framework for 
the study of certain string excitations when collapsed to zero mass. Indeed, the research 
in HS fields has been carried out since many years independently of String Theory, and 
produced results that are very interesting in their own right, for the reasons mentioned 
in the beginning of this Introduction. 

Already in 1939, Fierz and Pauli wrote free equations for massive HS fields in fiat space- 
times. For bosons, the correct number of polarizations was found to be propagated by a 
real, totally symmetric traceless and divergenceless field $^i...^^ satisfying a massive Klein- 
Gordon equation. Analogously, massive spin-(s+l/2) fields were described by a totally 
symmetric, 7-traceless and divergenceless spinor-tensor \1'^^...^3 satisfying a massive Dirac 
equation. Already at this level, some difficulty related to the peculiarities of HS fields 
was recognized: indeed, limiting here the discussion to bosonic fields for brevity, while 
the equations of motion were evidently a generalization of the Proca construction for the 
massive photon, a corresponding variational principle seemed not easy to find. Only in 
1974 Singh and Hagen [12, 13] were able to cast the free theory of a massive spin-s field 
in Lagrangian form, by making use of a set of auxiliary fields of all spins s — 2,s — 1,...,0. 
The massless limit of this formulation was studied for the first time in 1978 by Fronsdal, 
for bosons, and by Fang and Fronsdal for fermions [14, 15, 16, 17]. It was found that, as 
the mass tends to zero, all auxiliary fields of the massive bosonic Singh-Hagen lagrangian 
decouple from the physical field $^1...^^, except for the one with spin s — 2. The latter can 
then be combined with the spin-s field in a totally symmetric doubly traceless field v^^^...^^ 
satisfying an equation that is a straightforward generalization of Maxwell's and linearized 
Einstein's equations: in particular, it possesses an abelian gauge symmetry under 

S^fii-tisi^) = <9^ie^2.../^.(2^) +symmetrizations , (1.0.4) 
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where the gauge parameter is a totally symmetric traceless tensor field of rank s — 1. 
It was also found that such construction admitted an extension to (A)dS background, 
that essentially amounted to replace standard derivatives with (A)dS-covariant ones and 
to add a mass-like term that encoded the coupling of the spin-s field with the constant 
curvature scalar R. 

The Fronsdal equations marked the beginning of the studies on HSGT. However, the 
constraints on the gauge parameter and on the field, that were crucial for the gauge 
invariance of the field equations and the lagrangian, were somehow unsatisfactory signs 
of an incomplete formulation; indeed, there are no such algebraic constraints in the free 
string field equations. These were the main motivations for a deeper investigations of 
the free HS dynamics, that was carried on mainly by Francia and Sagnotti [19, 20], and 
Bekaert and Boulanger [47]: the result was a more general formulation, that achieves 
unconstrained gauge invariance and, in doing so, elucidates the geometry of HS gauge 
fields. For instance, the resulting Francia-Sagnotti unconstrained equations for free spin- 
s massless fields are non-local generalizations of the Maxwell and linearized Einstein ones, 
but this time written in terms of proper HS curvatures, that were first constructed by de 
Wit and Freedman [18]. The conventional Fronsdal formulation can be recovered via a 
gauge fixing. Moreover, the non-locality is pure gauge, and can therefore be removed by 
introducing, for every spin-s field, a compensator field of rank s — 3. An important feature 
of such equations, among others, is that they allowed a direct, successful comparison with 
those of the triplets coming from free SFT [22]. More recently, the Francia-Sagnotti 
equations, in both their local and non-local forms, were also cast in a lagrangian form, 
by making use of the compensator and of an additional auxiliary field, a spin-(s — 4) 
Lagrange multiplier^. 

Notwithstanding the many motivations for a careful study of a full HSGT, for decades 
there has not been much progress in the construction of interactions of massless HS fields, 
among themselves and with low-spin gauge fields. The "HS interaction problem" was 
already recognized from the early analysis of Fierz and Pauli, that studied the coupling of 
HS fields to the electromagnetic field, and was later formalized in general no-go theorems - 
such as those due to Coleman-Mandula and Haag-Lopuszanski-Sohnius already cited and 
another due to Weinberg and Witten [9] - that seemed to rule out a consistent nontrivial 
embedding of the lower-spin symmetries into some bigger symmetry algebra mixing fields 
of different spins, therefore forbidding the possibility of couplings with HS fields that 
would not break the gauge symmetries. A special attention was devoted to the coupling 
to gravity, due to its universality: the analysis of Aragone-Deser and Aragone-Laroche [10] 
showed that indeed the coupling of the spin-2 field with a gauge field with spin s > 5/2 
is inconsistent with the gauge symmetries, and this essentially because the presence of 



■'it should be also mentioned that the free HS off-shell formulation for symmetric tensors had also been 
worked out previously by Pashnev and Tsulaia using BRST techniques: the spin-s lagrangian, however, 
involved a number of auxiliary fields that grew proportionally to s. 
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"too many" indices attached to a massless field inevitably leads to the appearance of 
the Weyl tensor in the gauge variation of the covariantized action for the spin-s field - 
and the Weyl tensor cannot be cancelled by any variation of the gravitational part of 
the action. More precisely, the argument proceeds as follows. To introduce the coupling 
with gravity, it is necessary to introduce a coupling with the spin-2 field by covariantizing 
derivatives, d — > D = d + r, both in the lagrangian and in the gauge transformations. 
The lagrangian for the spin-s field ip contains the terms ^{Dip)^ — |(D ■ ip)^, and the 
gauge transformation becomes 5(/9^j^2-ms = -^(mi^M2--ms)- "^^^ variation of the lagrangian 
amounts to a commutator of covariant derivatives, that is proportional to the Riemann 
tensor acting on the gauge parameter, 

6C = ^...{e...Dip...)^0 . (1.0.5) 

For s > 2 the full Riemann tensor - both its trace (Ricci tensor) and its traceless part 
(Weyl tensor) - contributes to this variation, and this is what makes a consistent cou- 
pling impossible, since it is only the trace part that can be compensated by varying the 
gravitational action. It is interesting to note that the case of spin 3/2 is the last one 
(together of course with spin 2 self-couplings) in which a consistent coupling is possible, 
and indeed gives rise to simple supergravity. Indeed, the variation of the covariantized 
Rarita-Schwinger lagrangian 

Irs = ^.r-^'D^^p (1.0.6) 

under Sip"^ = -D^e" is proportional to 

ij.j^^'^D^Dpe r^^P,r''nDuD,]e ~ V^^7^"^K,,,,.7""e ~ ^P,{Rzcr,Ye , (1.0.7) 

where we have used 7-matrices identities in the last step. Thanks to the low rank of the 
gravitino, the only nontrivial part of the variation that survives is proportional to the 
Ricci tensor, and can be compensated by a corresponding supersymmetry transformation 
of the metric, 

'i _ _ 

^9f^u = i^{'4^^ilve + ^ul^,e) , (1.0.8) 

in the spin-2 lagrangian, that is proportional to the Einstein field equation, involving the 
Ricci tensor. Already for s = 5/2 the eq. (1.0.7) does not hold anymore, and a Weyl 
contribution remains on the right hand side. 

At the beginning of the Eighties, however, the work of a few different research groups 
showed that interactions of HS fields among themselves are indeed possible, provided one 
relaxes certain hypotheses - hidden or explicit - on which the no-go theorems and ar- 
guments were crucially based. More in detail, in [36, 37, 38, 39] certain vertices among 
HS fields only in flat space were constructed by explicitly evading one key assumption of 
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the Coleman-Mandula theorem and its generahzations, i.e., by deahng with an infinite- 
dimensional symmetry algebra. These were the first works in which it was recognized 
that non-abehan HS gauge transformations do not close on a finite set of generators, or, 
equivalently, that as soon as one introduces a gauge field of spin higher than 2 the clo- 
sure of gauge transformations forces one to introduce other fields of higher and higher 
spins, with no upper bound. It was also noticed that, in general, vertices involving HS 
fields should involve higher derivatives, as one would guess by considering that a Lorentz 
-invariant cubic coupling involving fields of spins 0-0-s involves at least s derivatives of 
the scalar fields in order to saturate the indices of the spin-s gauge field. 
A consistent coupling with gravity was obtained, a few years later, by Fradkin and Vasiliev 
[61] reconsidering the Aragone-Laroche problem in the framework of a perturbative expan- 
sion around a nonflat background - in particular, expanding the metric around a constant 
curvature (A)dS space-time, that, being Weyl-flat, has the virtue of allowing the free 
propagation of massless HS fields without breaking the local HS symmetries, as again can 
be understood from equation (1.0.5). Such a setting evades, in the first place, the no-go 
theorems, since they assumed iso(3, 1) as space-time isometry algebra and, more gener- 
ally, since they are all S-matrix arguments, while there is no S-matrix in (A)dS. Moreover, 
a nonvanishing cosmological constant A enables to construct naturally higher- derivative 
cubic s-s-2 vertices that restore the gauge invariance of the spin-s lagrangian coupled to 
gravity, at least to the first nontrivial order in interactions. Indeed, the important fact 
is that, if A 7^ 0, it is possible to expand in powers of the fluctuation R of the Riemann 

tensor around a nonvanishing background curvature RliJ,pa = (A/3) [glipglJ — glp glJ), 
and to write nonminimal coupling terms that are, schematically, of the form 

r"* = J2 c^iA B)A-1^^^]d\D^^R , (1.0.9) 

A,B 

i.e., an appropriate combination of (A)dS-covariant derivatives of the spin-s field with 
certain coefficients a{A,B), with A and B limited by the condition A + B < s. The 
gauge variation of such terms again produces commutators of two covariant derivative. 
However, the latter is now, to lowest order, schematically, 

[D,D] ~ A5((°)5((°) + higher order terms , (1.0.10) 

and this in turn implies 

SC'^'^RDipe, (1.0.11) 

where the dependence on A has disappeared. A proper choice of the coefficients a{A, B) 
is therefore enough to cancel (1.0.5) and to restore gauge invariance. Notice that, as 
observed before, since in a fully interacting theory all spins s > 2 must be included, the 
number of derivatives is not bounded from above! In other words, there is strong evidence 
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that interacting HSGT are nonlocal'^. Moreover, HS vertices in general do not admit a 
flat limit A -^ 0, i.e., a nonvanisliing cosmological constant is necessary for consistent HS 
interactions. The two facts are connected, at least in a field theoretic context: indeed, 
higher-derivative couplings need to be rescaled with negative powers of a dimensionful 
parameter, and the only such parameter available in HSGT is indeed the cosmological 
constant. However, the situation is somewhat different in String Theory, where a natural 
dimensionful parameter exists also in fiat space, the string length a', or its inverse, the 
string tension T. We will not comment further here on such issue, but just recall that 
recent results [46], obtained with BRST techniques, show that indeed, in field theory, 
the gravitational couplings obtained by Fradk;in and Vasiliev are the only "minimal" ones 
(where minimal here means obtained by covariantizing derivatives with F). 
Thus, interestingly, a phase with unbrok;en HS gauge symmetries seems to be related with 
a constant curvature gravitational baclcground. Amusingly, this is not in contradiction 
with the fact that we observe, today, a very small - almost zero - positive cosmological con- 
stant. Indeed, is HS symmetries play a role in Nature, they are presently brolcen, and the 
spontaneous symmetry break;ing mechanism might be also responsible for a redefinition 
of A through the vacuum values of the Higgs-lik;e fields. 

Still, the fact that interaction terms do not mak;e sense in fiat space-time can be tak;en 
as an indication of the importance of not forcing a priori the cosmological constant to 
vanish. Similar considerations motivated Fronsdal to undertalce a series of worlcs on field 
theory in four- dimensional AdS space-time, starting from a detailed study of the unitary 
irreducible representations (UIRs) of its isometry group 5*0(3,2). The greatest, strilcing 
difference with respect to fiat space-time was found by Flato and Fronsdal to be that 
massless (and massive) particles in AdS are not fundamental representations, but arise 
from the tensor product of two (or more) ultra-short fundamental UIRs called singletons 
[31]. The latter had been first discovered in 1963 by Dirac [30], and describe conformal 
particles (a scalar and a spinor) living on the boundary of AdS. As such, they do not 
admit a fiat limit, although their tensor product - that decomposes, under the adjoint 
action of the algebra so (3, 2), into the direct sum of massless representations of all spins 
- does. More in detail, the singleton representation becomes a trivial representation 
under translations in the contraction A — i> of the AdS isometry algebra to the Poincare 
algebra V. The study of QFT in space-times with a nonvanishing cosmological constant 
may therefore reveal some interesting subtlety, as indeed has already been pointed out in 
several contexts. 

Summarizing, the early analysis on interactions among massless HS fields had shown 
that: 



^Nonlocal theories do not automatically suffer from the higher-derivative problem. For instance, in 
some cases like String Field Theory, the problem is somehow cured [42, 43, 44] if the free theory is 
well-behaved and if non-locality is treated perturbatively (see [45] for a comprehensive review on this 
point). 
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1. A consistent interacting HSGT requires the simultaneous introduction of infinitely 
many gauge fields of all spins. We shall be more precise on what "all" means, here. 
However, an infinite-dimensional non-abelian HS algebra governing such interactions 
can be postulated to underlie such a theory, and this necessarily has to be spanned 
by generators of higher and higher ranks; 

2. The interaction with gravity is consistent with the HS gauge symmetries only on a 
nonflat gravitational background, i.e., in the presence of a nonvanishing cosmological 
constant A, since interaction terms are nonanalytical in A; 

3. HS interaction vertices require higher derivatives of the physical fields involved. This 
property is strictly connected with the previous one, since, in order for the physical 
dimension of the lagrangian to be preserved with more than two derivatives, a 
dimensionful parameter must enter the vertices, and A is the only natural candidate 
in a field theoretical context. 

Properties 1 and 3 together imply that a consistent interacting HSGT is nonlocal. This 
fact, together with the consideration that fields of all spins must be introduced, seems 
very reminiscent of how HS fields appear in String Theory, together with low-spin fields 
as vibration modes of extended fundamental objects, that are in general p-dimensional 
(p-branes) [32]. Notice moreover that the three properties listed above suggest that, in a 
theory with unbroken HS symmetries that mix together fields of different spin, higher and 
lower-derivative term must come on an equal footing. In other words, there is no small 
parameter to set up a low-energy effective action scheme, i.e. an expansion in derivatives. 

For all these reasons, it should by now be clear that interacting HSGT are a very 
challenging problem already at the classical level. Indeed, by the mid Eighties, it was 
clear that the construction of a full theory required a more systematic approach. This was 
developed essentially by Vasiliev [79, 80, 81, 82, 83, 84] (for reviews, see [48, 49, 50, 52]), 
and it is at present available at least for the class of totally symmetric fields. 

This line of research began with a series of works by Vasiliev and collaborators, where 
the free theory was cast in a frame-like formalism generalizing the Einstein-Cartan ap- 
proach to gravity. At the same time, Fradkin and Vasiliev used this approach to construct 
cubic interactions for HS fields, within the frame formalism, using an action that was a 
HS generalization of the MacDowell-Mansouri action for (super) gravity, i.e., a bilinear of 
fyps j R A R in suitable HS curvatures R [61, 60, 64]. This frame-like approach had the 
advantage of giving hints on the possible structure of a non-abelian HS algebra. Indeed, 
the reformulation of the free dynamics of a spin-s gauge field in terms of a set of one-form 
connections (^e^-i-^s-i ^^ai...as-i,bi^ ___^^ai...as-i,bi-bs-i-^5 ingtead of the the metric-like fields 

f Hi. ..list gave a hint on the structure of the generators of the algebra, much in the same 



^As it will be explained in detail in Chapter 2, the indices Ui and bi are tangent-space 5o{D — 1, 1)- 
vector indices, if the background manifold is (A)dSD, and in particular the one-form connections are 
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way as the formulation of gravity in terms of the frame field and of the Lorentz connection 
(e", u;"'^) bears a direct relation with the generators of the Poincare algebra {Pa, Mat), via 
the correspondent non-abelian Yang-Mills-like connection Q = —i[e"'Pa + \ui"'''^Mab)- In 
other words, this approach exploits the geometry of the group manifold, of which the 
generators are a basis of tangent vectors and gauge fields - physical and auxiliary ones - 
enter as the dual, cotangent basis of one-forms. This framework was suitable for building 
a HSGT, since it provided a systematic algorithm to gauge a Lie algebra a la Yang-Mills, 
and at the same time was powerful enough to treat in a uniform way gravity and internal 
symmetries^ . 

The resulting candidate HS algebras should therefore have the same index structure of the 
set of one-form connections and should be constructed as appropriate infinite-dimensional 
extensions of the AdS isometry algebra. Such requirements were essentially realized in 
terms of a suitable quotient of the enveloping algebra of the latter: the generators were 
therefore identified as certain projections of all possible products of the generators Pa and 
Mab of the AdS isometry algebra^. Moreover, again in remarkable analogy with String 
Theory, it was found that such algebras admit internal extensions corresponding to Chan- 
Paton algebras [35] (i.e., only the classical 5u(n), usp(n) and so(n) are admitted)®. Gauge 
fields of all spins could therefore enter the equations as coefficients of the expansion of an 
adjoint one-form, called master one-form, over the generators of the HS algebra. How- 
ever, in order to describe the free dynamics in terms of the correct number of degrees of 
freedom, the above mentioned action had to be supplemented by certain torsion-like con- 
straints that were not following from its variation. Moreover, there was still no systematic 
way of building interactions to all orders. Most importantly, it was found [65] that the 
physical spectrum of fields encoded in the free equations could fit a unitary irreducible 
representation of the HS algebra only if it contained a scalar. 

It was therefore necessary to add a zero-form containing a scalar in the game. It was then 
noted that, at the level of field equations, the free dynamics admitted a useful reformu- 
lation in terms of the master one-form and of a master zero-form, valued in a peculiar 
UIR of the HS algebra called twisted- adjoint, that included infinitely many auxiliary fields 
for every massless physical spin-s field. Constraints that were naturally included in the 



I ~| s - 1 

valued in all possible irreducible representations encoded in the Young diagrams | | f — , where 



< i < s- 1. 

^Indeed, difFeomorphisms are automatically included as field-dependent gauge transformations, as we 
will see later on. 

^Similar considerations extend to the case of other signatures, in particular to the dS case. How- 
ever, AdS is the suitable background for supersymmctric extensions of HS algebras, that also have been 
constructed. The study of the Vasilicv equations in other signatures will be one of the subjects of this 
Thesis. 

^Interestingly, for this reason one would think that Vasiliev equations might encode the dynamics of 
tensionless open strings, rather than that of closed strings. This does not mean, however, that the spin-2 
field that appears in the equations cannot correspond to the graviton, since in the tensionless limit there 
is also the possibility of a mixing between open and closed string states [105]. 
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system of equations relate such auxiliary fields to all on-shell nontrivial combination of 
derivatives of the physical fields, i.e., the scalar field, all spin-s Weyl tensors and their 
derivatives to all orders. Although there is no related action principle, such a system of 
equations is a sort of covariant first-order reformulation of the dynamics, called unfolded 
formulation, that presents several advantages: 

• HS field equations are written in a manifestly HS-covariant way, in terms of objects 
that have "simple" transformation properties under the HS algebra, and without 
contracting space-time indices with the (inverse) metric tensor. This latter property 
is of great importance, as it enables to treat the spin-2 field on an equal footing with 
all the other fields in a system of equations that can encode nontrivial dynamics. As 
these equations only involve differential forms, they are manifestly diffeomorphism 
invariant. 

• In such a scheme, the field equations are reformulated as certain consistent zero- 
curvature and covariant constancy conditions, defining a free differential algebra 
(FDA) [117] - i.e., some sort of generalization to forms of arbitrary degree of the 
dual formulation of an algebra through Maurer-Cartan one-forms. The problem of 
finding consistent interactions is therefore reduced to finding consistent deformations 
of the FDA. However, such systems are strongly constrained, which makes it easy 
to control gauge symmetries, as they are a direct consequence of the consistency of 
the field equations. Finally, this setting enables the construction of gauge-invariant 
deformations in an expansion in powers of the zero-form. 

• The twisted-adjoint zero-form guarantees a uniform treatment of all higher-derivative 
interaction terms. Indeed, the latter are expressed as gauge- invariant multi-linear 
combinations of fields arising from multiple powers of the zero-form only or with one 
power of the one-form. It is only on-shell, on the constraints that are contained in 
the unfolded system, that the infinitely many auxiliary fields sitting in every spin-s 
sector of the zero-form are solved in terms of derivatives of the physical fields. 

In some sense, therefore, the unfolded formulation combines the virtues of first order, 
Hamilton-like formulation of the dynamics with jet-space methods. All relevant deriva- 
tives of the fields are hidden in certain extra- variables, sitting in the twisted adjoint: 
this implies, in particular, that the dynamical problem is well-posed prior to specifying 
a background metric, and that to set it up in this formulation it is in principle sufficient 
to specify the values of all the zero-forms at a point xq in space-time. Since the set of 
zero-forms is infinite-dimensional (for every fixed spin), there is indeed room for nontrivial 
dynamics in the flatness conditions of the unfolded system, because the fluctuating flelds 
can be reconstructed in an arbitrary neighborhood of Xq via a Taylor expansion, which 
is exactly what solving such flrst order equation does. Locally, the dependence on space- 
time coordinates is therefore purely auxiliary, and in this way this formulation can achieve 
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perfect background independence. We shall examine carefully all these statements in the 
remainder of the Thesis. 

Moreover, if the coordinate dependence is locally pure gauge, one can always introduce 
additional dependence from some extra coordinates without changing the physics, as long 
as one correspondingly enlarges the original FDA with equations that express the depen- 
dence on such extra-coordinates in terms of the original physical degrees of freedom. This 
fact, combined with the fact that consistency implies gauge-invariance, makes it possible 
to "resum" the perturbation series in powers of the master zero-form. More precisely, one 
can enlarge the space-time manifold with a set of auxiliary noncommutative directions 
Z, and assign to all the fields a dependence on such variables. The noncommutative 
nature of such variables essentially ensures that the restriction of the enlarged system 
to the physical subspace Z = is a nontrivial deformation of the original system. It is 
then possible to write a constraint that essentially solves the Z-dependence in terms of 
the twisted adjoint zero-form (that contains the physical dof) as a consistent equation - 
in other words, the new equations are an enlargement of the original FDA. This ensures 
that the solutions of such equations, i.e., the deformations of the original FDA, enter as 
solutions of a consistent equation, and therefore, for the properties of FDA, are automat- 
ically gauge-invariant. Notice that relating the Z-dependence of adjoint fields with the 
twisted adjoint zero-forms gives a nontrivial condition, and indeed constrains the form of 
the commutation relations of the Z variables. Therefore, the whole perturbative series in 
the zero-forms is encoded in one shot as a solution of a consistent flatness condition in 
this auxiliary set of noncommutative directions Z. Solving this equation order by order 
in the twisted adjoint zero-forms and substituting for the Z dependence in the remaining 
equations projected onto Z = gives the long sought for interacting equations for mass- 
less HS fields. 

Despite their relatively simple and elegant form, however, Vasiliev equations encode the 
dynamics of a system of formidable complexity: to begin with, they involve infinitely 
many physical fields, and the proliferation of auxiliary fields makes it difficult to read di- 
rectly the interaction vertices among them. Furthermore, it is not known, at present, how 
to derive the unfolded equations from a conventional action principle, nor, consequently, 
how to quantize such a theory. 

However, the property of homotopy invariance of the equations, i.e., the fact that all 
the local data are encoded in the equations projected onto a point in space-time, can be 
read, in the full system, as the fact that nontrivial dynamics can either be encoded in the 
space-time equations (obtained after solving for the Z-dependence) or, equivalently, in 
the Z-fiber over a fixed point in space-time (after gauging away, locally, the dependence 
on space-time coordinates). In other words, the unfolded system involves some sort of 
duality between the space-time evolution and the fiber evolution of the fields, that it 
is possible to use to one's advantage. For example, as we shall see in Chapter 6, this 
observation leads to a general, very efficient way of finding exact solutions of the full 
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equations! Indeed, the fiber equations do not involve any space-time derivatives, and 
are purely algebraic equations that are in principle more easily solvable than the full 
space-time equations - that, moreover, are only given as a perturbative expansion. The 
first example of a nontrivial {i.e., other than the zeroth-order solution representing the 
AdS background) solution was found for the three-dimensional theory by Prokushkin 
and Vasiliev [86]. A few years later, solutions of this type were elevated by Sezgin and 
Sundell to solutions of the four- dimensional case and were shown to admit some interesting 
cosmological interpretation [97]. They were found by imposing symmetry requirements on 
the fiber-projection of the master-fields, and were shown to describe a Lorentz-invariant 
deformation of the vacuum consisting of a scalar field profile over an asymptotically AdS 
metric. Recently, a BTZ black hole solution of the Vasiliev equations in three dimensions 
was also found [98]. Possibly, the algebraic methods developed so far, can elevate it to 
the dynamically more interesting case of four dimensions. 



Original content of this Thesis 

The research of new exact solutions of Vasiliev's equations is of crucial importance for 
a better understanding of the dynamics of higher-spin gauge fields, much in the same 
way as the study of the Schwarzschild solution was of extreme importance to uncover 
some peculiar feature of gravity. In the original part of this Thesis, I shall describe new 
exact solutions that have been found in collaboration with Ergin Sezgin and Per Sundell 
[99]. In this work, first the Vasiliev equations and the correspondent symmetry algebras 
were generalized to space-times with signature (4 — p, p) and nonvanishing cosmological 
constant in D = 4, and then certain families of exact solutions of the equations have been 
found in the different resulting models. Among them are chiral models in Euclidean (4, 0) 
and Kleinian (2, 2) signatures involving half-flat gauge fields. Apart from the maximally 
symmetric solutions, including de Sitter spacetime, we find: 

• S0{4~p,p) invariant deformations, depending on a continuous and infinitely many 
discrete parameters, including a degenerate metric of rank one; 

• Non-maximally symmetric solutions with vanishing Weyl tensors and higher spin 
gauge fields, that differ from the maximally symmetric solutions in the auxiliary 
field sector; 

• Solutions of the chiral models furnishing higher-spin generalizations of Type D grav- 
itational instantons [100], with an infinite tower of Weyl tensors proportional to 
totally symmetric products of two principal spinors. These are apparently the first 
exact 4D solutions with nonvanishing massless HS fields. 



CHAPTER 1. INTRODUCTION 17 

We shall present the details of such solutions in Chapter 6. We shall also comment on 
the construction of certain HS invariants that have been constructed in [97], and that are 
crucial to distinguish gauge-inequivalent solutions and to characterize them physically. 
Regrettably, however, at present no "complete" set of observables is known, and in par- 
ticular the only invariants that are available are built from the master zero-form only. 
As we shall see, already certain vacuum solutions found in [99] cannot be distinguished 
from the trivial ones that represent maximally symmetric space-times, although it seems 
unlikely that gauge transformations can connect these two vacua. 

Partly motivated by the study of Vasiliev equations in different signatures, the construc- 
tion of a precise map in D dimension between the so{D; C)-covariant operators included 
in the master fields of the Vasiliev system and the states in the complex lowest (and high- 
est) weight module representations of spin s was developed in [134], in collaboration with 
Per Sundell. Roughly speaking, to each generator of the twisted adjoint representation 
there corresponds a "coherent" superposition of infinitely many states, and, viceversa, to 
every state in the lowest weight modules there corresponds a nonpolynomial combinations 
of generators. The map can be formulated at the level of complex representations, and 
can then be restricted to different real forms corresponding to models that admit AdSo, 
S^, dSo, Hd solutions. In the first of such cases, that of the real form so{D — 1,2), 
the lowest weight modules, that correspond to the massless representations appearing in 
the tensor product of two singletons, are unitary representations. As we shall illustrate, 
such state-operator correspondence enables to read directly the on-shell content of the 
adjoint one-form and of the twisted adjoint zero- form master-field in terms of irreps of 
the background isometry algebra. Roughly speaking, it exhibits the physical excitations 
that one would discover from the unfolded system after solving the various torsion-like 
constraints that express the auxiliary fields in terms of the physical ones. Or again, in 
other words, it connects the standard first-quantized description of localized fluctuations 
with the master-fields entering the unfolded description. 

Such a mapping provides some insight into various features of Vasiliev equations. For 
example, it shows that, while the on-shell content of the twisted adjoint zero-form can 
be analyzed in terms of the tensor product of two singletons, that of the adjoint one- 
form is related to the finite-dimensional so{D + 1; C)-modules that arise from the tensor 
product of a singleton and his negative-energy counterpart, called anti- singleton. Another 
outcome is that Vasiliev equations in a given signature can describe not only the corre- 
sponding UIRs: indeed, for every spin s, a bigger indecomposable module (containing a 
lowest-spin module, together with the more familiar lowest and highest-energy modules) 
sits in principle in the master-fields and all the states there contained can, a priori, take 
part in the dynamics. Finally, the problem of potential local divergencies in HSGT, due 
to the contribution of an arbitrary number of derivatives to some interaction vertices (as, 
for example, in the scalar-field corrections to the stress-energy tensor calculated in [102]), 
is mapped into the problem of divergent products of nonpolynomial combinations of gen- 
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erators. This is however a somewhat more transparent setting, and indeed we make a 
proposal for an exphcit regularization scheme. 



Structure of this Thesis 

The structure of this Thesis more or less follows the line of this Introduction. 
From Chapter 2 to Chapter 5 we review in some detail the main features of interacting 
HSGT. We begin by recalling the main features of the free HS Field Theory in Chapter 
2: in particular, the free dynamics is reviewed both in its metric formulation (concen- 
trating our attention on the Fronsdal and the Francia-Sagnotti local equations) and in 
the frame formulation. As a preparation to the latter, we also describe the MacDowell- 
Mansouri-Stelle-West formulation of gravity. In Chapter 3 we turn our attention to the 
structure of the HS algebras that lie at the heart of the Vasiliev's system: in order to be 
as general as possible, all its main properties will be examined at the level of the complex 
abstract algebra, and only at a second stage we introduce the real forms and the oscillator 
realizations that will be crucial in the formulation of the interacting equations. We also 
discuss in some detail the construction of the representations that will be of interest in 
the remainder of the Thesis. Chapter 3 also presents some essential material and nota- 
tion for Chapter 7. Chapter 4 is then devoted to the unfolded formulation of the free 
field equations for arbitrary spin: the general scheme of free differential algebras is first 
described, and the features of the unfolded systems are discussed. Then, some lower-spin 
examples are given, and the unfolding procedure is analyzed in detail. Finally, the free 
spin-s unfolded system is presented. In Chapter 5, finally, the nonlinear Vasiliev equations 
are reviewed, in their four-dimensional realization that makes use of a simple oscillator 
realization of the HS algebra, described earlier in Chapter 3. The issue of uniqueness 
of interaction terms is also discussed in some detail, as well as a perturbative expansion 
scheme that makes contact with the free unfolded equations by linearizing the full system 
around the AdS background solution. 

Chapters 6 and 7 contain the original results of this Thesis. In the first, we formulate 
the four-dimensional Vasiliev equations in arbitrary signature, discuss some new features 
that emerge in the various cases, and then find the new exact solutions mentioned above. 
In the second, we elaborate further on the representation theory underlying the Vasiliev 
system and construct the above-mentioned reflection map that will enable us to connect 
the physical excitations to the basis of monomials of the twisted adjoint zero-form. A 
number of tools and concepts that are instrumental for such analysis is first introduced, 
and then some outcome of this mapping is presented. Finally, we draw some Conclusions. 
The Thesis also includes nine appendices, that provide some background material or con- 
tain the detailed steps of some calculations that are used in the main text. Some of the 
material contained in Chapters 2 and 4 is based on the review paper [52]. The original 
results contained in Chapter 6 were found in [99], while those of Chapter 7 in [134] and 
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[135]. However, we warn the reader that the paper [134] was not yet completed by the 
time this Thesis was typed, and therefore only a subset of the results there included can 
actually be found in Chapter 7. 



Chapter 2 



Free Fields 



In this chapter, we shall review the formulation of free equations for massless fields of 
arbitrary spin s, both in the metric and in the frame formalism. We shall concentrate 
however only on bosonic fields, and only on the aspects of the free theory that will be 
directly of relevance to the following, therefore not mentioning interesting features that 
have an importance of their own and that are essential to the contemporary developments 
of the subject. We therefore refer the interested reader to the original papers [19, 20, 104, 
105, 47] and to some reviews [21, 103]. 

2.1 Metric Formulation 

The Fronsdal formulation of linear HS gauge theories is somehow the most straightforward 
generalization of the Maxwell and linearized Einstein equations, in the metric formalism, 
to HS fields represented by totally symmetric rank-s Lorentz tensors. The free dynamics 
of a integer spin-s gauge field (p^{s) = VtJ.i-.-tJ.s i'^ -D-dimensional Minkowski space-time is 
encoded in the equation 

s(s_- 1) 
2 

where the indices within parentheses are intended to be totally symmetrized with unit 
strength and the prime over fields indicates that a trace is being taken, ip' -, = 
V'^^^^VtJ-ifj.2---fj.s- It can be easily checked that, under the local transformation 

5v^m...M.(^) = s9(^ie/.2...^,)(a;) , (2.1.2) 

that is an natural generalization of linearized diffeomorphisms to a totally symmetric 
rank-(s — 1) gauge parameter e^j...^^_i, the variation of (2.1.1) is 

XT s(s-l)(s-2) ;.;.;./ ^o 1 Q\ 

20 



^t^is) = n^w-M. -5(9(^,(9 ■v?^2,..^^) + — - — <9(^i<9^2V^'^3...^,) = 0, (2.1.1) 
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Thus, in order to achieve invariance of Fronsdal's kinetic operator J-'^j^,,,^^, it is necessary 
to restrict the gauge freedom to traceless gauge parameters, 

<(s-3)(a^) = . (2.1.4) 

Notice that, as announced, the Maxwell and linearized Einstein equations are particular 
cases of (2.1.1) for s = 1 and s = 2, respectively. Of course, there the gauge-invariance is 
fully unconstrained, i.e., no algebraic constraints are imposed on the gauge parameters, 
due to the low-rank of the latter. Indeed, it is only from spin-3 onwards that the condition 
(2.1.4) is nontrivial. 

More precisely, the Frondal equations are similar to the free Einstein's equations in vacuum 
i?Jj" = 0, both sharing the feature of being non-lagrangian equations. The "kinetic- 
operator" that follows from the variation of the Einstein-Hilbert action is, in fact, the 
divergenceless tensor ^'*^ = i?|j" — ^rj^^R'"'^^. For spin s the situation is again more subtle: 
an action principle for the Fronsdal equations indeed exists and is a generalization of the 
Fierz-Pauli action (that is, the linearized Einstein-Hilbert action), 

-sd,^\,...,^d,^p^-^-^^ - '^' " ^]^' ~ ^^ g.v^-V..../..^AV^."^""-"-)2.i.5) 

It can be rewritten as 



s^\^\ ~ Jd^'x^^^-^^g,, 



Ml. ../is 



sfs_- 11 
4 



V''-'' ( -^Mi.-.M. - ^^^(m..-^;.../..) 1 ' (2-1-6) 



where Q^^...^^ is a generalized linearized Einstein tensor. Now, using (2.1.2), integrating 
by parts in the action, and taking the constraint (2.1.4) into account, it is easy to find 
that its gauge invariance rests crucially on the divergence-free nature of Q. However, one 
gets 

r)-^ - (g-l)(g-2)(5-3) r. r. r. n , ^. 

so that, in order to have a gauge-invariant spin-s free Fronsdal Lagrangian, one has to 
supplement the theory with an additional constraint on the fields, declaring them to be 
represented by doubly traceless tensors, 

<(s-4) = , (2.1.8) 
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which is a nontrivial condition for s > 4. 

Indeed, the Fronsdal equations with their restricted gauge-invariance propagate the 
correct number of degrees of freedom associated to a massless field of spin s, in any 
dimension. To see this, one can perform an analysis which is again a straightforward 
generalization of the one that is proper of the low-spin cases. First, we introduce a 
generalized de Bonder gauge condition, 

s — 1 

that reduces (2.1.1) to the usual wave equation 

O^Ks) = • (2-1-10) 

The gauge variation of (2.1.9), 

SV^^s-i) = ne^(,_i) , (2.1.11) 

allows for a residual gauge symmetry with parameters that satisfy themselves a wave 
equation, 

Oe^(s-i) = 0. (2.1.12) 

Notice also that, by virtue of (2.1.8), the de Bonder condition is traceless^, 

K(s-3) = -^5(..<......_3) = • (2-1-13) 

Being doubly traceless, the spin-s field admits the decomposition 

V'Ms) = 0Ms)+^(mim2^m3...ms) ' (2.1.14) 

where both 0^(s) and 0-^(3-2) are traceless tensors. Correspondingly, the residual gauge 
transformation (2.1.12) splits into 

S(l)f,(s) = s%,e^2.../,4 , (2.1.15) 

where {...} denotes the symmetric traceless projection, and 



""^As usual, eqs. (2.1.11) and (2.1.12) are also the conditions that ensure that the de Bonder gauge 
(2.1.9) is a good gauge, since it does not contain more conditions than there are independent components 
of the gauge parameter, and a parameter that enables to impose it is the solution of a wave equation, 
that exists under very general conditions. 
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The divergence of the gauge parameter can be used to set o"^(s-2) to zero. Therefore, the 
number of independent degrees of freedom propagated by the Fronsdal equations equals 
the number of independent component of 0^(s) minus the number of independent con- 
straints (2.1.9) minus the number of independent components of the leftover divergenceless 
gauge parameter. In D = 4, for example, this number is^ (s + 1)^ — s^ — (s^ — (s — 1)^) = 2, 
as expected. 

Although Fronsdal's formulation captures the fundamental features of the massless 
HS free dynamics, it is desirable to overcome the need for the algebraic constraints on 
the gauge field and parameter, for a number of reasons: first, as already commented in 
the Introduction, to establish a more direct contact with String Theory and String Field 
Theory, whose vibration modes are represented by unconstrained tensors; second, because, 
as our experience with low-spin gauge theories suggests, a restricted gauge invariance 
is a sign that the field equations are written in terms on non-fully invariant objects. 
This expectation was indeed found to be true first in [19], where nonlocal unconstrained 
equations were written in terms of the proper HS curvatures - generalizations of the 
Maxwell field strength and the Riemann tensor (a local equivalent version of the free 
unconstrained equations was proposed in the first two references in [47], see the third 
reference therein for a review). The nonlocality was moreover shown to be pure gauge, and 
Fronsdal's formulation was recovered via a gauge fixing. An equivalent, local unconstrained 
formulation for the free dynamics of a massless spin-s field was first obtained in [20] and 
rests on the fact that the variation (2.1.3) can be canceled by introducing in the equations 
a spin-(s — 3) compensator field , q;^(s_3), transforming as the trace of the parameter. The 
Fronsdal equations are substituted with the system 

s(s- l)(s-2) /o 1 1'7^ 

•^MW = Q 0'{/.iO'm2 0'm3"m4...Ms) ' (2.1.17) 

Vl{s^4) = 4(9 ■ a^(,_4) + (s - 4:)d^t,,a'^^,„^^_^) , (2.1.18) 

that is invariant under the unconstrained gauge transformations 

S<^^^{s) = s5(Mie^2.../^.) , (2.1.19) 

<5«M-3) = 3e;(,_3). (2.1.20) 

Notice that (2.1.18) follows from (2.1.17) by using the Bianchi identity (2.1.7), which en- 
sures the compatibility of the system. The latter equation characterizes a as a Stueckelberg- 
like field, and therefore shows that it is unphysical, since it can be gauged away by fixing 



We recall that a totally symmetric rank-s tensor in D dimensions, has f ^Ti 7 ) independent com- 
ponents (see, for example, [59]). The number of independent components of a totally symmetric traceless 
rank-s tensor in D dimensions therefore follows immediately subtracting from these the I " j5_7 ) i^ide- 
pendent trace constraints. This gives, in £> = 4, (*t^) — {^t^) — {s + 1)^- 
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the trace of the gauge parameter to be ^'fg_^) = |«^(s_3). This reduces the system to the 
Fronsdal equations shown above. Interestingly, the local unconstrained formulation can 
be shown to follow from the variation of a minimal local lagrangian [104] that only makes 
use of an additional, spin-(s — 4) Lagrange multiplier to impose the constraint (2.1.17). 

2.1.1 Interlude 1: Maximally Symmetric Space-times 

We have already commented in the Introduction on the importance of the (A)dS back- 
ground for building consistent HS interactions. Indeed, the same reasoning can be ex- 
tended to any maximally symmetric background - which is a space-time whose metric has 
the maximum number, 2 , of isometries in D dimensions - with nonvanishing cosmo- 
logical constant. Notable examples we shall deal with later on are, together with {AjdSo, 
their euclidean versions: the hyperbolic space Ho, obtained from AdSo through a "Wick 
rotation "of the time direction, and the sphere S^, obtained from dSo through a "Wick 
rotation" of the time direction. In their turn, AdSo and dSo are connected by a change 
in the sign of the curvature {i.e., of the cosmological constant), and the same is true for 
Hd and S^. In other words, all such spaces admit a unified description characterized 
by two relevant parameters: the signature of their tangent-space metric r]ab and the sign 
of the cosmological constant. The simplest one is given in terms of flat coordinates that 
describe the embedding of any D-dimensional maximally symmetric space-time in a flat, 
{D + l)-dimensional one via the condition 

kriabX^x'' + z^ = L^ a,6 = 0, 1,. ..,£)- 1 , (2.1.21) 

where for the moment we do not specify the signature of 77^,^, with the flat embedding 
space metric 

ds"^ = riabdx^'dx'' + -dz^ . (2.1.22) 

k 

Only the sign of the curvature constant k will be of relevance, since any rescaling with a 

positive factor can be absorbed into the definition of the coordinates x'^. Solving z from 

(2.1.21), differentiating and substituting dz'^ in (2.1.22) one gets 

ds^ = Vabdx^dx' + k ^I'^'^^y^'''' dx'^dx' , (2.1.23) 

L^ — krjabX^x" 

from which it follows that the metric for a maximally symmetric space can be written as 

c d 
, J VacVbdX X /o 1 o/i\ 

'^' = ^'^^ + ' L^ - k.^bx'^x^ ' ('•'•'') 



that has the inverse 



ab „ab • -^ -^ 



r = V""" - k^^ ■ (2.1.25) 



The Ricci tensor is 



and the curvature scalar 
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It is now simple to calculate the Christoffel connection, 

1 k 

Kb = ^g'^'^idbgda + daQdb - ddQab) = Jj^X^Qab , (2.1.26) 

and the Riemann tensor 

k 

^dab = '^a^db - 9bKa + Ka^db ~ KbKa = JJ^i.^'addb " '^fefl'da) , (2.1.27) 

SO that 

k 

Rcdab = yj(fi'cafi'dfe — 5'c65'da) • (2.1.28) 

Rab = R'acb = ^{D-l)gab, (2.1.29) 

R^R: = ^DiD - 1) . (2.1.30) 

Therefore, the Riemann tensor for a constant curvature space-time is completely deter- 
mined by the curvature scalar R, and 

Rcdab = p,(p, _ -,\ R{9cagdb — Qcbgda) , (2.1.31) 

which implies that, for maximally symmetric space-times, the Weyl tensor vanishes iden- 
tically 

Ccdab = Rcdab +y: -{d cbRad — 9 caRbd + 9 daRbc — 9 dbRac) 

+ Tjj—^rrjj^^R{9ca9db- 9cb9da) = 0. (2.1.32) 

Moreover, the curvature scalar is proportional to k, whose sign therefore discriminates 
between the different types of such space-times: A; = represents a flat space-time with 
metric 77^,^ of arbitrary signature ; k = +1 (—1) represents a positive (negative) curvature 
space-time with tangent space metric r^^jy. If the latter is fixed to be euclidean, then k = 1 
(—1) corresponds to a S^ {Ho) space, while for minkowskian tangent space metric one 
k = 1 (—1) corresponds to the dS (AdS) space-time. 

All such space-times are solutions of Einstein equations in absence of matter and in 
presence of a cosmological constant A, 

Rab - ^9abR = -^9ab , (2.1.33) 
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that are extrema of the Einstein-Hilbert action 

S 



l6nG 
From (2.1.29) and (2.1.30) it follows that 



^ [ d^x^/^{R-2A) . (2.1.34) 

^Cd J 



1 (D-l)(D-2) 

Rab - ^gabR = -k^ ^^ -gab , (2.1.35) 

and by comparison with (2.1.33) one has 

A . .<£^M^ , (2.1.36) 

from which one reads that the sign of A is related to that of k, i.e., of the curvature, for 
any^ D > 2. Thus, S^ and dSc space-times have a positive cosmological constant, and 
Hd and AdSo a negative one. 

A presentation of (2.1.21) that puts the AdS case in greater evidence is given by 

X'^X^r]AB = TiabX^x^-X^z^ = -X^L\ A,5 = 0, 1,...,D-1,0' , (2.1.37) 

where A is a complex parameter and again of A^ = —1/k only the sign matters (positive 
for AdS), and the ambient-space metric is 

ds"^ =dX^dX^r]AB = Tiabdx'^dx^ -X^dz^ = -r'^dt^ + 5rsx''x' - X^dz^ (2.1.38) 

Therefore, the embedding space-time has metric r]AB = (jlab^—X^) = (— r^, (J^s, — A^). 
Notice that the embedding direction is a time for the AdS case, and this is the reason 
for denoting it with 0' (we shall use this label for all signatures anyway, for the sake 
of uniformity); similarly, the tangent-space metric is denoted with an rjab for all cases, 
including the euclidean ones. Equation (2.1.37) clearly shows that the isometry algebra 
of the different D-dimensional maximally symmetric space-times is the one preserving 
the quadratic form at its left hand side, which, for general tangent-space signature is 
so{p', D + 1 — p') with p' < D + 1. In particular, the AdS isometry algebra corresponds 
to the case p' = D — 1, 3o{D — 1,2), while dS to p' = D. Moreover, one can describe the 
different manifolds encoded in (2.1.37) as the coset spaces 



so{D-l,l) so{D-l,l) 

H.^t^ S^. ^P- , (2.1.39) 

so{D) so{D - 1) 



^D ~ 1,2 are trivial cases, since in D = 1 there is no curvature, and in D = 2, although a curvature 
can be defined, the Einstein-Hilbert action, that encodes the dynamics of the gravitational field, is a 
topological invariant, the Euler characteristic. 
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where in all cases one factors out, from the isometry algebra of the embedding metric 
rjAB, the one of the tangent space metric rjab- 

The commutation relations that define the isometry algebra of (2.1.37) are 

[Mab^Mcd] = tiVADMBC + VBcMAD + VAcMBD + VBcMAD) ■ (2.1.40) 

Splitting the indices as A = {a, 0') and defining the translation generator to be Pa = 
j^MQ'a this can be rephrased as 

[Mab,Mj = 4tr][,\[hMa]id] , [Mab,Pc] = 2tr],[bPa], (2.1.41) 

[Pa,Pb] = -^Mab, (2.1.42) 

which exhibits the difference with respect to the Poincare algebra, that can be obtained 
from the previous equations via an Inonii-Wigner contraction [i.e., in the limit ^ — ;► 0, or 

L -^ oo), 

[Mab,M,a] = 42r7[,|[bM,]|,] , [Mab,Pc\ = 2ir^c[bPa]. (2.1.43) 

[Pa.Pb] = 0. (2.1.44) 

In most of the review part of this Thesis we will mainly focus on the AdS case, but for 
the bosonic HSGT everything can be rephrased for dS and for the euclidean signatures 
as well. One is mostly interested in the AdS case for the reason that it is more suitable 
for supersymmetric extensions. Furthermore, a change in the signature affects the Rep- 
resentation Theory: as it is well-known, for example, dS and AdS have rather different 
unitary representations (for dS there are unitary irreducible representations the energy 
of which is not bounded from below). Nevertheless, in the original part of this Thesis 
we will explicitly let the signature be arbitrary: examining HSGT in this more general 
setting will also prove to be interesting in finding certain new solutions to the Vasiliev 
equations, as announced already in the Introduction. 

2.1.2 Free Equations in {A)dS Space-time 

The same reasoning (see, in particular, (1.0.5)) that led to recognize the importance of a 
nonfiat background to build consistent HS interactions, also leads to the conclusion that 
the free propagation of HS fields in a gravitational background that solves the Einstein 
equations is consistent with the HS gauge symmetries only if the solution is Weyl-fiat, 
i.e., if the Weyl tensor calculated with the background metric is identically zero, which is 
indeed the case for the (A)dS space-times - on which we focus here for definiteness, keeping 
in mind that everything can be immediately rephrased in the corresponding euclidean 
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signatures. Therefore, it is useful to look at the form of Fronsdal's equations in the 
presence of a cosmological constant. 

The interaction with the fixed gravitational background is introduced, as usual, by 
covariantizing derivatives with respect to the (A)dS Christoffel connection calculated in 
(2.1.26), d-^V = d + T. Moreover, 

^^s...,. = ^"^"Vm....m. , (2.1.45) 

where g is the (A)dS metric tensor, and we are assuming ip" = and e' = 0. Now, in the 
(A)dS background, these two conditions are no longer sufficient to ensure the invariance 
under the covariantized spin-s gauge tranformation 

6<p^(^s) = sV(^ie^2...^,) , (2.1.46) 

since the covariant derivatives do not commute. Indeed, 

[V^, Vi.] v?pi...p. = -^ (fi-Kpil V^M|p2...p.) - 9f,(pi\Vu\p2...ps)) , (2.1.47) 

for AdS (A^ = 1), while the analog for dS can be obtained from (2.1.47) changing sign to 
the curvature, i.e., by continuing A to imaginary values (A^ = —1). The direct substitution 
of (2.1.46) in the covariantized Fronsdal kinetic operator, 

^Z.,M = °V^.......-^V(,,V-v^,,...,,) + ^^^{V(,„V,J^;3...,^) (2.1.48) 

(where □ = g'^'^V fj,V u) , produces terms such as 

s [n, V(^J e,,...,^) + ^s{s -l){D + s-3) V(^, e^„„,^) . (2.1.49) 

To eliminate these terms it is necessary to modify the kinetic operator with appropriate 
terms of order 1/L^ that cancel the variation of (2.1.48) and vanish in the flat limit 
L — > oo. By explicitly calculating the commutator in (2.1.49) one can check that the 
invariant Fronsdal equation in AdSo is 

^iis) = J'Zs) - Jjl {[(3-/^-s)(2-s)-s] v^,(,) + ^^^^(,,,.^;3.....)} = 0- 

(2.1.50) 
Notice that, although we deal with massless fields, requiring invariance of the Fronsdal 
equations in a space-time with nonvanishing cosmological constant results in the appear- 
ance of a mass-like term, that in fact originates from the coupling with the (constant) 
space-time curvature. One can repeat now for (2.1.50) the same considerations made 
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above for the flat case. Again, the Fronsdal equations are non-lagrangian, and one can 
define a generahzed Einstein tensor 

^Ms) = -^M*) ~ 4 9(f^ifM2^fM3...f,s) ' (2.1.51) 

in terms of which one can construct a Lagrangian from which (2.1.50) follows. Finally, 
a local unconstrained formulation in (A)dS with the aid of a compensator field is also 
available [20] , and again the presence of a cosmological constant results in extra-terms of 
order 1/L^. In particular, if the trace of the gauge parameter is not constrained to vanish, 

^•^Ms) = 2 ( V(m'^M2V;.3e|,4...^^) - -^^(/.i^2 V^ac'^^ ^^)j (2.1.52) 

and therefore the compensator form of the equations should be 

•^M(s) = Q i^{lJ.l^f^2^f^3'^t^4-tls)- j29{t^W2^l^3'^IJ.4-tls)j (2.1.53) 

<(s-4) = 4V-a^(,_4) + (s-4)V(^,a;,...^^_,) , (2.1.54) 

with the gauge symmetries 

Sv,^{s) = sV(^ie^2...^^) , (2.1.55) 

Sa^{s-3) = 3e'^(,_3) (2.1.56) 

that are again consistent by virtue of the Bianchi identities. 



2.2 Frame Formulation 

It is well-known that gravity admits a (first order) formulation in terms of a frame field 
and a Lorentz connection, in which the gauging of the Poincare or (A)dS tangent-space 
isometry algebra is manifest, and similar to the familiar Yang-Mills case. This fact makes 
it interesting to examine whether the free massless HS theory admits a reformulation in 
terms of one-form connections bearing a direct relationship to the generators of an under- 
lying symmetry algebra. In other words, such a reformulation can give some hints towards 
the construction of an appropriate HS symmetry algebra. If this is the case, indeed, then 
the free equations could be interpreted as the linearization of interacting equations that 
involve such one-forms valued in a nonabelian algebra that admits generators with the 
same index structure as that of the internal (tangent-space) indices of the connections. 

We shall first review how the frame formulation works for gravity, by especially recalling 
the MacDowell-Mansouri and Stelle-West formulations, that are of special interest for HS 
extensions. Then, we shall extend our considerations to HSGT, describing the approach 
to the free theory first developed in [55, 57, 62]. 
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2.2.1 Interlude: Gravity a la MacDowell - Mansouri - Stelle 

- West 

Einstein's theory of gravity is a non-abelian gauge theory of a spin-two particle, in the 
same way (at least to a good extent, see Appendix A for more comments) as Yang- 
Mills theories are non-abelian gauge theories of spin-one particles. Local symmetries of 
Yang-Mills theories originate from the internal global symmetries. Similarly, the gauge 
symmetries of Einstein gravity in the vielbein formulation^ originate from global space- 
time symmetries of its most symmetric vacua. These symmetries are manifest in the 
formulation of MacDowell, Mansouri, Stelle and West [33, 34]. 

This section is devoted to this formulation. First, the Einstein-Cartan formulation of 
gravity is reviewed and the link with the Einstein-Hilbert action without cosmological 
constant is explained. Then, the same approach is extended to include a cosmological 
constant. We review also an elegant action for gravity, written by MacDowell and Man- 
souri, and its improved version introduced by Stelle and West, where the covariance under 
all symmetries is made manifest. 

- Gravity as a Poincare gauge theory 

The basic idea is as follows: instead of considering the metric g^i, as the dynamical 
field, two new dynamical fields are introduced: the vielbein or frame field e" and the 
Lorentz connection u^ "^. 

The relevant fields appear via the one-forms e" = e'tdx^ and uj^"-^ = —uj^^"' = 

uj^""^ dx^ . The number of 1-forms is equal to D H ^ ~ ' = - — 2^' which is the di- 
mension of the Poincare group ISO{D — 1,1). So they can be collected into a single 
1-form taking values in the Poincare algebra as cj = —i{e"'Pa + \ u^'^^Mab), where Pa and 
Mab generate iso{D — 1,1) (see (2.1.44)). The corresponding curvature is the two- form: 

R = du + uj^ = -iiT^Pa + ]- R^"'^Mab) , (2.2.1) 

where T" is the torsion, given by 

T'^ = L)V = de'' + cu-^"fee\ (2.2.2) 

and R^ "^ is the Lorentz curvature 

rL ^b = D^uo^ "^ = du^ "^ + uo^ \uj^ "^ , (2.2.3) 



^See e.g. [53] for a pedagogical review on the gauge theory formulation of gravity and some of its 
extensions, like supcrgravity. 
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as follows from the Poincare algebra (2.1.44). Torsion and Lorentz curvature are the 
invariant tensors under the symmetries of the theory, i.e., difFeomorphisms and local 
Lorentz symmetry. 

To make contact with the metric formulation of gravity, one must assume that the 
frame e" has maximal rank d so that it gives rise to the non-degenerate metric tensor 
Qnu = Vab^lj^el. Moreover, the appearance of the extra local lorentz symmetry, with gauge 
connection uj^ "^ and antisymmetric parameter e"^ = — e^", is exactly what enables to 
gauge away from e" its antisymmetric part, therefore reducing the field components to 
the D{D -\-l)/2 of the metric tensor. One can also require the absence of torsion, T^ = 0. 
Then one solves this constraint and expresses the Lorentz connection in terms of the frame 
field, o;^ = u^{e,de). It can be checked that the tensor R^y^pa = ^1^'iRab pa expressed 
solely in terms of the metric is the familiar Riemann tensor. 

The first order action of the frame formulation of gravity is due to Weyl [54] . In any 
dimension D > 1 it can be written in the form 

^[e^,c.,^"1 = 7^J i?^^V^..e'^--6,,...,,_,,, , (2.2.4) 

where eai,,,aD is the invariant tensor of the special linear group SL{D) and k^ is the grav- 
itational constant, so that k, has dimension {length)^^^. The Euler-Lagrange equations 
of the Lorentz connection 

^ oc ea,...ao_,bc e"^ . . e"--3T'^-- = (2.2.5) 

imply that the torsion vanishes. The Lorentz connection is then an auxiliary field, which 
can be removed from the action by solving its own (algebraic) equations of motion. The 
action S = S[e , ^^{g, de) ] is now expressed only in terms of the vielbein. Actually, only 
combinations of vielbeins corresponding to the metric appear and the action S = S[gfj^iy] 
coincides indeed with the second order Einstein-Hilbert action. 

The Minkowski space-time solves i?^"^ = and T" = 0. It is the most symmetrical 
solution of the Euler-Lagrange equations, whose global symmetries form the Poincare 
group. The gauge symmetries of the action (2.2.4) are the diffeomorphisms and the local 
Lorentz transformations. Together, these gauge symmetries correspond to the gauging of 
the Poincare group (see Appendix A for more comments). 

- Gravity as an 5o{D — 1, 2) gauge theory 

It is rather natural to reinterpret Pa and Mab as the generators of the AdSo isometry 
algebra 5o{D — 1, 2). The curvature R = du + u"^ then decomposes as i? = —i(T"-Pa + 
^R"''^Mab), where the Lorentz curvature R^"-^ is deformed to 

j^ab ^^Lab^ j^cosm ab ^ ^L ab ^ p^ ^a^b ^ ^2.2.6) 
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since (2.1.44) is deformed to (2.1.42). 

MacDowell and Mansouri proposed an action [33], that can be built from the product 
of two curvatures (2.2.6) in Z^ = 4 

^^^[e,.;] = ^1 ^i?--i?«3a4,^^^^^^^^. (2.2.7) 

Expressing R"-^ in terms of R^ "^ and R'^°'^™- "^ by (2.2.6), the Lagrangian is the sum of three 
terms: a term R^R'^"'^"^, which is the previous Lagrangian (2.2.4) without cosmological 
constant, a cosmological term Ji'^osm j^cosm ^^^ ^ Gauss-Bonnet term R^R^. The latter 
contains higher- derivatives but does not contribute to the equations of motion because it 
is a topological invariant. 

The MacDowell-Mansouri action admits a higher dimensional generalization [89] 

S^^[e,u] = -4t [ i?''i"2^"^a4ga5 _ . .e^^e^i a^ ■ (2.2.8) 

The AdSr, space-time is defined as the most symmetrical solution of the Euler-Lagrange 
equations. As explained in more detail later on, it is a solution of the system i?"^ = 0, 
T" = such that rank(e") = d. The Gauss-Bonnet term 



4/t A J^d 



■a-d 



is not topological beyond D = 4, and therefore the field equations resulting from the 
action (2.2.8) are different from the Einstein equations in D dimensions. However, the 
difference involves nonlinear terms that do not contribute to the free spin 2 equations 
[89], apart from replacing the cosmological constant A by ^ ^ ^ A (in such a way that 
no correction appears in D = 4, as expected). One way to see this is by considering the 
action 

5"''"'™[e,cu] = 5^^[e,cu] + ^f^ f (-l-i?^»i-2e"^ . . . e"- + A g^V . . e«-)e,,„,,(^,2.9) 

4/t Jm^ \U — l U J 

which is the sum of the Gauss-Bonnet term plus terms of the same type as the Einstein- 
Hilbert and cosmological terms (note that the latter are absent when = 4). The 
variation of (2.2.9) is equal to 

(55"°"'^"[e,cu] = ^— / R^'^'R^'^'die"" . . . e^^) ea, an , (2.2.10) 

when the torsion is required to be zero (i.e., applying the 1.5 order formalism to see that 
the variation over the Lorentz connection does not contribute). Indeed, the variation of 
the action (2.2.9) vanishes when D = 4, but when D > 4 the variation (2.2.10) is bilinear 
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in the AdSo field strength i?"^. Since the AdSo field strength is zero in the vacuum 
AdS solution, the action 5'"'°"'*" only contributes to corrections of the field equations 
which are nonlinear in the fiuctuations near the AdS background, having no effect on the 
free spin 2 equations. As a consequence, at the linearized level the Gauss-Bonnet term 
does not affect the form of the free spin 2 equations of motion, it merely redefines an 
overall factor in front of the action and the cosmological constant via /t^ — * (y — l)/?^ 
and A -^ ^ ^ ' A, respectively (as can be seen by substituting S^^ in (2.2.8) with its 
expression in terms of 5*"°"'*" from (2.2.9) ). Beyond the free field approximation the 
corrections to Einstein's field equations resulting from the action (2.2.8) are nontrivial for 
D > 4 and nonanalytic in A (as can be seen from (2.2.10)), with no smooth fiat limit. 
As will be shown later, this is analogous to the structure of HS interactions which also 
contain terms with higher derivatives and negative powers of A. The important difference 
is that in the case of gravity one can subtract the term (2.2.9) without destroying the 
symmetries of the model, while this is not possible in HS gauge theories. The flat limit 
A — > is perfectly smooth at the level of the algebra {e.g. so{D — 1, 2) — i> iso{D — 1, 1) 
for gravity, see Section 2.1.1) and at the level of the free equations of motion, but it may 
be singular at the level of the action and nonlinear fleld equations. 

- M acDow ell- Mansouri-Stelle- West gravity 

The gauge symmetries of the MacDowell-Mansouri action (2.2.7) are diffeomorphisms 
and local Lorentz transformations. It is however possible to make the so{D — 1,2) sym- 
metry manifest by combining the vielbein and the Lorentz connection into a single fleld 
uj = —iuoJ^^dx^MAB- The flber indices A^B now run from to D. They are raised and 
lowered by the invariant mostly minus metric tjab of so (Z^ — 1, 2) . 

In order to promote local so{D — 1,2) transformations to gauge symmetries, an ad- 
ditional fleld has to be introduced: the time-like vector V"^ called compensator' . The 
compensator vector is constrained to have a constant norm p, 

V^V''r]AB = p'- (2.2.11) 

As we shall see, the constant p is related to the cosmological constant according to 

p2 = -A-i. (2.2.12) 

The MMSW action is ([34] for D = 4 and [89] for arbitrary D) 

gMMSW^^AB^ yA^^ ^ _P f ^^^^^^^RA,A,p,A,A,^A, ^Ar^yAo^, (2.2.13) 



■''This compensator field compensates additional symmetries serving for them as a Higgs field. It 
should not be confused with the homonymous - but unrelated - field a^r^-s) introduced in the previous 
Subsection. 
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where the curvature or field strength R"^^ is defined by 

and the frame field E^ by 

E^ = DV'' = dV'' + uj''sV''. 

Furthermore, in order to make contact with Einstein gravity, two constraints are imposed: 
(i) the norm of V"^ is fixed, and (ii) the frame field E^ is assumed to have maximal rank 
equal to D. As the norm of V^ is constant, the frame field satisfies 

E'^Va = 0. (2.2.14) 

If the condition (2.2.11) is relaxed, the norm of V"^ corresponds to an additional dilaton- 
like field [34]. 

Let us now analyze the symmetries of the MMSW action. The action is manifestly 
invariant under 

• Local 3o{D — 1,2) transformations: 

(5cu^^(x) = De^^(x) , dV^ix) = -e^^(x)VB(x) ; (2.2.15) 

• Diffeomorphisms: 

600^'' = d^iepf + ed.uj^'' , 6^" = i^d^V^ . (2.2.16) 

Let us define the covariantized diffeomorphism as the sum of a diffeomorphism with 
parameter ^^ and a so(-D — 1, 2) local transformation with parameter e'^^{^'^) = — .^^cj^^. 
The effect of this transformation is thus 

^cov^AB ^ ^u^AB ^ ^covyA ^ ^v ^A (2.2.17) 

by (2.2.15)-(2.2.16). 

The compensator vector is pure gauge. Indeed, by local 0(Z^ — 1, 2) rotations one can 
gauge fix V'^i^x) to any values with V'^{x)Va{x) = p^. In particular, one can reach the 
standard gauge 

\/^ = p5^. (2.2.18) 

Taking into account (2.2.14), one observes that the covariantized diffeomorphism also 
makes it possible to gauge fix fiuctuations of the compensator V^{x) near any fixed value. 
Since the full list of symmetries can be represented as a combination of covariantized 
diffeomorphism, local Lorentz symmetry and diffeomorphisms, in the standard gauge 
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(2.2.18) the algebra of gauge symmetries is broken to the local so{D — 1, 1) algebra and 
diffeomorphisms. In the standard gauge, one therefore recovers the field content and 
the gauge symmetries of the MacDowell-Mansouri action. Let us note that covariantized 
diffeomorphisms (2.2.17) do not affect the connection u;^^ if it is flat (i.e. has zero 
curvature R^P). In particular covariantized diffeomorphisms do not affect the background 
AdS geometry. 

To show the equivalence of the action (2.2.13) with the action(2.2.8), it is useful to 
define a Lorentz connection by 

^L AB _ ^AB _ p-^^^AyB _ ^ByA^ _ (2.2.19) 

In the standard gauge, the curvature can be expressed in terms of the vielbein e"" = E"' = 
p uj""' and the non- vanishing components of the Lorentz connection u^ "^ = u;"^ as 

R^b ^ ^^ab ^ ^aC^^ b ^ ^^L ab ^ ^L a^^L cb _ p^l^a^b = JlL ab ^ j^cosm ab ^ 

Inserting these gauge fixed expressions into the MMSW action yields the action (2.2.8), 
where A = — p^^. The MMSW action thus reduces to (2.2.8) after partially fixing the 
gauge symmetry. 

Let us now consider the vacuum equations R'^^^ujq) = 0. They are equivalent to T" = 
and R""^ = and, under the condition that rank{E^) = d , they uniquely define the local 
geometry of AdSo with parameter p, in a coordinate independent way. The solution ujq 
obviously satisfies the equations of motion of the MMSW action. To find the symmetries 
of the vacuum solution cuq, one first notes that vacuum solutions are sent to vacuum 
solutions by diffeomorphisms and local AdS transformations, because they transform the 
curvature homogeneously. Since covariantized diffeomorphisms do not affect o^o, in order 
to find symmetries of the chosen solution ujq it is enough to check its transformation law 
under local so{D — 1,2) transformation. Indeed, adjusting an appropriate covariantized 
diffemorphism it is always possible to keep the compensator invariant. 

The solution uoq is invariant under local so (Z^ — 1, 2) transformations if and only if the 
parameter e^^{x) satisfies 

= D^t^^'ix) = dt^^'ix) + uo^^c{x) e^^(a;) - 00^"" c{x) e^^(a;) . (2.2.20) 

This equation fixes the derivatives d^t'^^i^x) in terms of e^'^(x) itself. In other words, once 
e^^(xo) is chosen for some xq, e^'^(x) can be reconstructed for all x in a neighborhood of 
Xo, since by consistency^ all derivatives of the parameter can be expressed in terms of the 



^The identity Dg — R^ — Q ensures consistency of the system (2.2.20), which is overdetermined 
because it contains — ^^ — - equations for ^ ^ ' unknowns. Consistency in turn imphes that higher 
space-time derivatives d^^ . . . d„^e^^{x) obtained by hitting (2.2.20) n — 1 times with Dq^^ are guaranteed 
to be symmetric in the indices i>i ... i^n- 
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parameter itself. The parameters e^^{xo) remain arbitrary, and are indeed parameters of 
the global symmetry 3o{D — 1,2). This means that, as expected for AdS space-time, the 
symmetry of the vacuum solution uq is the global so{D — 1, 2). 

The lesson is that, to describe a gauge model that has a global symmetry h, it is useful 
to reformulate it in terms of the gauge connections uj and curvatures R oi h in such a 
way that the zero curvature condition R = solves the field equations and provides a 
solution with h as its global symmetry. If a symmetry h is not known, this observation 
can be used the other way around: by reformulating dynamics a la MacDowell-Mansouri 
one might guess the structure of an appropriate curvature R and thereby the non-abelian 
algebra h. 

2.2.2 Frame-like Formulation of Free HS Dynamics 

It is possible to parallel the frame formulation of gravity for HS fields. The doubly- 
traceless metric-like HS gauge field ^^^...^^ is replaced by a frame-like field ^ ai---«s-i^ g^ 
Lorentz-like connection y^ "i--as-i,b |^55j ^^^ ^j^ extra set of connections 
j^ai...as~i,bi...bt^ where t = 2, . . . , s — 1 [56, 57]. All fields are traceless in the fiber indices 



1 s-l 



a, b, which have the symmetry of the Young tableaux | | / ' where t = for 

the frame-like field and t = 1 for the Lorentz-like connection. The metric-like field arises 
as the completely symmetric part of the frame field [55], 

where all fiber indices have been lowered using the AdS or flat frame field cq^ defined 
in Section 2.2.1. The fiber tracelessness of the frame field implies automatically that the 
field v^^i...^^ is doubly traceless. 

The frame-like field and other connections are then combined [89] into a connec- 
tion one-form j\^i---^s-i,Bi...Bs-i (^-^j^ere A, i? = 0, . . . , d) taking values in the irreducible 
so(-D — l,2)-module characterized by the two-row traceless rectangular Young tableau 
of length s — 1, that is 



aAi...As-i,Bi...B,^^ _ AAi...As-i},Bi...Bs-i _ aAi...As-i,{Bi...Bs-i} 
^fi — Afi. — ^n , 

^{M...As-,As} B2...B.-1 ^ Q ^ j^M...A.-, C ^ B1...B.-1 ^ . (2.2.21) 

One also introduces a time-like vector V"^ of constant norm p. The component of the 
connection ^-4i...yis-i,Bi...Ss-i w^q^ jg niost parallel to V"^ is the frame-like field 
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while the less l^-longitudinal components are the other connections. Note that the con- 
traction of the connection with more than s — 1 compensators V"^ is zero by virtue of 
(2.2.21). Let us be more explicit in a specific gauge. As in the MMSW gravity reformu- 
lation, one can show that V"^ is a pure gauge field and that one can reach the standard 
gauge V^ = Sq,p (the argument will not be repeated here). In the standard gauge, the 
frame field and the connections are given by 

A ai...as-i __ n^^^A ai...as-i,0'...0' 
A ai...as-\,bi...bt __ s-l-tTT^ ai...as_i, 6i...6t 0'...0' 

where the powers of p originate from a corresponding number of contractions with the 
compensator vector V"^ and 11 is a projector to the Lorentz-traceless part of a Lorentz 
tensor, which is needed for t > 2. These normalization factors are consistent with the 
fact that the auxiliary fields ^ «i---«s-i,6i...bt ^jjj i^g found to be expressed via t partial 
derivatives of the frame field ^ «i---'*s-i (p is a length scale) at the linearized level. 

The linearized field strength or curvature is defined as the so{D — l,2) covariant deriva- 
tive of the connection ^-4i...As-i,-Bi...Bs-i^ ^ g^ l^y 

pAi...As-i,Bi...Bs-i ^ jj ^Ai...As-i,Bi...Bs-i 

= (lj\^^^--^s-i,Bi...Bs-i _|_ ^ ^1 j^CA2...As-i,Bi...Bs-i _|_ 

+cUo%A^i-^»-i'^^2-^=-i + ... , (2.2.22) 

where the dots stand for the terms needed to get an expression symmetric in Ai . . . As-i 
and Bi . . .-B^-i, and cUq^ is the so{D — 1,2) connection associated to the AdS space 
solution, as defined in Section 2.2.1. The connection j\^i--^s-i,Bi...Bs-i j^g^g (^jniension 
{length)~^ in such a way that the field strength p^i---^s-\,Bx...Bs-x j^g^g proper dimension 
{lengthy^. 

As {DqY = Rq = ^1 the linearized curvature Fi is invariant under Abelian gauge 
transformations of the form 

^^Ai...A,_i,Bi...i?,_i ^ j^^^A^...As-i,Br...Bs-i ^ (2.2.23) 

The gauge parameter ^^^■■■^s-i,Bi...Bs-i j^^g ^j^g symmetry | ~| and is traceless. 



Before writing the action, let us analyze the frame field and its gauge transformations, 
in the standard gauge. According to the usual multiplication rule for so(n)-irreducible 
Young diagrams [52, 66, 59], the frame field ^^i--'*s-i contains three irreducible (traceless) 

Lorentz components characterized by the symmetry of their indices: | | , , Qi ° 

and I I s - 2 , where the last tableau describes the trace component of the frame field 

^ ai...as-i_ j^g gauge transformations are given by (2.2.23) and read 
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The parameter g'^i-^s-i.c jg g^ generalized local Lorentz parameter. It allows us to gauge 

away the traceless component □ of the frame field. The other two components of the 

latter just correspond to a completely symmetric doubly-traceless Fronsdal field ^^^...^^. 
The remaining invariance is then the Fronsdal gauge invariance (??) with a traceless 
completely symmetric parameter g"i--'*s-i. 

- Action for HS gauge fields 

For a given spin s, the most general so{D — 1, 2)-invariant action that is quadratic in 
the linearized curvatures (2.2.22) and, for the rest, built only from the compensator V^ 
and the background frame field Eq = DqV^ is 



(2.2.24) 



p=0 

where a{s,p) is the a priori arbitrary coefficient of the term 



^pAiBi...Bs-2,A2Cl...Cs^2-pDi...Dpp A3 A4Cs-l-p...C2(s-2-p) 

This action is manifestly invariant under diffeomorphisms, local so{D — 1,2) transfor- 
mations (2.2.15) and Abelian HS gauge transformations (2.2.23) that leave invariant the 
linearized HS curvatures (2.2.22). Having fixed the AdSo background gravitational field 
uJq^ and the compensator V^, diffeomorphisms and local so{D — 1,2) transformations 
break down to the AdSn global symmetry so{D — 1,2). 

The connections 4 «i--«s-i,fei--bt pg^j^ i^q expressed via t derivatives of the frame-like field, 
according to HS analogues of the torsion constraint. Therefore the coefficients a{s,p) must 
be chosen in such a way that the Euler-Lagrange derivatives are non-vanishing only for 
the frame field and the first connection (t = 1). All other fields, i.e. the connections 
j^ai...as-i,bi...bt -^j^j-^ ^ > 1, appear only through total derivatives. They are called extra 
fields^. This requirement guarantees that higher-derivative terms are absent in the free 
theory and fixes uniquely the spin-s free action up to an overall coefficient b{s). More 
precisely, the coefficient a{s,p) is essentially a relative coefficient given by [89] 



a{s,p)=b{s){-A) 



-(s-p-i) P-5 + 2(s-p-2))!!(s-p-l) 



[s-p 
where b{s) is the arbitrary spin-dependent factor. 



^The extra fields show up in the non-linear theory and are responsible for the higher-derivatives as 
well as for the terms with negative powers of A in the interaction vertices. 
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The equations of motion for ^ "i--as-i,fe g^j^g equivalent to the "zero-torsion condition" 

They imply that 4 '*i--"s-i.^ is an auxiliary field that can be expressed in terms of the first 
derivative of the frame field. Substituting the found expression for ^ "i-as-i,b jj^^q ^j^g jjg 
action yields an action only expressed in terms of the frame field and its first derivative, 
modulo total derivatives. As gauge symmetries told us, the action actually depends only 
on the completely symmetric part of the frame field, i.e. the Fronsdal field. Moreover, 
the action (2.2.24) has the same gauge invariance as Fronsdal's one, and hence it must 
be proportional to the Fronsdal action (2.1.5) because the latter is fixed up to an overall 
factor by the requirements of being gauge invariant and of second order in derivatives of 
the field [58]. 



Chapter 3 

HS Algebras and Representation 
Theory 



In the previous section, the dynamics of free spin-s gauge fields has been expressed 
as a theory of one-forms, whose so{D — 1,2) fiber indices have symmetries character- 
ized by two-row rectangular Young tableaux. This suggests that there exists a non- 
Abelian HS algebra h D so{D — 1,2) that admits a basis formed by a set of elements 
Tai...As-i,Bi...Bs-i ill irreducible representations of so(D — 1, 2) characterized by such Young 
tableaux. More precisely, the basis elements Taj^...As-i,Bi...Bs-i satisfy the following prop- 
erties T^Ai...As-i,As}B2...Bs-i = 0, Tai...a^_:jCC,^^"'^'''^ = 0, and the basis contains the 
so{D — l, 2) basis elements Ta^b = —Tb,a such that all generators transform as 5o{D — l, 2) 
tensors 

[Tc,D , Tai...As-i,Bi...Bs-i] = iVDAiTcA2...As-i,Bi...Bs-i + • • • • (3.0.1) 

The question is whether a non-Abelian algebra h with these properties really exists. If 
it does, the Abelian curvatures Fi can be understood as resulting from the linearization 
of the non-Abelian field curvatures F = dA + A^ oi h with the h gauge connection 
A = uq+A^''^^\ where coq is some fixed flat {i.e. vanishing curvature) zero-order connection 
of the subalgebra so{D — 1,2) C h and A*-'*"-* is the first-order dynamical part which 
describes massless fields of various spins^. 

Summarizing, in a more general language: assuming that there exists full equations 
with local HS symmetry h, and that such equations admit some vacuum solution that 
breaks the local h symmetry to a global one {so{D — l, 2) in the AdSo case); a perturbative 
expansion around such vacuum yields the linearized field equations seen in the previous 



^Notice that now we are extending the notation previously used for HS one- form connections to the 
fluctuational part of fields of all spins s > 1, maintaining the notation ujo only for the background 
gravitational field that is a solution of Rq ~ dcjo + uJq = 0. 
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Chapter, with massless HS fields that possess local abelian gauge symmetry parameters 
in h. In such a scheme, a candidate non-abelian HS algebra should satisfy the following 
requirements: 

• In order to be able to interpret the model in terms of relativistic fields carrying 
some mass and spin, the vacuum solutions has to be invariant under some space- 
time isometry algebra (like so{D — 1, 2)) g d h. 

• h must admit massless unitary representations that contain all the gauge fields in 
the model and, possibly, some lower spin fields with no associated gauge symmetries 
admissibility criterion). 

The HS algebras with the above mentioned properties were originally found for the case 
of AdSi [62, 63, 64, 65] in terms of spinor algebras. Then this construction was extended 
to HS algebras in AdS^ [67, 68, 69] and to AD conformal HS algebras [70, 71] equivalent 
to the AdS^ algebras of [73]. D = 7 HS algebras [74] were also built in spinorial terms. 
Conformal HS conserved currents in any dimension, generating HS symmetries with the 
parameters carrying representations of the conformal algebra so(D, 2) described by various 
rectangular two-row Young tableaux, were found in [75] . The realization of the conformal 
HS algebra h in any dimension in terms of a quotient of the universal enveloping algebra 
was given by Eastwood in [76]. 

Here we first illustrate the construction of an "abstract" HS algebra, starting from 
the associative enveloping algebra oi 5o{D — 1, 2), and factoring out an appropriate ideal. 
Later on, in view of the presentation of the full Vasiliev equations, we shall review the 
oscillator realization first given in [72] (see also [52]), which is based on vector oscillator 
algebra {i.e., Weyl algebra). Finally, we shall present the original four-dimensional spinor 
oscillator realization of the four-dimensional algebra, which is the simplest of all in that 
the above-mentioned ideal is automatically factored out. 

3.1 Complex HS Algebra 

As one of the requirements for a HS algebra in D dimensions is that of being an infinite- 
dimensional extension of the isometry algebra of a maximally symmetric space-time (see 
Section 2.1.1), our starting point is the latter and its defining commutation relations. To 
keep the discussion completely general and valid for any signature, we will mostly work, 
unless explicitly stated, at the level of complex Lie algebras, and only later specialize to 
the different real forms {i.e., to the different signatures, or to the different maximally 
symmetric backgrounds mentioned in Chapter 2) imposing reality conditions on genera- 
tors. 
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The complex Lie algebra so{D + 1;C) has generators M4^ obeying 

[Mab,Mcd] = 4:ir][c\[BMA]\D] , (3.1.1) 

where A = {a,0'),a = {0,r), r = 1, . . . ,D — 1 and 

rjAB = diag(?7ab, -1) , r]ab = diag(-l, (5^^) . (3.1.2) 

Although we work at the complex level, as outlined in Section 3.2 the above choice of 
signature is convenient for describing Harish- Chandra modules, that will be of relevance 
in the following, and for examining the unitarity properties of the representations for 
different real forms of the algebra. 

The relevant infinite-dimensional extension of so(Z^ + 1; C) we are looking for is based 
on its universal enveloping algebra. The universal enveloping algebra U of 3o{D + 1; C) is 
the associative algebra with product -k generated by the unity 1 and monomials in Mab 
modulo the commutation rule (3.1.1). As a consequence, a basis for U is given by the 
unity and symmetrized products of Mab- As we shall deal all the time with this specific 
ordering prescription, it is useful to adopt a convenient notation: we will henceforth 
denote with Mab commuting variables that are symbols of the corresponding operators, 
and implement the operator product on them through a T*r-product law. The latter is 
defined in such a way that the T*r-product of two symbols of operators is the symbol of the 
product of the two operators. Therefore, the commutation relation (3.1.1) becomes now 

[Mab,McdI = Mab^Mcd-Mcd^Mab = "^iVlciiBMAm, (3.1.3) 

and the totally symmetrized products of operators can simply be denoted by juxtaposition 
of the commuting variables Mab- With this convention, the definition oiU is 

oo 

U = 0W„, Un = {X„ = a;^i^i'-'^"^"MA,B,---M^„Bi^l.4) 

n=0 

{^ y^ cc: Ma ,,.b ,^^-*^ ■ ■ ■ -^^ Ma , .b , s for n = 1, 2, .... , 
c n (3.1.5) 

II tor n = U 

where x^^^^''"'^"^" are complex coefficients, and we note that there is no separate sym- 
metry on A and B indices. The T*r-product X^ * Ar„, which is computed by repeated 
symmetrization using the commutation rule (3.2.1), yields the "classical" product X^Xn 
together with terms of lower order, since each commutation removes one generator. For 
example, 

Mab^Mcd = -{Mab,Mcd}. + ^[Mab,McdI = MabMcd + 2tr][c\iBMA]\Dp-l-Q) 
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The map 

r(X„) = (-irx„, (3.1.7) 

that is, t{X{Mab)) = X{—Mab) where X{Mab) is a symmetrized function, is an (invo- 
lutive) anti-automorphism of the T*r-product, i.e. 

t{X^Y) = t{Y)^t{X). (3.1.8) 

However, the universal enveloping algebra of 30(1^ + 1; C) does not satisfy our require- 
ment for being a candidate HS algebra, since the generators (3.1.4) do not really match 
the conditions we had fixed at the beginning of this chapter. In general, indeed, a sym- 
metrized monomial of degree n > 2 is reducible under so{D + 1;C), as it contains both 
trace parts and irreps labeled by Young diagrams with more than two rows. However, 
both of them can be absorbed into the ideal 

I[V] = {X = Vi.X' ioT X' eU} , (3.1.9) 

where V = X^^Vab + X'^^^'^Vabcd with A^^, A^^^^ G C, and 

Vab = IM^a^'Mb)c-^7^^-^VabM^''^Mcd , (3.1.10) 

Vabcd = M[abMcd] ■ (3.1.11) 

The generator Vab absorbs the traces, while Vabcd absorbs the Young diagrams with 
with more than two rows (as it is clear from (3.1.18)) - i.e., the unwanted elements are 
solved by such constraints in terms of allowed ones. So far, we have a chain of proper 
ideals, namely U D W D I[V], where W = W \ 1. Factoring out T[V] induces the 
infinite-dimensional unital associative quotient algebra 

and we shall use the notation 

X~X' ^ X-X'eI[V]. (3.1.13) 

The constraints Vab — and Vabcd — together fix the values of the Casimir operators^ 

C2n[soiD + 1; C)] = IMa,""' ^ Ma/' ^ ■ ■ ■ ^ M^,/^ , n = 1, 2, . . . .(3.1.14) 

In what follows we shall denote the restriction of the Casimir operators to a representation 
9^ of so{D + 1; C) by C2„[so(D + 1; C)|9^], or simply C2„[9^] in case there is no risk of 



^For D ~ 5, also the cubic Casimir operator plays a role. 
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confusion. To begin with, the higher-order operators C2n with n > 1 can be rewritten in 
terms of C2 using Vab — 0, which imphes 

Ma^'^Mbc = '^^~ ^^ Mac - -^—VAcC2 , (3.1.15) 



so that, for example. 



C4A] = ^C^IA]' + ^-^^C2[A] . (3.1.16) 



The operator C2[v4.] (and hence all C2„[.4,]) is fixed by compatibility between Vab — and 
Vabcd — 0, which requires 

~ Ma^'^Vbcde ^ {l^'-eo)^r]A[cMDE], 1^' = -^^ ^ (3-1-17) 
where we have used (3.1.15) and 

Vabcd = M^ab-^Mcd] = M^ab-^ Mc]d - iriD[AMBc] , (3.1.18) 

and we have also introduced the parameter 

60 = ^. (3.1.19) 

Thus, one finds, for example, 

C2[so{D + l-C)\A] = -eo(eo + 2), (3.1.20) 

C^[50{D + l-C)\A] = -eo(eo + 2)(e2 + eo + l) , (3.1.21) 

and one can calculate higher-order Casimir operators as well, by using (3.1.15) recursively. 

We can choose a canonical leveled basis for A as follows: 

00 
A = 0X, An ^ {X„ = x^(")'^(")T4(„),bh} , (3.1.22) 

n=0 

where x^(")'-S(") are traceless type (n, n) tensors'^, and 

TA{n),B{n) = M{AiBi ' ' ' Ma„B„} = Mj^^s^ ^ • ■ ■ ^ M^^s^} , (3.1.23) 



^Throughout this Thesis, tensors with the symmetry of the Young diagram of height v with rii cchs 
in the ith row (i — I, . . . ,1^) are referred to as type (ni, . . . , n^) tensors (where thus ni > n2 > ■ ■ ■ > rii, 
are positive integers). We work with normalized and mostly symmetric Young projections 

P„.„....„. = nccns(hook-lengths) H «. U A,, 

rows I columns j 
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where we use the convention that curly brackets, {■■■}, enclose so(-D + 1; C) irreducible, 
i.e. traceless and Young-projected, groups of indices. More explicitly, 

TA(n),B{n) = M(^AiBi -k ■ ■ ■ -k Ma„B„) 

[n/2] 

+ Yl '^n;kV{AiA2VBrB2 " " " VA2k-iA2kVB2k-iB2tMA2k+iB2k+i ^ " " " ^ Ma„B„) , (3.1.24) 
k=l 

where we use the convention that hooked brackets, (■■■), enclose sl{D + 1; C) irreducible, 
i.e. Young projected, groups of indices, and the coefficients Hn^k are fixed by 

v''''TAin)Mn-2)CD = 0. (3.1.25) 

We note that Vab — implies that the trace parts in (3.1.24) only involve lower-order 
enveloping-algebra monomials in rectangular Young projections. From (3.1.23) and on- 
wards, we shall always use the convention that repeated indices that are denoted by a 
single letter and distinguished by subindices are always symmetrized, so that^ 

M^,^i---M^/" = M(^/^^---M^„)^") = M(^/^i^---^M^„)^"), (3.1.26) 
that is, 

Ma,b,---Ma„b„ = M^a,b,---Ma„b„) = M^a,b,^---^Ma„b„) ■ (3.1.27) 
For example, the simplest case is given by 

2 

D{D + 1) 

The so{D + 1; C)-transformations take the form 

^dM^giTc(n),D{n)) = 2m?7[B|{CjT|A]|C(n-l),D(n)} + 2m77[B|{£)jTc(„),|A]|D(n-l)}(3-l-29) 

where the adjoint action of A on itself is defined by 

AdxiY) = [X,Y],. (3.1.30) 



^A(2),B(2) = MaiBi * MA2B2 - n/n , , \ iV A^ A2V Bi B2 " VAiBiVA2B2)C2[A] (3.1.28) 



where Si and Aj are symmetrizers and anti-symnietrizers, respectively, acting on the indices of the ith 
row (i = 1, . . . ,1/) and jth column [j — 1, . . . ,ni). Thus, a type (ni, . . . , n,y) tensor T'^i(„i),...,^'^(„^,) has 
p groups of symmetrized indices A*(ni) = A\ . . . A\. , subject to the over-symmetrization rule 



■,(A\...A^^,A\+^)A'^+\..A^^^ 



0, i ~ 1, . . . ,v — 1 . 



When A — I,. . .,N, such tensors are sl{N;C) irreps, and so(A^;C) irrcps when they are traceless, of 
highest weight (ni, . . . , n^). 

■^We note that prior to using this convention, the type {n,n) Young projection of MaiBi • • • AfA„s„ 
(no symmetry on A and B indices!) equals —-tAIaiBi • • • AfA„B„ (symmetry on the A and B indices!). 
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Therefore, the generators TA(n),B(n) of A indeed have the correct index structure and 
transformation properties to be candidate generators of the HS extension oi so{D + 1; C) 
we were looking for. Let us now look at some other properties that will be important for 
the following. We can also define the anti-commutator action 

Acx{Y) = {X,Y},, (3.1.31) 

with the closure 

[Acx,Acy] = Adix,YU ■ (3-1-32) 

From V" ~ it follows that 

with (suppressing the anti-symmetry on AB) 

V[A{CiV\B]{DiTc(n~l),D(n-l)} = VACiVBDiTc(n-l),D(n-l) 
+(3n ylCxC2'nBDiTAC{n-2),D(n-l) + ^ACi^Di_D2^C(n-l),BD(n-2) 

+ VCiDiVCiATBC(n~2),D(n~l) + VCiDiVDiBTc(n-l),AD(n-2) 

+Oin ivCiC2VDiD2TAC{n-2),BD{n-2) — VCiDiVC2D2TAC{n-2),BD{n-2)] , (3.1.34) 

where the coefficients 

n+1 



A„ = 2 



n + 2 ' 



1 (n-iy ^ 1 n-1 , , 

«n = ir— StT^ TV . (^n = -:.— , 3.1.35 

4 (n-Feo - l)(n-F Co - ^) 2n + eo-l 

are fixed by traceless type {n + l,n+ 1) Young projection (so that P{MABTc(n),D{n)) = 
AnPTiA\{cin),\B]Din) = ^nTAC{n),BD{n) where P = P AC{n),BD{n)) , whilc the Coefficient 

A„ = _1 "(" + !)(» + ^0-1) , (3.1.36) 

2 n -F eo + ^ 

can be computed either by solving the trace conditions on (3.1.33), or by demanding 
closure under (3.1.32) and (3.1.29), that is 

[AcMas, AcMcD](^-E(n),F(n)) = 4i?7^c'AdMAo^_E(n),F(n) , (3.1.37) 
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(where the separate anti-symmetry on AB and CD has been suppressed). In order to 
apply the first method, one first substitutes the T-elements on the left-hand and right- 
hand sides of (3.1.33) by their trace expansions (3.1.24) up to 0{rf') and C(ry), respectively. 
One then contracts the equation by rj^^^ using \/ ~ and (3.1.25), respectively, to 
simplify the left-hand and right-hand sides. The second method, on the other hand, 
relies entirely on the so{D + 1; C)-covariance of the whole procedure of factoring out 
T\V], and does not require any further use of V ~ 0. Instead, equation (3.1.37) yields 
a recursive relation between A„ and A„_i that can be solved given the initial datum 
Ao = 0. There is also a third method of computing A„, namely to reduce (3.1.33) under 
so{D -|- 1; C) — s> 5o{D\ C), as we shall discuss in the next Section. 

As can be seen already by comparing (3.1.20) and (3.1.21) to (CO. 3) and (CO. 4), 
the values of the Casimir operators in A are equal those assumed in the scalar-singleton 
lowest-weight space 2)o = 2)(eo; (0)) described briefiy in Appendix C, and that we shall 
look at more closely later in this Chapter, i.e. 

C2n[50{D^-l-C)\A] = C2n[so(D + l;C)|eo;(0)] . (3.1.38) 

In fact, the ideal T\V] is isomorphic to the scalar-singleton annihilator in W, i.e. 

1[V] - J[Do] , (3.1.39) 

where 2r[2)], for given lowest- weight space 2D, is the ideal consisting of all elements in 
U that annihilate all states in 2D. To show this, one first derives the lemma^ that if X 
belongs to a tensorial 5o{D + 1;C) irrep, then X G X[1Do] iff X\eQ, (0)) = 0. Next one 
verifies that V^|eo, (0)) = 0. 

As found in [106, 107] (see also [112] for a more recent application in the context of 
affine extensions of so(-D + 1; C)), at the level of lowest-weight spaces, the Vab constraint 
is by itself sufficient to uniquely select the scalar singleton (and also the spinor singleton in 
D = 4), and the Vabcd constraint then follows automatically. In the associative algebra 
A, on the other hand, which does not refer explicitly to lowest-weight spaces, the values 
of C2n are instead fixed (to be those of the singleton representation) by combining the 
Vab (ind Vabcd constraints. The enveloping-algebra construction thus rests on a weaker 
set of assumptions than the lowest-weight construction, and hence A has potentially an 
algebraically richer structure than the space of operators on 2Do, as we shall explore in 
more detail in Chapter 7. 



^The scalar singletons 2) (±eo; (0)) and the 4D spinor singleton S)^(±(eo + l/2); (1/2)) arc annihilated 
by the ideal I[V] , as wc shall see in the next Section. 
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3.1.1 S0(D;C)-COVARIANT FORM OF THE QUOTIENT AlGEBRA 

Next, we turn to a 5o{D; C)-covariant description of the quotient algebra A. We begin 
by splitting Mab into so{D; C) generators Mat and translations 

Pa = Mo'a. (3.1.40) 

obeying 

[M,,,M,J, = 4^r7[,|[,M,]|rf] , [M„6, PJ, = 22r7e[6Pa] , (3.1.41) 

[Pa^Pt], = iMab (3.1.42) 

(comparing with the general notation of (2.1.42) we are now choosing L = 1 and A = 1). 
By definition, the translations are odd under the automorphism tt of ^ (and W), viz. 

Ti{Pa) = -Pa, 7,{Mab) = M.fe, 7r{X^Y) = 7r(X) ^ 7r(F) . (3.1.43) 

The constraints Vab — and Vabcd — then decompose into 

K)'o' = liP^'^Pa-f^') ^0, (3.1.44) 

Vo'a = l{Ma\Pb}. ^ 0, (3.1.45) 

Vab = |(M(/^M,),-P(,^P,)+^2^,,) ~0, (3.1.46) 

Vabcd = M[,fe^M,rf]~0, Vo'abc = -P[a^Mbc] = 0, (3.1.47) 

where fi^ is defined in (3.1.17). As shown in Appendix B, the constraints (3.1.45) and 
(3.1.46) follow from (3.1.44), and (3.1.47) is equivalent to P[ai<Pb*Pc] ^ 0. The value of 
/i^ is determined from 

P'^ ^ P[, ^ P5 ^ Pe] - iifi'-eo)Mbc. (3.1.48) 

Thus, the ideal I[V] can be given the Lorentz covariant presentation 

P'^^Pa ~ eo, Pla^Pb^Pc] ^ 0. (3.1.49) 

and we note the auxiliary trace constraints: 

P'^^Mab ^ Mba*P''^i{eo + l)Pb, (3.1.50) 

M(„'=^M,)e ~ -P(a^Pb)+eoVab. (3.1.51) 

Correspondingly, the so{D + 1; C)-covariant expansion of the quotient algebra A given in 
(3.1.22) reduces to the following 5o{D; C)-covariant expansion 

X = Yl ^"^"^''^™^^a(n),6M , (3.1.52) 

n>m>0 
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where X"*^")'**^™) are traceless type (n, m) tensors, and 

Ta{n),bim) = ^{a(n),b(m)}0'(n-m) = ^{ai6i " " " ^^a„b„-Pa„+i " " " -Pa„} , (3.1.53) 

where TA(n),B{n) are defined in (3.1.23) and the curly brackets indicate traceless type (n, m) 

projection. We note that Ta{n),b{m) is a linear recombination of Ta{n),b{m-'2k)o'(n~m+2k), 
k = 0,1, . . . , [m/2], of the form^ 

[m/2] 

Ta{n),h{m) = ^(a{n),b(m.))0'(n-m) + 2_^ l^n,m;kT{a{n),b{"i-2k)0' {n-m+2k)Vbib2 ' ' ' Vb2k-ih2k) 5 (3.1.54) 

fc=l 

where the (■ ■ ■ ) indicate type (n, m) Young projection, and the coefficients Hn,m;k are fixed 
by the requirement that Ta(.n),h(m) be traceless. For example, as shown in Appendix B, the 
simplest case is given by 

Ta{n) = P{ai " " " Pa„} ^ P(ai * " " " * Pa,,) + ^nfi-lVia^a^Paa -k ■ ■ ■ -k Pa„) + 0(7]^) , (3.1.55) 

with 

_ _ (n+lHn-l)(„ + 4.„-2) ^ 

48(n + 60-2) 

The 0{D; C)-transformations are given by 

AdM„6 (^c(n),d{m)) = 2m77[fe|{ciT|a]c(„_l),d(m)} + 2im?7[5|{rf^Tc(„),|a]d{m-l)} • (3.1.57) 

In Chapter 7 we shall need the explicit form of the anti-commutator 

^Cp^(Ta(s+k)Ms)) = '^^s+k,sTc{a{s+k),b{s)} + '^'^k Vc{aTa{s+k-l),b{s)} y (3.1.58) 

with 

Vc{aTa{s+k-l),b{s)) ~ VcaTa{s+k-l),h{s) + Cis+k,sVa{2)Ta{s+k-2)c,b{s) + 

+Ps+k,sVa{2)Ta{s+k-2)b,cb{s-l) + ls+k,sVabTa(s+k~l),cb{s-l) (3-1-59) 

where the coefficients 



{k + 2){k + ^ 


5 + 1) 


{k + l){k + ^ 
1 s + k- 


s + 2) 
-1 



as+k,s = -7;—r— r > (3.1.61) 



2 s + A; + Co 



2 



1 {s + k-l)s 

Ps+k,s = -7 —J ■ iTTZ , „ 77 , (3.1.62) 

2 (s + A; + eo - ^)(2s + A; + 2eo - 1) 

ls+k,s = - ^ I / I o 7 ' (3.1.63) 

2s + A; + 2eo — 1 



^In what follows, it is important that (3.1.53), or (3.1.54), is a strong equality, i.e. it holds in U 
without the need to remove terms in the ideal I[V] . 
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are fixed by the traceless type (s + k,s) Young projection (so that P{PcTa(s+k)Ms)) = 
As+k,sPTc{a{s+k)Ms)} = As+k,sTca{s+k)Ms) where P = Pca{s+k)Ms)), while the coefficient 

^(s) ^ l A:(A: + g + l)(A: + 2g + 2eo-l) 
'' 8 /c + s + eo + i 

can be computed in four ways: i) reducing (3.1.33); ii) solving the trace conditions on 
(3.1.58) (using (3.1.49), (3.1.50) and (3.1.51)); iii) demanding closure under 

[Acp^, AcpJ{Tc(s+k),dis)) = ^AdM„,(Tc(s+fc),d(s)) ; (3.1.65) 

or iv) solving the twisted- adjoint Casimir relation {i.e. the mass-formula for Weyl tensors) 
that we shall discuss in Section 3.1.2. The methods (ii) and (iii) are examined in detail 
in the case of s = in Appendix B. 

In Chapter 7 we shall also need the anti-commutator 

^'^M^,,iTc(n)) = '^Tc(n)[a,b] + '^PnV[a\{ciTc{n-l)},\b] , (3.1.66) 

with (suppressing the anti-symmetry on ab) 

1 Tl 

Va{ciTc(n-l)},b = VaciTc(n-l),b — T j f ^ciC2^c(n-2)a,fe , (3.1.67) 



where the coefficient p„ is 



(n — l)n(n + 1) , ^ 

Pn = -^ / ^^ 1 S (3.1.68) 

n + Co + 2 



as shown in Appendix B. 



3.1.2 HS Algebras. Adjoint and Twisted-Adjoint Master 
Fields 

We are finally ready to define a HS Lie algebra. The associative algebra A plays a central 
role in Vasiliev's frame-like formulation of higher-spin gauge theory: indeed, the vielbein 
e = dx^e^'^Pa and the Lorentz connection uj = dx^uj^°'^Mab can be encoded, together with 
an infinite tower of higher-spin gauge fields, in a master one-form A taking values in 
the adjoint representation of an infinite- dimensional higher-spin Lie-algebra extension of 
so{D + 1; C). The minimal extension, that is unique in the sense that so{D + 1; C) is its 
maximal finite-dimensional Lie subalgebra, is given by 

l)o(D + l;C) = {QeA:T{X) = -X} , (3.1.69) 
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where r is the anti- automorphism defined in (3.1.7), and with Lie bracket induced by the 
associative T^r-product, viz. 

Ad{Q)iQ') = [Q,Q% = Qi<Q'-Q'i<Q . (3.1.70) 

Decomposing i}o{D-\-l; C) under 50 (Z^+1; C), leads to an expansion into finite- dimensional 
levels, 

oo 

i)0iD + l;C) = >C, , (3.1.71) 

£=0,1,2,... 

where the ith level is spanned by monomials of degree 2i + 1, i.e. 

Q, = g-^(^^+^)'^(^^+^)T4(2m),.(2m) = Q^^''-''^'''^''^'^M^,s.i. ■ ■ ■ M^^sA^.1.72) 

with T4(2£+i),fe(2£+i) defined in (3.1.23), and where QM'^(-+^),B{2i+i) ^^^ traceless type (2£ + 
1,2£+ 1) tensors. As expected, the Lie bracket mixes the levels as follows (see [76, 66, 
77, 52] and also [101] for a more recent discussion) 

e+e' 

[Q,,Qel = Yl Q'" ■ (3.1.73) 

£"=\e-e'\ 

Although, to the best of our knowledge, the explicit form of the structure coefficients in 
the T4(2£+i),B(2£+i) -basis has not yet been worked out explicitly, this formula shows that 
the HS algebra constructed above recovers the feature that was long [39, 40, 38] known 
to characterize HS interactions: as soon as one massless field with spin s > 3 enters the 
game, one must introduce infinitely many spins (at least all even integer spins) as required 
by the closure of the gauge algebra. 

The ith level decomposes further under so{D; C) into traceless type (s — l,t) tensors 
with s = 2i + 2 and < t < 2£ + 1, so that the minimal adjoint one-form is 

A = J2 A^)' (3.1.74) 

s=2,4,6,... 
s-1 

As) = -^5^rfa;^AM,a(s-i),6w(a;)M"^^^---M"'^*P"*+^---P"-V (3.1.75) 
t=o 

where A^2) contains the vielbein and so{D; C) connection, 

A(2) = e + u = -2(e«P„ + X'M,fe) . (3.1.76) 

It is also convenient to collect the higher-spin gauge fields as 

s=4,6,... 
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Notice that, needless to say, for every spin-s sector A(s) contains precisely the fields 
discussed in Section 2.2. We will later see that, starting from Vasiliev's equations, and 
treating A(2) exactly (assuming e^^" to be invertible) and W perturbatively, one can derive 
a weak-field expansion in which all component gauge fields are auxiliary except the metric 

9^^,y = e/e^a , (3.1.78) 

and the symmetric rank-s tensor gauge fields 

(pa(s) = (e~')(/W^^,a(s-i)) , s = 4,6,.... (3.1.79) 

However, the master one-form (7.6.13), with its component field (7.6.14), cannot be 
the only ingredient in a fully interacting HS gauge theory. Indeed, we have not yet made 
sure that our candidate HS symmetry algebra satisfies the second requirement, i.e., that it 
admits a unitary representation that contains all the gauge fields that we have examined 
in 2.2. As we will show in Section 3.2, massless UIRs of so(-D — 1, 2) and of its infinite- 
dimensional HS extensions necessarily include a scalar field, which of course cannot sit 
in the master one-form, but needs to be accommodated in a zero-form. Moreover, as we 
shall discuss in detail in the next Chapter, the Vasiliev equations have been written in a 
certain first-order form (called unfolded formulation) in which a zero-form, transforming 
in a peculiar representation of the so{D — 1,2) algebra and its infinite-dimensional HS 
extensions, plays a crucial role. Therefore, aside from the adjoint master one-form A, the 
admissibility criterion and the unfolded formulation^ require a master zero-form $ taking 
values in a twisted- adjoint representation of the higher-spin Lie algebra. The minimal 
twisted-adjoint representation is given by 

T{D + 1;C) = {SeA:T{S) = n{S)} , , (3.1.80) 

where tt is the ^-automorphism defined in (3.1.43), and the higher-spin representation is 
defined by 

Mq{S) = [Q,Sl = Qi.S-Si.n{Q) . (3.1.81) 

The twisted- adjoint representation decomposes under so{D-\-l; C) into infinite- dimensional 
levels, 

T(D + 1;C) = r, , (3.1.82) 

^=-1,0,2,... 

spanned by 0{D; C)-covariant elements, viz. 

oo 

Se = 05"(^+'^''(^)T,(,+,),b(,) , s = 2i + 2, (3.1.83) 

fc=0 



''interestingly, in a recent paper [101] it has been proposed that full higher-spin dynamics in even space- 
time dimensions can be induced by starting from a Chern-Simons-like theory in one higher dimension 
based on an adjoint one-form only. 
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where 5''*(s+'=)'*(«) £ C and Ta(s+k),b{s) is given by (3.1.53). The twisted-adjoint transfor- 
mations mixes the levels as follows: 

e+e' 
AdQ,(^£0 = Yl ^'" ' (3.1.84) 

^"=max(-l/'-£) 

where the higher bound on £" follows immediately, while the the lower bound follows from 
the contraction rules (3.1.44)-(3.1.47). 

The expansion of the minimal twisted-adjoint zero-form reads 

$ = 5^ $(,) , (3.1.85) 

s=0,2,4,... 

*W = E^^"^'^'^''^'^(^)^-^i---^-^^^-+^---^'^=+^- (3.1.86) 

k=0 

As we shall see, in the above-mentioned weak-field expansion of the Vasiliev equations, 
the component fields $a(s),fe{s) become generalized spins Weyl tensors for s = 2, 4, . . . , 
and a physical scalar for s = 0, 

= *|p.=M„,=o, (3.1.87) 

while $a{s+fc),6(s) for k = 1,2, . . . become auxiliary fields, given by the kth derivatives of 
^a(s),b{s) on-shell. 

There are many ways to extend the minimal model. In some sense, the simplest exten- 
sion is to add all odd spins s = 1, 3, 5, ..., i.e. half-integer levels i = —1/2, 1/2, 3/2, . . . , 
leading to the (non-minimal) adjoint and twisted-adjoint modules 

[)Oi(D + l;C) = A, (3.1.88) 

Ti{D + l;C) = A, (3.1.89) 

with representations given by (3.1.70) and (3.1.81), respectively. These modules decom- 
pose under i)o{D + 1;C) into 

[)Oi(D + l;C) = A^®sA+, A+ = i)o{D+l;C) , (3.1.90) 

Ti(D + l;C) = T+(D + 1;C)©^,T_(D + 1;C) , T+(D + 1; C) = r(D 4(3-iqi,) 

where ©^ denotes the semi-direct sum, A± = {Q E A : t{Q) = tQ} and T±{D + 1;C) = 
{S E A : t{S) = ±7r(S')}. The spaces A± and T±{D + 1; C) contain the integer (+) and 
half-integer (— ) adjoint and twisted-adjoint levels, respectively, associated to gauge fields 
and Weyl tensors with even (+) and odd (— ) spins, and the representations are given by 
[A±, X]* = A±a and [A±,T^iD + 1; C)], = T±,(D + 1; C) for a = ±. 
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3.2 Lowest- Weight and Highest- Weight Representations of 

so(L» + l;C) 

In this Section we recall the construction and the main features of the representations 
of the so{D + 1;C) algebra that will be of interest in the following. In particular, we 
want to focus on the niassless irreducible representations of that algebra, i.e., on those 
irreps that describe niassless fields in nonflat maximally symmetric space-times, as they 
will also be irreps of the HS extension of their isometry algebras. All the representations 
that will be of interest to us in this Chapter are lowest-weight (or highest-weight) repre- 
sentations, where the energy operator E = Pq = Mq/q is bounded from below (or above) 
and the energy levels consist of finitely many spins {i.e. tensorial or tensor-spinorial rep- 
resentations of the so{D — 1; C)-subalgebra generated by Mrs). Among these one finds 
finite-dimensional tensorial and tensor-spinorial representations, which arise as invariant 
subspaces containing both lowest-weight and highest-weight states, as well as infinite- 
dimensional representations arising in harmonic analysis of linearized field equations on 
maximally symmetric spaces (of various signatures) with nonvanishing cosmological con- 
stant. As we shall see in Chapter 7, the linearized fields also contain lowest-spin modules, 
which contain neither highest-weight nor lowest-weight states, although for fixed spin they 
consist of finitely many energy levels. 

We shall first characterize finite-dimensional and infinite-dimensional highest and low- 
est representations of the complex algebra 5o{D + 1; C). The choices of real forms and 
related unitarity issues will be discussed in Subsection 3.2.3. 

In the standard basis, the so(D + 1; C) commutation rules read 

[Mrs,MtuI = 4:t6[T\[sMR^\u] , (3.2.1) 

where R = 1, . . . ,D + 1 and 

Srs = diag(+ ■■■+). (3.2.2) 

Representations of so(-D + 1; C) can be described starting from left modules consisting of 
eigenstates of the "diagonal" generators 

{MD+3-2k,D+2-2k - \k) \ (Xi, ■ ■ ■ , \u)) = 0, A; = l,...,z/=[(D + l)/2](,3.2.3) 

on which the remaining generators act as suitable raising and lowering operators. A 
particular class of representations are the highest weight representations. These arise 
assuming the existence of a highest weight state |(ni, . . . ,n^)) annihilated by all raising 
operators. From it, the lowering operators generate a module 9J(ni, . . . ,nu), known as 
the Verma module. For generic values of (ni, . . . , n,,), it is irreducible (and hence infinite- 
dimensional). However, for special values, it contains at least one excited state, referred 
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to as a singular vector, that is annihilated by all the raising operators. The singular 
vectors generate an invariant submodule 9^(ni, . . . , Uiy), and as a result the highest weight 
representation is now defined as the quotient 

S)(ni,...,n.) = ll^^i^^^, (3.2.4) 

which is irreducible, and infinite-dimensional or finite-dimensional depending on {rii, . . . , Uj^) 
The finite-dimensional tensorial representations arise for integer highest weights obeying 

m >n2 > ■■■ >n^ >0 , (3.2.5) 

corresponding to an so{D + 1;C) tensor with symmetry properties given by the Young 
projection corresponding to the diagram with Ui cells in the ith row. In these repre- 
sentations, the repeated action of any lowering operator on any state sooner or later 
generates states in D^(ni, . . . , Uu). Thus, there exists a lowest weight state, actually given 
by I (— ni, — n2, . . . , —n^)), that is annihilated by all lowering operators. Thus, the finite- 
dimensional representations are highest and lowest weight spaces, and they are invariant 
under the mirror refiection Ai -^ —Xi- 

Infinite-dimensional representations of interest for Field Theory in a D-dimensional 
space-time arise in the case that 

So = (n2,...,n^) , (3.2.6) 

remains an integer (or half-integer) highest weight, while 

Co = — ni (3.2.7) 

becomes a sufficiently large positive number (for fixed Sq). Then M^^i^iy becomes un- 
bounded from below, i.e. 2)(ni, . . . ,n^) no longer contains any lowest weight state, and 
thereby becomes infinite-dimensional. The mirror refiection Ai — * — Ai now sends the 
highest weight space 2D(ni, . . . ,nj,) to an infinite-dimensional lowest weight space, de- 
noted by D~(— ni, . . . , n^). Thus, identifying 

E = -Md+i,d , (3.2.8) 

as the field theory Hamiltonian, and the generators 

Mrs, r,s = l,...,D-l, (3.2.9) 

as the orbital plus internal angular momenta, the highest weight |(— eo,n2, . . . ,ni,)) be- 
comes a ground state, or lowest energy state, with energy cq and spin Sq. It is convenient 
to "Wick- rotate" the two spatial directions D + 1 and D into two time-like directions, that 
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we shall denote by and 0', and describe the weight space starting from the commutation 
rules oi so{D + 1; C) in the "two-time" basis (3.2.1). The energy operator therefore is 

E = Mo^o = Po , (3.2.10) 

and the energy raising and lowering operators are identified with 

Lf = MorTiMo>r = Mar-TiPr, (3.2.11) 

leading to the following energy graded decomposition of the commutation rules (3.2.1): 

[L;,L+] = 2iMrs + 26rsE, (3.2.12) 

[E,Lf] = ±Lf , (3.2.13) 

[Mrs,Mtu] = AlS[t\[sMr]lu] , (3.2.14) 

[Mrs,Lf] = 2i6tisL^^ . (3.2.15) 

The highest weight state | {rii, . . . , riu)) of the standard basis is a lowest weight state of the 
two-time basis, and vice versa, and in order to avoid confusion we shall use the notation 

|eo;so) = |(-eo,n2,...,n,,)) . (3.2.16) 

In order to accommodate also the negative energy states (resulting from the reflections in 
weight space), one also needs to deflne highest weight states. Thus, in general, we have 
highest weight states {+) and lowest weight states (— ), obeying 

(E-eo)|eo;so)^ = 0, L^|eo;so)^ = 0. (3.2.17) 

Moreover, since Sq is, by assumption, a positive integer highest weight of 5o{D — 1;C), 
one may, without loss of generality, replace the original Verma module 23^(— eo,So) by 
the generalized Verma module deflned by 

^(-^»'* - X%"- l;C)l ■ P^^^^^' 

where 9^[so(-D — 1; C)] consists of all so(-D — 1; C) modules generated from states that are 
singular with respect to so{D — 1;C). In other words, the generalized Verma module is a 
particular example of a Harish- Chandra module^, with energies bounded from below by 



^Given a Lie algebra g, the definition of a Harish- Chandra module is a more general one, which 
does not a priori involve any highest or lowest-weight state, but only a certain slicing of an infinite- 
dimensional irreducible g-module 91. In particular, the slicing D^jf, of IH under a subalgebra f) C g is said 
to be admissible if it contains only finite-dimensional f) irreps, sometimes referred to as ()-types, with 
finite multiplicities, viz. 

^If) = 0muh(K)9^«;, mult (k) dim 9^«; <oo , (3.2.19) 

where k are referred to as the compact weights of (). If all ()-types are generated by the universal enveloping 
algebra Z/^[g] of g starting from a finite number of [}-types then 91 is referred to as a Harish- Chandra module 
(see [134] and the general treatise [136] for more details). 
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Co (+) or above (-) by — Cq, consisting of all states that are generated by the action of 
(only) the Lf operators on |eo; Sq)^, i.e. 

C:±(eo;so) = spanc{L±---^.';|eo;so)^}r=o • (3-2.20) 

One refers to so(2; C)^; © so{D — 1; C)m^s as the compact subalgebra, and to the corre- 
sponding basis of (i:^(eo; Sq), consisting of states {|e; 8)=*=} labeled by energy eigenvalues e 
and spins s, as the compact basis. The various weights of a Harish- Chandra module, that 
result from extracting the 5o{D — 1; C)-irreducible parts from the states in (3.2.20), can 
therefore be represented as discrete dots filling a wedge (and its negative energy reflec- 
tion) in the {so{D — 1; C)-) spin/energy plane. For example, concentrating our attention 
on the lowest weight modules and starting, for definiteness, from a lowest weight state 
|eo; (so, 0, ..., O))t(so)y the first excited energy level consists of 

r |eo + 1; (so + 1,0,..., 0))+(^^) = L+ |eo; (so, 0, ..., 0))+,^„ , 
^^|eo;so)J,„) = < |eo + l;(so,l,0,...,0))+,^)_, = L+|eo;(so,0,...,0))+,^,„, (3.2.21) 
[ |eo + 1; (so - 1, 0, ..., 0))J^,^_i) = L+|eo; So)+(,„_i) , 

where the brackets {...} embrace the indices that are Young projected and traceless ac- 
cording to the various projections indicated in the middle terms of the equality above. 

In general, the Harish-Chandra module C^(eo; Sq) is not irreducible, as it may contain 
singular vectors, i.e. excited states [cq; Sq)^'' with Cq > cq that are annihilated by Lf, 

L^\e',;s',)^ = 0. (3.2.22) 

This can happen, for instance, when certain relations are imposed between cq and Sq. In 
a definite signature such a constraint can arise from the requirement of unitarity, as we 
shall see. It is clear from the commutation relations and the definition of Harish-Chandra 
modules, however, that for cq ^ sq there cannot be singular vectors [cq; Sq)^'': indeed, by 
construction excited states have c'q — s'q > cq — sq ^ 1, and, schematically, 

L;|e'o;s'o)+ = L+...L+(2iM + 2E)L+...L+|eo; So)+ + ... (3.2.23) 

where the commutation relation (3.2.12) has been used and the ellipsis stand for other 
similar terms with all possible powers of L+ on the left and on the right of 2iM + 2E. 
But if Cq S> Sq, the action of E and M^s can only extract strictly positive eigenvalues, 
and there is no chance that (3.2.22) be verified. On the other hand, this argument shows 
that lowering cq to some critical value eo,crit = eo,crit(so) a singular vector may appear. 
Similarly (interchanging — and +) for highest-weight modules. 

The singular vectors generate Harish-Chandra submodules 

C:±(e'o;s'o) = spanc{L,V--<|e'o;s'o)^}:^o , (3.2.24) 
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and €^{eo; Sq), that contains them, is therefore an indecomposable module: that is to say, 
the action of the noncompact generators Lf can bring from C^^(eo;so) to the inside of 
the singular submodule, but not back out of the latter (because of (3.2.22)). This implies 
that the direct sum of such submodules is an ideal Df^(eo;so) C C^(eo;so) that can be 
factored out consistently, leaving the irreducible lowest and highest weight spaces 

S)"(eo;so) = P^- (3.2.25) 

The indecomposable structure can be also be presented by making use of the semi-direct 
sum symbol (Bs, as C^^(eo;so) = J^(eo;so) ©« 2D^(eo;so). The lowest and highest weight 
spaces are isomorphic, namely 

D^(eo;so) = 7r(S)±(-eo; Sq)) , (3.2.26) 

where tt is defined by acting over 5o{D + 1; C) as the automorphism 

n{Lf) = L^ , n{E) = -E , 7r(M,,) = M,, , (3.2.27) 

and on lowest and highest weight states as the reflection 

7r(|eo,So)^) = |-eo,so)^ . (3.2.28) 

Of importance for our constructions is also the existence of the linear anti-automorphism 
r, defined by 

t{Mab) = -Mab , (3.2.29) 

and 

T(|eo,So)^) = ^(eo,So)^(-eo,So| , (3.2.30) 

where ^(cq, SqI are the ground states of the dual weight spaces (S}^(eo, Sq))*, and <^(eo, Sq) 
is a phase factor. Lowest weight states and spaces will sometimes be written without the 
+ superscript, and in that case the highest weight dittos will be denoted by a tilde instead 
of the — superscript. 

After this general description, we now turn to examine some important examples. 

First, let us exemplify the lowest weight description of the so{D + 1; C) vector A(l, 0) = 
S(-l; (0)). The singular vector is Lj-Ljl - 1; (0)), and ^(-1; (0)) ^ €(1; (2)) contains 
all states with energy e > 2, since 

L;L+L+L+|-1;(0)) = -6L+L+|-1;(0)), (3.2.31) 
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leaving S)(-1,0) consisting of | - 1; (0)), |0; (1)) = L+\ - 1; (0)) and |1; (0)) = L+L+\ - 
1; (0)). We note that L+|l; (0)) G ^(-1; (0)) so that L+|l; (0)) ~ in D(-l; (0)), reflect- 
ing the fact that the flnite-dimensional representations contain lowest as well as highest 
weights. 

Of the inflnite-dimensional cases, those of main interest to us are the singleton and mass- 
less representations, 

scalar and spinor singletons : Cq = Sq + eo , Sq = 0, | , (3.2.32) 



massless particles : eo = sq + 2eo , sq = 1,|,2,|,... ,(3.2.33) 



2 

2' "' 2' 



where eo = {D — 3)/2, and the singular vectors are 

Singletons Sq = : |eo + 2; (0)) = L+L+|eo; (0)) , (3.2.34) 

So = l-- |eo + |;(i))a = Ma^L^\eo + l;il))p (3.2.35) 

Massless Sq = 1, 2, . . . : |so + 2eo + 1; (sq - l))ri...r,„_i = Ltl^o + 2eo; (so))rri...r,o_i (3.2.36,) 

So = 2' 2' ■ ■ ■ ■ ko + 2eo + 1; (Sq ~ ^))ari...r^^^_3^2 ~ ^r \^0] {So))arri...r^^^_3/2 ,(3.2.37) 

with 7r given by so{D — 1) Dirac matrices. The so(Z) — 1; C) representations of the ground 
states are given by 



|eo; (so))ti...t,^ = 2iso(5,{iJeo; (so))i2...^j^ , so = 0, 1,2, ... ,(3.2.38) 

M..|eo;(5o))ti,.,^^_,/, = 22(so - l/2)5,|,Jeo; (so))^^..,^^_^^^^, (3.2.39) 



- t(7r.)/|eo; (so))J,,..,^^_^^, , .0 = i|,i,---(3-2-40) 

where the curly brackets indicate the symmetric and traceless projection on ti . . . t^o, and 
Irs = 7[r7s]- The phase factors in (3.2.30) are 

r(|±6o;(0))=*=) = ^(Teo;(0)|, (3.2.41) 

r(|±(eo + i);(l/2)n = .^(T(eo + |);(l/2)|, (3.2.42) 

r(|±(so + 2eo);(so))^) = (-)^« ^(t(so + 2eo); (so)| , so = l,2,..., (3.2.43) 

r(|±(so + 2eo);(so))^) = (-)^»-'/'^ ^(t(so + 2eo); (so)| , so = 1/2, 3/2,(.3..?.44) 

and the action of r on dual states is flxed by demanding that 

^2 ^ f Id integer spin ,^ ^ ^^. 

1^ —Id half-integer spin 

We now devote a more detailed discussion to the inflnite-dimensional representations that 
will be of importance in the following. 
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3.2.1 Massless Irreducible Representations 

Even a proper definition of "masslessness" in maximally symmetric spaces with nonva- 
nishing cosmological constant is nontrivial. All sensible definitions have in common the 
feature that the massless representation should correspond, in the flat limit A — i> 0, to a 
massless representation of the Poincare algebra, but this does not fix uniquely the notion 
of masslessness, and additional conditions have to be introduced (see, for example, [107] 
and references therein). Stronger definitions of masslessness correspond to the concepts 
of conformal masslessness and composite masslessness: the first is related to the property 
of unique extension from representations of so(-D + 1; C) to a singleton representation of 
the conformal group [108], while the second characterizes massless particles as composites 
of two singletons [31], as we shall review in the next Subsection. The two notions coincide 
only in D = 3, 4. 

The latter definition is quite natural as it implies that the appearance and factorization 
of the singular ideal 3^(eo;so) corresponds, for sq > 1 to the appearance of a gauge 
symmetry and elimination of gauge modes. Let us show how this happens for the critical 
value eo,crit = so + 2eo mentioned above, henceforth restricting our attention, for simplicity, 
to the case of totally symmetric representations S}(eo; (so, 0, ..., 0)) = S!)(eo; sq) and to 
integer spins only. 

Indeed, for eo,crit = so + 2eo and sq > 1 a singular vector appears at the first excited 
level, with quantum numbers 

ko5 ■^o)r-(s;,) = |eo + 1; So — l)r(so-i) = -^i |eo; so)tr(so-i) • (3.2.46) 

This simply follows from the assumption that |eo; sq) is a lowest weight state and from 
the algebra, 

LqiL:^\eo;sQ)tr(so-i)) = {'2iMgt + 2SqtE)\eo;so)tr{so-i) 
= 2{eo - So - 2eo)\eo; so)tr(so-i) = for cq = sq + 2eo , (3.2.47) 

as can be easily checked recalling also that |eo; so)ttr{so-2) = 0. The whole Harish- Chandra 
module X)(so + 1; sq — 1) built on top of the singular vector, and that encodes the gauge 
modes of the massless field of spin sq decouples completely from the rest of the repre- 
sentation, and can therefore be consistently factored out. The leftover irreducible weight 
space (illustrated in Figure 3.1 for the case of the massless spin-1 field in four dimensions) 
is formed by states that are "divergence-free" {Lp\e; s)pr(s-i),g{t) = Lp\e; s)r{s),pq{t-i) = 0) 
and where each dot has multiplicity one^ [HO]- 

The elements of the Harish-Chandra modules (3.2.20) can be identified with the modes 



^In the sense of the Harish-Chandra module, of course, where every weight always carries a finite- 
dimensional irrep of so (D — 1; C). 
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Figure 3.1: Weight diagram of the massless UIR of spin-1 5)(2, 1) in four dimensions. 



of a free quantum one-particle state (or anti-particle state) ^° on a maximally symmetric 
space with nonvanishing cosmological constant. The corresponding field equations for 
general signature can be obtained describing such space as the coset ^°^g(^.^\ , that, in 
the various signatures of interest, gives rise to the manifolds shown in (2.1.39). The 
D'Alembertian operator is related to the difference of the quadratic Casimir operators 
C2[so{D + 1; C)] and C2[so{D; C)]. For a general signature E of tjab and S' of rjah, and in 
the notation of Section 2.1.1, this amounts to 



A^LV^VV = C2[so(S)]-C2[so(S')] 



which characterizes the mass-shell condition as 



AVL^m^ = C2[so(S)]-C2[so(S')] 



(3.2.48) 



(3.2.49) 



^"Strictly speaking, such a terminology should be applied to the elements of unitary modules, that we 
shall examine later. With such a proviso, we shall anyway extend it to every state of a Harish- Chandra 
module. 
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where m is the mass of a spin-s particle in the nonflat maximally symmetric background 
at hand (that includes also the mass-like term that originates from the coupling to the 
background curvature) and we have temporarily reinstated, for clarity, the factors of the 
radius of curvature L^ elsewhere taken equal to one. In the compact basis and in lowest 
or highest weight states S!)^(eo; Sq), one can evaluate the Casimir operator oi 5o{D + 1; C) 
as in (CO. 3), obtaining 

m^ = eo{eoT{D-l))+C2[5o{D-l;C)\{so)]-C2[5o{D;C)\{so)D], (3.2.50) 

where (so)z) is an so(D; C)-irrep. One can check from here that the value m^ of the 
mass-like term, obtained in Section 2.1.2 as the one preserving the gauge invariance of 
the Fronsdal equations, corresponds to the one obtained from (3.2.50) at the critical 
energy cq = sq + 2eo of the massless lowest weight representations D(so + 2eo; sq). Notice 
however that, in general, (3.2.50) is a quadratic equation for Cq, and admits therefore 
two roots. When there are two real roots, they correspond to two different solutions 
of the field equations with different boundary conditions at spatial infinity^^. For fixed 
spin, such "conjugate" representations 'D{Eo;so) are those with the same value of the 
Casimir operator but different values of energy: from (C.0.1) it is clear that these must 
have Eq = D — 1 — cq (here for lowest weight representations). As we shall see, unitarity 
introduces some other bound on the value of eg at fixed Sq, and in general this rules 
out one of the two solutions as nonunitary (the one with lower energy). One important 
exception that we shall encounter is the scalar field in four dimension, that comes in two 
varieties, 2)(1,0) and !D(2,0), related to Neumann and Dirichlet boundary conditions, 
respectively, and both unitary. 

Not having any associated gauge symmetries, a massless scalar can only be defined in 
accordance to the criteria of conformal or composite masslessness. As we shall see, the 
latter leads, in general, to a scalar representation 2D(2eo; 0), and possesses a weight lattice 
that is half-filled (see Fig. 3.2), compared to that of the gauge fields, due to the fact 
that, as the lowest weight state |2eo;0) has spin 0, there is no way of forming a spin-0 
combination at the first excited level {i.e., with a single energy raising operator L~^). 

In four dimensions, the composite massless scalars are of two types, as we shall see, 
and coincide with the conformal massless ones. Indeed, the conformal coupling gives a 
(fake) mass term of the form 
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-2 , (3.2.51) 

where eq. (2.1.30) has been used to determine the curvature scalar R. Substituting in 



^^This is of course strictly true only in the signature (I? — 1, 2), i.e., in the AdSo case. However, a notion 
of boundary can be found also in other signatures: for example, in the case of S*^, it is naturally associated 
with solutions of the field equations that diverge at the poles, and that are therefore well-behaved only 
if the latter are cut out, which introduces a boundary. 
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(3.2.50) and solving for cq gives eo = 1, 2 (and notice that, in four dimensions 2eo 
We shall soon examine the composite interpretation of these two solutions. 
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Figure 3.2: Weight diagram of the niassless scalar 2)(1,0) in four dimensions. 



3.2.2 Singleton Representations 

The most remarkable fact about massless representations in a maximally symmetric back- 
ground with nonvanishing cosmological constant is that they are not fundamental! This 
is a dramatic difference with respect to the case of a flat space-time, and relies on the fact 
that the fundamental representation (unitary in the AdS case) is a a very special one, 
an ultra-short representation that admits no flat limit, called singleton. Such represen- 
tations were first discovered by Dirac [30], who was quite intrigued by their properties, 
subsequently studied by Fronsdal and collaborators [16, 31, 108], and then later found a 
very natural arena in String Theory in the context of the AdS/CFT correspondence and 
of recent studies on the tensionless limit of strings [111]. 

Let us examine what happens to the scalar weight space in the case that eo is lowered 
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to the value eo: remarkably, also the Harish-Chandra module of a scalar field becomes 
indecomposable, and a singular vector appears at the second excited level, 

|e'o,s'o) = |eo + 2,0) = L+L+|eo,0). (3.2.52) 

Indeed, 

L;L+L+|eo,0) = {2iMrs + 25rsE)L+\eo,0) + 2L+E\eo,0) 

= (4eo-4eo)L+|eo,0) = (3.2.53) 

admits precisely the solution above, Cq = cq. The factorization of the scalar singular 
submodule S)(eo + 2; 0) from the Harish-Chandra module of a scalar representation leads 
to an ultra-short irrep 

{> oo 
L+^L+...L+^|eo,0)|^^^ (3.2.54) 

that consists of a single line in the weight space (see Fig. 3.3), hence the name singleton. 
The physical meaning of this fact is that, for every excitation in such a representation, the 
energy is always proportional to the so{D — l; C)-spin: this means that there are no radial 
excitations, i.e., that such a representation only consists of boundary degrees of freedom. 
In other words, the factorization of the singular submodule does not correspond, as it was 
the case for sq > 1, to the elimination of gauge modes, but to the absence of bulk degrees 
of freedom! Indeed, the singular vector (3.2.52) can be shown to be related to {D — 1)- 
dimensional equations of motion of a conformal scalar field living at the boundary. This 
property of being boundary objects gives a kinematical reason for the unobservability of 
singletons. The defining property that, for each energy level ©'-"^(eo; 0), 

^DW(eo;0) = (eo + n)D(")(eo; 0) , (3.2.55) 

also gives a reason why such representations do not admit a fiat limit. Indeed, recall that 
for Poincare irreps one has a continuous tower of modes for every value of spin, which is 
exactly what one gets from the fiat limit of the massless irreps found above^^. However, 
having a single energy eigenvalue for any given value of the spin makes the excitations in 
the singleton representation peculiar, and makes its fiat limit result in a representation of 
the Poincare algebra that is trivial on the translations. 

Nonetheless, as previously announced, the most remarkable properties of the scalar 
singleton is that the tensor product of two such representations (sometimes refereed to as 
doubleton) decomposes, under the action of so(D-|- 1; C), into the direct sum of all bosonic 



^^The discrete spectrum of energy for every value of spin is related to the presence of a boundary, which 
is in its turn related to a finite radius of curvature L - essentially, dealing with fields in a space-time of 
constant curvature is analogous to analyzing waves in a box. 
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Figure 3.3: Weight diagrams of the scalar singleton 5)(l/2,0) (•) and of the spinor singleton 
!D(1, 1/2) (o) in four dimensions. 

massless representations, as first discovered in the case of AdS4 by Flato and Fronsdal 
[31] and later extended to D dimensions [106, 107, 66, 111], 



so=0,l,2,... 



(3.2.56) 



The product above can be decomposed into the symmetric and antisymmetric parts, that 
contain the even and odd massless spins, respectively. 



[S)o®2)o]5 = S)(so + 2eo,(so)) 

50=0,2,4,... 



(3.2.57) 
(3.2.58) 
The composite massless lowest weight states can therefore be written as a superposition 



[So®2Do]a = S)(so + 2eo,(so)) 

so=l,3,5 
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of states in the doubleton, 

|s + 2eo;(s))i2;.(s) = /K.)(l,2)|2eo; (0))i2|2eo; (0))i2 , (3.2.59) 

where the composite operator^^ /j.(s)(l,2) is given by 

s 

/,(,)(1,2) = (-ir/r(.)(2,l) = J]/.;fc(L+^---L+)(l)(L+^^-.-L;j)(2) (3.2.60) 

fc=0 

/,. ^ (-1)%,-. ^(:)<i^i^. (3^2^61) 

Eq. (3.2.50) determines the mass of a free scalar singleton field ^ to be m|, = 
— ^ ~ '^ "*" , while its field equation is 

(D-3)(D + l)\ 
□ - ^ '^ ' W = , (3.2.62) 



and belongs to the ideal 2D (eg + 2, (0)). 

We note also that so{D + 1; C) does not act transitively on the singleton weight space. 
The smallest Lie algebra with this property is the minimal bosonic HS algebra f)o(L'+ 1; C) 
defined in (3.1.69). 

As announced earlier in this Chapter, the singleton representation is also uniquely 
defined by the condition that it be annihilated by every combination of generators of the 
enveloping algebra of so(-D + 1; C) that is in the ideal 1\y] defined in (3.1.9). Indeed, one 
can characterize 1\V] as the annihilating (left and right) ideal of the singleton, 

I[V] = spandXeW : X|V^) = , V|V) G Do} , (3.2.63) 

and to prove this it is sufficient to show that the generating elements Vab and Vabcd 
annihilate every element in the singleton representation. This is easily done splitting the 

index A = (+, — ,r), where X± = Xq ± iXo', and noting that c = L^L^, that exactly 

coincides with the combination of energy-raising operators giving rise to the singular 
vector (3.2.52) and is therefore consistently set to zero in the singleton representation 
with all the submodule built on top of it. Moreover, using 5o{D + 1; C) rotations, this 
conclusion can be extended to all the independent so{D — 1; C)-components into which 
Cab is broken as a consequence of the index splitting. Similarly, one can show that also 
Vabcd gives zero acting on every state in the singleton. 



^^The coefficients fs;k are fixed by the condition (L^ (1) + L^ (2))|s + 2eo; (•s))i2;r(s) = 0, which is 
equivalent to akfs;k + as-k+ifs:k-i = 0, where ak = 2k{k + eo - 1), with solution fs-k = (-l)^/s;s-fc = 



(-1)'^ °°;^'^.';/° /^;"' t^'^i^g ^^"^ f°™ (^-^-SO) for /,;o = 1. 
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Importantly, in D = 4 the scalar singleton S}(l/2,0) is not the only irrep satisfying 
(3.2.63): one can show indeed that the latter condition admits another spinor singleton 
irrep D1/2 = D(l,l/2), whose lowest weight state is a so(3; C)-spinor representation 
|1, l/2)i. Moreover, one can also prove that C2[5o(5; C); (1/2, 0)] = C2[so(5; C); (1, 1/2)]. 
This implies, among other things, that also the tensor product of two spinor singletons 
decomposes into integer-spin massless representations, and in particular 

Si/2®Si/2 = D(2,0)© D(so + l,so), (3.2.64) 

so=0,l,2,... 

while the tensor product of a scalar and a spinor singleton gives rise to the half-integer-spin 
massless representations, 

Do®2Di/2 = D(so + l,so). (3.2.65) 

2so=l,3,... 

Notice that scalar and spinor doubletons admit the same decomposition except for the 
scalar sector, where the former contains the parity-invariant scalar 2)(1, 0) and the latter 
the pseudo-scalar 2) (2, 0). We shall make use of this particular feature of four dimensions 
in Chapter 7. 

3.2.3 Real forms and unitary representation 

So far, our analysis has been carried out at the complex level, and with no notion of 
unitarity. We shall now examine in detail the various different real forms of the 5o{D+l; C) 
algebra with the different signatures {p', D+l—p') that will be of relevance in the following, 
and in which of these the representations shown above are unitary. In particular, we shall 
look at how the splitting 

= 0+©0o©0- , (3.2.66) 

into the compact subalgebra go = so{D — 1; C) © 5o(2; C) and the noncompact parts 
g± = span([- {Lf} can be performed, and examine the effect of a a automorphism that 
acts on the generators in such a way as to always arrive at a positive definite standard 
inner product. 

• so{D — 1,2) with tangent space signature {D — 1,1) {AdSc) '■ Here we have tjab = 
We begin by assuming M\q = Mab- One can realize the splitting (3.2.66) taking 

E = Mo'o , Mrs (3.2.67) 
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as the generators of the compact subalgebra, and 

Lf = MorTiMo'r (3.2.68) 

as the energy-raising and energy- lowering operators. Moreover, we define Pr = M^'r 
as the spatial AdSo translations. One can check that such definitions indeed satisfy 
the algebra 

[L;,LJ] = 2tMrs+26rsE, 

[E,L^] = ±L±, (3.2.69) 

along with the reality conditions 

E^ = E , {L^y = L^ . (3.2.70) 

The latter relation ensures that one can build a lowest weight module {L^^...L^ |eo, Sq)} 
of states with positive norm. This, together with the hermitian nature of the gener- 
ators Mab, imphes the unitarity of such a representation, at least for suitable values 

of Co, So. 

• so{D + 1) with tangent space signature (-D,0) (S^) : tjab = ^ab- 

Again we begin by assuming the hermiticity of the generators Mab- Here the 
splitting is completely arbitrary, due to the compactness of the algebra. One way 
of realizing the algebra (3.2.69) is to choose 

L^ = iMor T Mov , E = Mq.q . (3.2.71) 

However, here the reality conditions are such that 

E^ = E , {L^y = -L^ , (3.2.72) 

and the latter relation prevents from constructing Fock space states with positive 
norm. This is independent of the particular chosen realization of the splitting 
(3.2.66). The only way to recover this property is to twist the reality conditions 
of the generators, in such a way as to get rid of the minus sign in the reality con- 
ditions of the energy-raising and energy-lowering operators. This amounts to the 
requirement that 

M^s = a{MAB) , (3.2.73) 
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where in this case 

r +1, onMrs,Mo'o = E 

\ -1 , OnMor,Mo'r = Pr ' {^-^-'V 

To reiterate, in the euchdean case one can have a positive definite lowest weight 
module only by means of a "Wick rotation" of the algebra that leaves hermitian 
only the generators Mrs, Md'o, spanning the subalgebra so{D — 1) (B 50 (2). In any 
case, we cannot have hermitian generators and states with positive norm at the 
same time, so such lowest weight representations cannot be unitary, for any value 

of Co, So^^. 

• so{D — 1, 1) with tangent space signature (-D,0) (Hd) : tjab = {^ab, — )• 

The energy-raising and energy-lowering operators and the energy operator can here 
be defined as 



-± 



iMor =F iMo'r , E = zMq^q . (3.2.75) 



We moreover define the space translations as Pr = M^ir = ^{L^. — L+). These 
satisfy the algebra (3.2.69), but their reality conditions are 

E^ = -E , (L±)t = -L± , (3.2.76) 

as long as one insists in having hermitian Mab generators. The twist which is 
needed here to have positive norms is 

M\^ = a{MAB) , (3.2.77) 

where in this case 

(^ -1 , on Mor,Mo'o ~ ^ 

In this case, the a-twist acts with an additional minus sign on the energy and space 
translation generators, with respect to the so{D + 1) case, so that they exchange 
their a-eigenvalue. This means that the leftover hermitian subalgebra changes, in 
this case, and is indeed so{D — 1, 1). As in the previous case, the representation of 
the algebra on the lowest weight module defined above cannot be made unitary. 



^■^Note that this argument only holds for infinite-dimensional modules. Finite-dimensional unitary 
representations, which are lowest-and-highest-weight modules, are not ruled out. This is essentially 
because, by vr-invariance, their weight diagram is symmetrical with respect to the {E = 0} axis, which 
in turn implies that the lowest-weight state has a negative energy eigenvalue that compensates for the 
minus sign appearing in the hermiticity condition (3.2.72), leading to positive norms. 
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• so{D, 1) with tangent space signature {D — 1, 1) {dSj:,) : tjab = (— , ^rs, +)• 
One can define 

L^ = iMov ± iMor , E = iMo'o , (3.2.79) 

that satisfy the algebra (3.2.69), and Pr = Mqi^.. The reahty conditions are, in this 



case, 



E^ = -E , {L^y = -Lf . (3.2.80) 

Again, to have positive definite norms, one needs to twist the reahty conditions on 
generators, in the following way: 

M\j, = <j{Mab) , (3.2.81) 

where now 

^ - ^ - / +^' onM,„Mo. 

"" ~ "" ~ \ -1 , on Mov = Pr, Mo^o = ^ ' ^ ^ ^ 

Note that, in accordance with the action of the vr map previously defined, here the 
whole space-time translation operator Pa = {E, Pr) becomes non hermitian as a 
consequence of the twist. This amounts to say that the hermitian subalgebra is, in 
this case, 5o{D — 1, 1). The lowest weight realization of the dSn isometry algebra 
is then nonunitary. 

It is therefore possible, in AdSn, that the lowest weight representations D(eo, (sq)) 
presented above are unitary, at least for certain values of Cq and Sq. One way to check 
this is to check whether the norms of the various states of the representation at hand are all 
positive, assuming that the norm of the lowest weight state is, e.g., (cq, (so)|eo, (sq)) = 1- 
Equivalently, a unitarity bound can be derived imposing that all states within a certain 
lowest weight representation have the same value of the Casimir operator C2. Let us look, 
for example at a scalar representation S}(eo, (0)), and in particular let us compare the 
value of C2 on the lowest weight state and on the scalar excited state |eo + 2, (0)) obtained 
acting on the lowest weight state with L+L+. We obtain 

eo{eo-D + l) = (cq + 2)(eo - /^ + 3) + |L;|eo + 2, (0))|^ (3.2.83) 

so that the requirement of unitarity implies the following lower bound 

eo > eo. (3.2.84) 
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Note that this inequahty is saturated for cq = cq, i.e., for L^|eo + 2, (0)) = 0, which tells 
us that the scalar singleton is the representation that saturates the unitarity bound for 
scalars. 

A similar reasoning can be carried out for more complicated cases [109, 110]. For a 
spin-(l/2) representation, the bound is 

eo > eo + ^ , (3.2.85) 

which shows that the spinor singleton in D = 4 (eg = 1/2) is again at the boundary of 
unitarity. For representations with sq ^ 1) on the other hand, one gets 

eo > So + 2eo , (3.2.86) 

from which one sees that the massless representations S!)(so + 2eo; (so)) are unitary. 

One can also notice that most of the "conjugate" representations D^D — 1 — cq; (sq)) 
are nonunitary, with the exception of the conjugate scalar fields 2)(1,0) and 2)(2,0) in 
four dimensions. Given that the scalar singleton is a unitary representation in any D, the 
massless lowest weight representations into which the doubleton spectrum decomposes 
are necessarily unitary in AdSjj but nonunitary in other signatures. 



However, the most important conclusion of this section is that the spectrum of free 
equations we presented in Section 2.2 contains indeed physical massless fields of every spin 
s, each occurring once, and that, in order for it to fit a unitary module of the infinite- 
dimensional extension i)o{D — 1, 2) of the so{D — 1,2) background isometry algebra it is 
necessary that also a scalar enter the HS equations, since a scalar fields always appears in 
the so{D — 1, 2)-decomposition of the tensor product of the fundamental UIR of the HS 
algebra^^, as it appears in (3.2.56). This gives a rationale for the introduction of a master 
zero-form (7.6.15), that can contain such a scalar in a natural HS-covariant "master field". 
We shall examine further reasons for this choice in the next Chapter. 



3.3 Oscillator realizations 

The aim of this Section is to introduce two useful oscillator realizations of the HS alge- 
bra, that are very much related to the singleton representation. As we shall examine in 
Chapter 5, oscillator realizations are crucial for going to full nonlinear level in the Vasiliev 
equations, essentially because they allow to take "square roots" of the HS algebra gener- 
ators. The first oscillator realization we shall recall makes use of "vector" oscillators Y-^, 



15 



Or in the symmetric part of such tensor product if we compare with the minimal HS algebra (3.1.69). 
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that have a vector index of so{D — 1,2) and a doublet index of 5p(2): they underhe a 
D-dimensional formulation of Vasiliev equations [72, 52], despite some subtlety due to a 
redundancy that the sp{2) index brings in [66, 52, 77]. The latter is automatically absent 
in the four-dimensional spinor oscillator realization, based on si{2; C)-doublet oscillators, 
which entered the first formulation of the Vasiliev equations in D = 4 [81, 84, 82, 49, 103], 
and that we shall review later on. For the moment, we restrict our considerations to the 
AdS case only. 

3.3.1 Vector oscillator realization 

As stressed in [111], one can describe the singleton as a massless particle living on the 
Dirac hypercone X^Xa = in R-^"^'^, where X^ = \plY^ and P^ = V2Y^ are its 
phase-space coordinates. Upon quantization, one imposes the commutation relations 

[Y/',Yfl = 2^6,,V^, (3.3.1) 

where e^ = —eji is the invariant tensor of sp(2) and we use the conventions e^-'Vj- = V"^, 
V^eji = Vi, e^^Cjfc = (5*. We are here, again, making use of a T^r-product defined on the 
oscillators that implements the operator product on Weyl-ordered (i.e., totally symmetric) 
combinations of oscillators, that we will simply denote by juxtaposition, 

Y^...Y^ = i- y Yf"""^ ^ ... ^f/- . (3.3.2) 

TreSn 

The totally symmetric ordering of oscillators is preferred in that it preserves sp(2)- 
covariance, differently from other choices such as the normal ordering of the creation/annihilation 
operators X'^iiP" ~ a,a^ . More generally, for two Weyl-ordered functions of oscillators. 



f{Y)^g{Y) = /(r)exp N^V^^^j 9{Y) , (3.3.3) 

which admits the equivalent integral presentation 

f{Y)^9{Y) = -J—^ldSdTf{Y + S)g{Y + T)exp{-tSfTX). (3.3.4) 

The constraints ensuring that this particle be massless, P^ ^ 0, and that it live on the 
hypercone X"^ ^ (i.e., in one dimension less), together with their commutator, propor- 
tional to Xa, P4 ~ 0, which imposes symmetry under dilatations and thus independence 
on the radial direction, actually characterize such particle as a conformal massless particle 
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in [D — l)-dimensions, i.e., a singleton. One can see this also from the fact that the con- 
straints above generate 5p(2), since they correspond to the three independent components 
in 

K,, = ^Y^Ya, , (3.3.5) 

with commutation relations 

[Kij,Kki]^. = 4ie(i\(kKi)ij) , (3.3.6) 

which means that one can impose the constraints above by declaring that the every state 
\ijj) in the Hilbert space of the conformal particle is annihilated by Kij. Notice also that, 
with vector oscillators, the generators of so(-D — 1,2) can be realized as the bilinears^^ 

Mab = \yXY,b , (3.3.7) 

and let us also introduce the combinations 

Lij,AB = i^AiXaj - j^ ^ Kij , (3.3.8) 

which are traceless in A, B. With the help of these constructs, one can realize the gener- 
ators Vab of the annihilating ideal of the singleton T\V] as 

Vab = K''^L,j,AB = U.^AB^K^' , (3.3.9) 

which means that imposing the sp (2)-invariance of the states amounts to describe the 
singleton weight space! Indeed, the other constraint that generates I[V] is trivially sat- 
isfied in this setting, due to the fact that out of an 5p(2)-doublet such as Y/^ one cannot 
form combination with more than two antisymmetric indices A, B. Finally, the quadratic 
Casimir operator matches that of the singleton, since 

C2 = ^M^^'^Mab = ^K''^K,,-eo{eo + 2) , (3.3.10) 

which gives the desired result on every state {ip) such that K^^ip) = 0. 

The realization of a HS algebra follows straightforwardly from the realization of the 
generators of so (Z^ — 1, 2). It is sufficient to consider arbitrary functions of the oscillators 
f(Y) subject to the conditions of being sp (2)-singlets, 

[K,„f{Y)l = 0, (3.3.11) 



16 



Note also that [Mab, /sTy]* = 0. 
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This restricts the generators of such an associative algebra, that we shall denote with 
S, to be products of oscillators with symmetry properties encoded into two-rows rect- 
angular so{D — l,2)-Young diagrams. However, the algebra formed by such objects is 
still reducible, as it contains the left and right ideal X' spanned by all elements g{Y) 
proportional to the sp{2) generator, i.e. of the form gij • K"^^ = K^^ -k gij. Due to the 
definition of Kij (6.2.27), all traces of two-row Young diagrams are contained in X'. After 
factoring it out, the resulting associative algebra A = S/X' contains only all traceless two- 
row rectangular Young diagrams, and coincides with the associative algebra A defined in 
(3.1.12), generated by (3.1.23). One can then realize from it the minimal bosonic HS 
algebra l)o(D — 1, 2) (3.1.69) defining the action of the antiautomorphism of the oscillator 
algebra (3.3.1) r on functions of the oscillators, 

r{f{Y.^)) = fi^/") . (3.3.12) 

Moreover, the reality conditions are 

(y;-^)t = F/ . (3.3.13) 

It is possible in particular to realize the Ad5'-translation generator projecting one index 
onto the embedding direction, which can be done covariantly making use of the compen- 
sator Va introduced in Section 2.2, 

Pa = \YXYB.iy'' , (3.3.14) 

which in the standard gauge becomes 

Pa = \y^Y,,, ^ ir>, . (3.3.15) 

The action of the tt automorphism is 

nU\Y,^)) = 7^(/(F,^y,)) = /(F,^ -y.) , (3.3.16) 

i.e., n acts as a parity in the embedding direction. The realization of the adjoint mas- 
ter one-form therefore follows immediately putting (3.3.7) and (3.3.15) into (7.6.13) and 
(7.6.14), and similarly for the twisted adjoint master zero-form (7.6.15) and (7.6.16). 
Notice that one can obtain real component fields with the conditions (3.3.13) imposing 

A^ = -A , <l>f = 7r(<l>) . (3.3.17) 

As mentioned in the first Section of this Chapter, referring to the singleton by factoring 
out its annihilating ideal is much more convenient than doing it by working at the level of 
Hilbert spaces, especially in view of formulating HS-covariant full field equations that one 
would like to write in a manifestly background covariant form. However, how to project 
out the traces, concretely, at the level of the full field equations involves some subtleties 
[52, 77, 66]. Such factorization is however very important in the Vasiliev equations, as it 
encodes standard second order dynamical equations in a set of HS-covariant first order 
curvature constraints. 
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3.3.2 4D SPINOR OSCILLATOR REALIZATION 

The factorization is automatic in the reahzation of four-dimensional HS algebras in terms 
of commuting spinor oscillators ya,ya of s[(2; C) (first proposed in [63, 64]) satisfying 





yayVls]* = '^itap , 


ya,y0]* = 2ie^^ , 


(3.3.18) 


is to say 










Va-^yp = VaVp + «ea/3 , 


J/a ^ JZ/j = VaV^ + ie^p , 


(3.3.19) 




Va-^^Vp 


= VaVp , 


(3.3.20) 



where e^/j is the invariant tensor of 5t(2; C) and our spinor conventions are collected in 
Appendix E. These are particular cases of the most general ^^r-product rule 



f{y,y)^9{y.y) = f{y,y)e-'^'"'-^'"'-^g{y,y) . (3.3.21) 

r\ir 



where d^ = ^, or, equivalently, 



/d lid V 
.^ X4 f{y + u,y + u)g{y + v,y + v) exp i{u'^Va + u'^Va) ■ (3.3.22) 

The realization of the Lorentz and AdS translation generators is 
1 



M, 



ab 



Crabr''yay/3 + {cTabr^yayp] , Pa = ^(^a)"^^/^- (3-3.23) 



To realize the HS algebra, here it is sufficient to consider the associative algebra spanned 
by all possible monomials in oscillators, 

that have spin s = ^2±™^ whose elements are therefore all possible functions 

fiy,y) = E /"^"^'''^'"^^"W.-M • (3-3.25) 

n,m 

Compared to the vector oscillator realization, however, this is a simpler setting, due to 
the lack of the additional 5p(2) redundancy. In particular, here traces are automatically 
factored out, since for commuting spinors y'^ya = y^Va = 0. In other words, the elements 
(3.3.25) indeed span the four- dimensional associative algebra A (3.1.12). Here one can 
introduce the antiautomorphism r as 

r{f{y,y)) = f{ty,ty) , (3.3.26) 
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and the automorphisms tt, tt , distinguishing Lorentz rotations and AdS translations, as 

Afiy,y)) = f{-y,y), Hfiy.y)) = f{y,-y) ■ (3.3.27) 

Therefore, by imposing the r-condition (3.1.69) on the elements (3.3.25) one truncates 
the model to generators with m + n = 2,6, 10, ..., that exactly correspond to gauge fields 
with spin 2, 4, 6, ..., i.e., one obtains the minimal bosonic HS algebra [)o(3, 2). The adjoint 
master one-form can be written as 



^ oo 

A{x-y,y) = -$^A('^ (3.3.28) 



2i 



where each level i is expanded as 

A^'\x;y,y) = J] J_rfa;M(f)«— -i--"^(a;)t/,^...t/,„y^^...y^^ , (3.3.29) 



n\m\ 

n+m=4£+2 



while imposing r($) = 7r($) one arrives at the realization of the twisted adjoint master 
zero-form. 



oo 



^{x-y,y) = Y^^^'K (3.3.30) 



where 



$W(x|i/,y) = V ^$W"--""--'"(x)y„,...l/„„y^,...y^„. (3.3.31) 

^-^ n\m\ 

|ji-m|=4^+4 

We are also assuming the reality condition 

yi = Va. (3.3.32) 

In Chapter 6 we will also examine more general spinor oscillator realizations for the various 
signatures so(p', 5 — p'). 

Another useful oscillator realization that we will make use of is given in terms of linear 
combinations of the y, y oscillators that correspond to creation/annihilation operators 
building up the Fock space of states of the scalar and spinor four-dimensional singletons. 
In particular, we introduce the su(2)-doublet Oj, o)'^, with a^ * = (a^)''" and i = 1, 2 as 



ai = 


= i^{yi + m) > 


ati = 


i^iyi-m) , 


(3.3.33) 


a2 = 


= :^{-y2 + if), 


at 2 


= i^{-y2-m) ■ 


(3.3.34) 
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They satisfy the following Heisenberg algebra 

[ai, a^^]. = 6i , (3.3.35) 

and in terms of them the 50 (3, 2) generators can be expressed as 

E = -{a^'ai + 1), Mrs = ^(a.^V^^a, , (3.3.36) 

L+ = '-{ar)^ja^''a^^ , L; = '-{cTrfa^a, . (3.3.37) 

In terms of such oscillators one can build a Fock space on top of the scalar singleton lowest 
weight state, which is declared to be annihilated by the Oj, aj|l/2, 0) = 0, 

T = span{a^*i...a^^"|l/2,0)}J^^Q , (3.3.38) 

that is reducible under the action of 5o(3, 2) generators: indeed, being the latter bilinears 
in oscillators, their action splits the Fock space into the two irreducible even and odd 
subspaces, 

J' = J even © ■J odd ■> \O.O.o\i) 

that contain states with even or odd number of oscillators, respectively. Notice that the 
lowest weight state of the latter is 

|l,l/2)^ = a'^^|l/2,0) , (3.3.40) 

i.e., the lowest weight state of the spinor singleton irrep S!)(l, 1/2). The two singleton ir- 
reps are therefore connected very naturally in the oscillator realization, in which a number 
of other relations are manifest: for example, the lowest weights of the two scalar S!)(l, 0) 
and S}(2,0), that are both composites and read indeed (see (3.2.56) and (3.2.64)) 

|1,0) = |l/2,0)i|l/2,0)2, |2,0) = |1, l/2)i|l, 1/2)2. , (3.3.41) 

are also related by the oscillator combination 

|2,0) = -y|l,0), y = al{l)a^\2). (3.3.42) 

Similar relations will be useful in Chapter 7. 



Chapter 4 



Unfolded formulation 



As recalled in the Introduction, although certain gauge-invariant vertices involving mass- 
less HS fields can be, and indeed were, obtained in the early and mid-Eighties, addressing 
the full "HS-interaction problem" is much more demanding, for reasons that we briefly 
repeat here for the reader's convenience: 

1. A consistent interacting HSGT requires the simultaneous introductions of inflnitely 
many gauge flelds of all spins; 

2. The interaction with gravity is consistent with the HS gauge symmetries only on 
a nonflat gravitational background, i.e., in presence of a nonvanishing cosmological 
constant A, since interaction terms are nonanalytical in A; 

3. HS interaction vertices require higher derivatives of the physical flelds involved. This 
property is strictly connected with the previous one, since, in order for the physical 
dimension of the lagrangian to be preserved with more than two derivatives, a 
dimensionful parameter must enter the vertices, and A is the only candidate in a 
fleld theoretical context. 

A step forward was described in the previous Chapter, where an inflnite-dimensional 
non-abelian HS algebra was constructed. As in YM theories and in gravity, the invari- 
ance under the proper local gauge transformations is the key to determine the form of the 
interaction terms. However, the above-mentioned peculiar features are important differ- 
ences that make a "traditional" analysis unyielding: flrst of all, a full HSGT will involve 
an inflnite tower of flelds of different spin and, correspondingly, inflnitely many gauge 
symmetries, which makes impossible an order-by-order analysis in terms of each different 
gauge flelds. In order to overcome such a problem, it is necessary to work with the proper 



CHAPTER 4. UNFOLDED FORMULATION 79 

variables, i.e., with some proper "superfields" ^ that have nice transformations properties 
under the local HS symmetry, and that therefore enable to control at once the whole 
tower of massless fields. We will see that this also leads to a natural way out of the third 
problem, namely the complication introduced by the fact that unbroken HS symmetry 
implies no bound on derivatives in the vertices: indeed, a clever first-order reformulation 
of the dynamics that involves crucially the "superfields" as main variables will offer a way 
out of this by enabling to "hide" higher derivatives in the component fields. As the order 
of derivatives in the interaction vertices grows with the spin, it is intuitively clear that 
the "superfields" involved not only will have to encode infinitely many components to 
accommodate all spins, but also, presumably, infinitely many components for each spin-s 
sector, since each spin can a priori interact with any other one in couplings featuring 
higher and higher derivatives of the lower spin field. 

The end result will be that the required "superfields" will be the adjoint master one- 
form and the twisted adjoint master zero-form introduced in the previous chapter, and that 
the proper first-order formulation of the dynamics is the so-called unfolded formulation 
(in which the twisted adjoint plays a crucial role), that enables to write HS field equations 
in the form of zero- curvature constraints. This is particularly appealing since such form of 
the equations makes it easy to control gauge-invariance, and this is especially important 
in view of the search for consistent nonlinear deformations. Indeed, such a formalism 
is today the only approach to full HS field equations, although an action principle from 
which to derive them is still not known. Moreover, unfolding just means that every field 
enters the field equations together with all its "descendants", i.e., with all its derivatives: 
although this looks unconventional, this will enable a "canonical", uniform treatment of 
HS interactions. Finally, the introduction of infinitely many derivatives will turn out 
not to be redundant, and the zero-curvature equations will turn out to encode nontrivial 
dynamics thanks to trace constraints on the component fields. 

The unfolded formulation is a particular and extremely interesting case of more general 
constructions known as free differential algebras (FDA) that we shall present first. As we 
shall see, its peculiarity lies in the introduction of the infinite-dimensional set of twisted- 
adjoint zero-forms within the general FDA scheme. Indeed, as previously mentioned, this 
idea, due to M. A. Vasiliev and first suggested in [79], is crucial for encoding nontrivial 
dynamics in a set of zero-curvature conditions. 



^We are borrowing this term from the well-known case of supersymmetric theories, although, as it 
will be made clear in the rest of the Chapter, here we do not mean that supercharges enter among the 
symmetry generators of the theory (although they could, in principle, since supersymmetric extensions 
of HS gauge theories have indeed been constructed). 
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4.1 Free Differential Algebras 

FDA were first introduced in physics by D'Auria and Fre [117] (see [118] for a review) as 
a way to formulate various supergravity tlieories containing differential forms of higher 
degree through zero-curvature equations. These generalize the Maurer-Cartan equations 
that define an algebra through the dual cotangent basis of one-forms of the corresponding 
Lie group manifold. 

Let us consider an arbitrary set of differential p— forms W" G i7^"(A^^) with Po > 
(0-forms are included) and a is an index enumerating various forms, which, in principle, 
may range in the infinite set 1 < a < oo. 

Let R" G Q^°'^^{Ai^) be generalized curvatures defined by the relations 

i?" = rfl^° + G'"(W^'3), (4.1.1) 

where G"(W^^) are some power series in W^ built with the aid of the exterior product of 
differential forms (that is understood wherever is needed), 

oo 
n=l 

The (anti) symmetry properties of the structure constants /^j...^„ are such that /^^.../3^ 7^ 
for Pa + l = Yl^=iPi3i' ^^^ t^^ permutation of any two indices /3j and jSj brings a factor of 
(^—lypiPfj (^i]2 the case of bosonic fields, i.e. with no extra Grassmann grading in addition 
to that of the exterior algebra). 

A function C^iW^) satisfying the generalized Jacobi identity 

G^'-^.O (4L3) 

(the derivative with respect to W^ is acting from the left) defines a free differential 
algebra^. We emphasize that the property (4.1.3) is a condition on the function ^^{W) 
to be satisfied identically for all W^. It is equivalent to the following generalized Jacobi 
identity on the structure coefficients 



m 

E 

n=0 



(^+l)/J....^.-j7V„...../3.} = 0, (4.1.4) 



^We remind the reader that a differential d is a Grassmann odd nilpotent derivation of degree one, i.e. 
it satisfies the (graded) Leibnitz rule and d^ = 0. A differential algebra is a graded algebra endowed with 
a differential d. Actually, the "free differential algebras" (in physicist terminology) are more precisely 
christened "graded commutative free differential algebra" by mathematicians (this means that the algebra 
does not obey algebraic relations apart from graded commutativity). In the absence of 0-forms, which 
however play a key role in the unfolded dynamics construction, the structure of these algebras is classified 
by Sullivan [119]. 
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where the brackets [...} denote an appropriate (anti)symmetrization of all indices /9j. 
Strictly speaking, the generalized Jacobi identities (4.1.3) have to be satisfied only at 
Pa < D for the case of a D-dimensional manifold Ai^ where any {D + l)-forni is zero. We 
shall call a free differential algebra universal if the generalized Jacobi identity holds for all 
values of the indices, i.e., independently of a particular choice of space-time dimension. 
The HS free differential algebras discussed in this paper belong to the universal class. 

The property (4.1.3) guarantees the generalized Bianchi identity 

which tells us that the differential equations on W^ 

i?" = (4.1.5) 

are consistent with d^ = and supercommutativity. Conversely, the property (4.1.3) is 
necessary for the consistency of eq. (4.1.5). 

One defines the gauge transformations as 

6W- = de- - e^^-^ , (4.1.6) 

where e'^{x) has form degree equal to p^ — 1 (so that 0- forms W^ do not give rise to any 
gauge parameter). With respect to these gauge transformations the generalized curvatures 
transform as 

(5i?" = -R^^-- ( € 



5W^ V SW^ J 



due to the property (4.1.3). This implies the gauge invariance of the equations (4.1.5). 
Also, since the equations (4.1.5) are formulated entirely in terms of differential forms, they 
are explicitly general coordinate invariant. In fact, the diffeomorphisms are incorporated 
in the gauge group, since the Lie derivative C^W"" = {d,i^}W°', where i^ is the inner 
derivative with respect to a vector field ^ = S,^d^, is equivalent, up to vanishing curvatures, 
to a field-dependent gauge transformation with parameters e" = i^W^ (see Appendix A 
for an example). 

4.1.1 Unfolding strategy 

Unfolding means reformulation of the dynamics of one or another system in the form 
(4.1.5) which, as we explain below, is always possible by virtue of introducing enough 
auxiliary fields. Note that, according to (4.1.1), in this approach exterior differential of 
all fields is expressed in terms of the fields themselves, a feature that we had already 
encountered in Section 2.2 in the context of the MMSW-reformulation of gravity. 



CHAPTER 4. UNFOLDED FORMULATION 82 

The case of a FDA that only contains one-forms coincides with the usual Maurer- 
Cartan dual formulation of an algebra. Indeed, let h he a Lie (super) algebra, a basis 
of which is the set {Ta}, and uj = u'^T^ be a 1-form taking values in h. Choosing 

G{uj) = uj"^ = |u;"a;^[Ta, T^], then eq. (4.1.5) with W = u \s the zero-curvature equation 
c/o; + o'^ = 0, and imposes the Maurer-Cartan equations on u;", 

rfcu^ + ^/^V^cu-' = 0. (4.1.7) 

The relation (4.1.3) then amounts to the usual Jacobi identity for the Lie algebra h. In 
the same way, (4.1.6) is the usual gauge transformation of the connection u;, 

5cu" = De" = rfe" + /^^cu^e^ . (4.1.8) 

Note again that the whole philosophy of the MMSW reformulation of gravity examined 
in Section 2.2 consisted in a reformulation of gravity in AdS as a FDA with only one- 
forms, in such a way that the background emerges in a coordinate-independent way as 
a maximally symmetric solution cjq of the zero- curvature field equation with its global 
stability algebra h that solves 5uJq = 0. Recall that also free HS fields were analyzed in 
Section 2.2.2 as fluctuations around such a background. 

If now the set W^ also contains some p-forms denoted by C* {e.g. 0-forms) and if the 
functions G* are linear in uj and C, 

G' = uj''{T^yjC\ (4.1.9) 

then the relation (4.1.3) implies that the coefficients {TaYj define some matrices T^ form- 
ing a representation T of h, acting in a module V where the C take their values. The cor- 
responding equation (4.1.5) is a covariant constancy condition D^C = 0, where D^ = d+u 
is the covariant derivative in the /i-module V, and admits the gauge symmetry 

6C = e'^iTaYjC^ . (4.1.10) 

Suppose now that C* are zero- forms C*. Notice that, if we pursue the strategy of per- 
turbatively expanding our FDA around a vacuum solution uq, and we treat both the 
remaining one-forms uj and the zero-forms as small fiuctuations, the equation for the 
one-forms becomes 

duj- + r^^uj^uj-^ + r^^^^^ujic^ = . (4.1.11) 

We note that the vacuum equation dujQ + uJq = together with (4.1.11) and the zero- form 
equation dC^ + G* = form a consistent set of equations: indeed, the latter ensures 
compatibility of the second with d^ = 0, while the first is the consistency condition of the 
last (and also its own consistency condition). We shall see in the next Sections that free 
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HS field dynamics can be reformulated in this way - as, in fact, every dynamical system, 
upon the addition of sufficiently many auxiliary fields. 

One may wonder how the set of equations 

dujo + ul = 0, (4.1.12) 

D^,C = (4.1.13) 

could describe any dynamics, giving that it implies that (locally) the connection uq is 
pure gauge and C is covariantly constant, so that 

uJo{x) = g'\x)dg{x), (4.1.14) 

C{x) = gix)C, (4.1.15) 

where g{x) is some function of the position x taking values in the Lie group associated 
with h (by exponentiation), and C is a constant vector of the /i-module T. Since the gauge 
parameter g{x) does not carry any physical degrees of freedom, all physical information 
is contained in the value C(xo) = g{xo)C of the 0-form C{x) in a fixed point xq of space- 
time. But as one shall see in the next Section, if the 0-form C{x) somehow parametrizes 
all derivatives of the original dynamical fields, then, supplemented with some algebraic 
constraints (that, in turn, single out an appropriate /i-module), it can actually describe 
nontrivial dynamics. Indeed, the restrictions imposed on the values of some 0-forms at 
a fixed point Xq can lead to a nontrivial dynamics if the set of 0-forms is rich enough 
to describe all space-time derivatives of the dynamical fields in a fixed point of space- 
time, provided that the constraints just single out those values of the derivatives which 
are compatible with the original dynamical equations. Knowing a solution (4.1.15) one 
knows all derivatives of the dynamical fields compatible with the field equations, and can 
therefore reconstruct these fields by analyticity in some neighborhood of xq. 

The p-forms with p > 0, that also satisfy a zero-curvature condition, are still pure 
gauge in this setting. As will be clear from the examples below, the meaning of the 0- 
forms C contained in C is that they describe all gauge invariant degrees of freedom {e.g. 
the spin-0 scalar field, the spin-1 Maxwell field strength, the spin-2 Weyl tensor, etc., 
and all their on-mass-shell nontrivial derivatives). When the gauge invariant 0-forms are 
identified with derivatives of the gauge fields which are p > forms, this is expressed by 
a deformation of the equation of the latter, 

D^,,C = PiiUo)C , (4.1.16) 

where P{uJo) is a linear operator (depending on uq at least quadratically) acting on C, 
as seen explicitly in (4.1.11). If the deformation is trivial, one can get rid of the terms 
on the right-hand-side of (4.1.16) by a field redefinition. The interesting case therefore is 
when the deformation is nontrivial. A useful criterium for telling whether the deformation 
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(4.1.16) is trivial or not is given in terms of the cr_ cohomology, discussed at length in 

[52]. 

Let us now stress some of the advantages of the unfolded formulation (see [92] for 
more comments) to understand why it is a useful for gauge theories in general and, in 
particular, HS gauge theories: 

• As we have already stressed elsewhere, HS gauge transformations mix fields of dif- 
ferent spins: in particular, the metric is not left invariant. This confiicts with 
the standard implementation of general covariance in General Relativity, where 
the inverse metric plays a crucial role. Therefore, the unfolded formulation, where 
manifest gauge invariance and invariance under diffeomorphisms {i.e., coordinate 
independence) is achieved using the exterior algebra formalism and without any 
need a priori for singling out the metric, is perfectly suited for the study of gauge 
invariant theories in the framework of gravity and, in particular, HS gauge theories. 

• As seen above, in the topologically trivial situation, the degrees of freedom are 
concentrated in the zero-forms at any point p in space-time. Indeed, the unfolded 
curvature constraints solve such zero-forms in terms of all on-shell nontrivial deriva- 
tives of the physical fields, that can be therefore reconstructed in a neighborhood 
of p. This implies that, in order to describe a system with an infinite number of 
degrees of freedom, it is necessary to work with an infinite set of zero-forms that 
spans an infinite-dimensional module of the space-time symmetry algebra g^. On 
the other hand, if the set of zero-forms is finite, the corresponding unfolded system 
is topological, describing at most a finite number of degrees of freedom. 

• The unfolded formulation is thus an ultra-local approach to the dynamical problem 
that is particularly appealing if one is aiming at a background independent formu- 
lation of gauge theories: indeed, thanks to the the introduction of an infinite set of 
zero-forms, it is possible to achieve a generally covariant and dynamically nontrivial 
formulation of gauge theories where the metric is treated on an equal footing with 
the other fields. This is to be contrasted with what happens in Chern-Simons-like 
theories that, although diffeomorphism invariant without involving contractions of 
the indices by the inverse metric, are topological^. This in particular means that 
in the full HS equations of motion the inverse vielbein never appears, and therefore 



^We will indeed construct, in Chapter 7, a mapping between the operators contained in the twisted 
adjoint zero- form at a fixed point in space-time and the states of the doubleton spectrum, i.e., various 
massless irreducible representation (Do ® So)s = ®s =024 ®(so + 2eo,so) (see also [90] for related 
statements in the context of conformal HS symmetries.). 

^As pointed out in [93] however, it is possible to encode local degrees of freedom in a Chern-Simons 
(CS) theory by expanding it around a noK-maximally symmetric solution. This is at the root of an 
attempt [101] towards the formulation of an action principle for full HSGT starting from a CS-like action 
in odd dimensions that does not make use of zero-forms. 
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the theory also naturally incorporates classical solutions with degenerate metrics 
(as we shall see explicitly in Chapter 6), that have long been conjectured to be of 
importance in quantum gravity as they can mediate space-time topology changes 
(see [94] and references therein). 

• Equations (4.1.14) and (4.1.15) show, in particular, that the unfolded formulation 
based on universal FDAs makes the dependence on space-time coordinates purely 
auxiliary. The dynamics is entirely encoded in the functions G°'{W). This fact 
proves to be extremely useful in the search for consistent HS interactions: indeed, 
it means that one can search for them looking for deformations of the G"(W^) that 
still respect a generalized Jacobi identity, i.e., that preserve the consistency of the 
system. As we shall see in the next Chapter, it also enables one to express the whole 
infinite perturbative series of nonlinear corrections to the free unfolded system as 
solution of some additional equations of an enlarged unfolded system, where differ- 
entials and differential forms live in a larger space: this does not spoil consistency, 
nor alters the local dynamics, that is still determined by the zero-forms at a point in 
space-time, as long as the additional equations locally reconstruct the dependence 
on the additional coordinates in terms of the original degrees of freedom. 

• The unfolded formulation is in principle available for any dynamical system, pro- 
vided one introduces additional auxiliary variables, since, as stressed in [91], it is 
nothing but a generally covariant first-order formalism. 

We now have to determine what is the appropriate infinite-dimensional module of the 
space-time symmetry algebra in which the zero-forms have to take values, in order to 
encode nontrivial dynamics. This will be explained through the unfolding of free lower- 
spin fields. 



4.2 Unfolding of lower spins 

In this Section, we first show how one can indeed unfold an arbitrary system [85] and 
then apply such technique for the free spin and spin 2 system [52]. 

4.2.1 General procedure 

Let ti^o = eg Pa + 1^0^ ^ab be a vacuum gravitational gauge field taking values in some 
space-time symmetry algebra s. Let C^^\x) be a given space-time field satisfying some 
dynamical equations to be unfolded. Consider for simplicity the case where C^^\x) is 
a 0-form. The general procedure of unfolding free field equations goes schematically as 
follows: 
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For a start, one writes the equation 

^o^C^W =eS Ci'\ (4.2.1) 

where Dq is the covariant Lorentz derivative and the field Ca is auxihary. Next, one 
checks whether the original field equations for C^'^^ impose any restrictions on the first 
derivatives of C^^\ More precisely, some part of d^C^^^ might vanish on-mass-shell {e.g. 
for Dirac spinors). These restrictions in turn impose some restrictions on the auxiliary 
fields Ca . If these constraints are satisfied by Ca ., then these fields parametrize all 
on-mass-shell nontrivial components of first derivatives. 

Then, one writes for these first level auxiliary fields an equation similar to (4.2.1) 

D'oC^:^ = el Cfl , (4.2.2) 

where the new fields C^ I parametrize the second derivatives of C^^' . Once again one 
checks (taking into account the Bianchi identities) which components of the second level 
fields C^ I are non- vanishing provided that the original equations of motion are satisfied. 

This process continues indefinitely, leading to a chain of equations having the form of 
some covariant constancy condition for the chain of fields CaT,a2,...,am (^^ ^ N) parametriz- 
ing all on-mass-shell nontrivial derivatives of the original dynamical field. By construction, 
this leads to a particular unfolded equation (4.1.5) with G* in (4.1.1) given by (4.1.9). As 
explained in Section 4.1, this means that the set of fields realizes some module T of the 
space-time symmetry algebra s. In other words, the fields Ca™a2,...,a,„ are the components 
of a single field C living in the infinite-dimensional s-module T. Then the infinite chain 
of equations can be rewritten as a single covariant constancy condition DqC = 0, where 
Dq is the s-covariant derivative in T. 

4.2.2 The example of the scalar field 

For simplicity, for the remaining of this Section, we will consider a fiat space-time back- 
ground. The Minkowski solution can be written as 

uo = dx^dlPa (4.2.3) 

i.e. the fiat frame is (cq)^ = 5°^ and the Lorentz connection vanishes. The equation (4.2.3) 
corresponds to the pure gauge solution (4.1.14) with 

(7(x) = exp(x^5;P,), (4.2.4) 

where the space-time Lie algebra s is identified with the Poincare algebra iso{d — 1, 1). 
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As a preliminary to the gravity example considered in the next subsection, the simplest 
field-theoretical case of unfolding is reviewed, i.e. the unfolding of a massless scalar field 
(j){x), which was first described in [85]. The "unfolding" of the massless Klein-Gordon 
equation 

a<^{x) = (4.2.5) 

is relatively easy to work out, so we give directly the final result and we comment about 
how it is obtained afterwards. 

To describe dynamics of the spin zero massless field $(a;), let us introduce the infinite 
collection of 0-forms ^ai...a„{x) {n = 0, 1, 2, . . .) which are completely symmetric traceless 
tensors 

^a^...a^ = ${ai...a„} , v'^^bca^.^a^ = • (4.2.6) 

The "unfolded" version of the Klein-Gordon equation (4.2.5) has the form of the following 
infinite chain of equations 

C^*ai...a„=e^$ai...a„6 (u = 0, 1, . . .) , (4.2.7) 

where we have used the opportunity to replace the Lorentz covariant derivative Dq by 
the ordinary exterior derivative d. It is easy to see that this system is formally consistent 
because applying d on both sides of (4.2.7) does not lead to any new condition, 

d^'^ar...a„ = -eod<^a^...a„b = eyod<^ar...a„bc = (n = 0, 1, . . .) 

since CqCq = — CqCq because Cg is a 1-form. As we know from Section 4.1, this property 
implies that the space T of 0-forms $ai...a„ spans some representation of the Poincare 
algebra xso{D — 1, 1). In other words, T is an infinite-dimensional iso{D — 1, l)-module^. 

To show that this system of equations is indeed equivalent to the free massless field 
equation (4.2.5), let us identify the scalar field ^{x) with the member of the family of 
0-forms ^ai...a„{x) at n = 0. Then the first two equations of the system (4.2.7) read 

5.$ = $. , 

where we have identified the world and tangent indices via (cq)^ = S'^. The first of these 
equations just tells us that ^^ is the first derivative of $. The second one tells us that 
^ufj, is the second derivative of $. However, because of the tracelessness condition (4.2.6) 
it imposes the Klein-Gordon equation (4.2.5). It is easy to see that all other equations in 
(4.2.7) express highest tensors in terms of the higher-order derivatives 

$.,....„ = 9.,... 9.„$ (4.2.8) 



^Strictly speaking, to apply the general argument of Section 4.1 one has to check that the equation 
remains consistent for any flat connection in iso(D — 1, 1). It is not hard to see that this is true indeed. 
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and impose no new conditions on $. The tracelessness conditions (4.2.6) are all satisfied 
once the Klein-Gordon equation is true. From this formula it is clear that the meaning 
of the 0-forms ^v]_...v„ is that they form a basis in the space of all on-mass-shell nontrivial 
derivatives of the dynamical field $(a;) (including the derivative of order zero which is the 
field ^{x) itself). 

Let us note that the system (4.2.7) without the constraints (4.2.6), which was originally 
considered in [88], remains formally consistent but is dynamically empty just expressing 
all highest tensors in terms of derivatives of $ according to (4.2.8). This simple example 
illustrates how algebraic constraints like tracelessness of a tensor can be equivalent to 
dynamical equations. 

In a parallel fashion, one can also check that indeed the unfolded dynamical problem 
is well-posed once one gives the values of all the zero-forms at a point in space-time. In 
fact, one can show that, again due to the trace constraints that the zero- forms satisfy, 
this is equivalent to the Cauchy problem. To simplify matters, let us apply the previous 
considerations to a 2-dimensional flat space-time, a = 0, 1. We suppose then that all 
$a(„)(p), where the space-time point p has coordinates p = (to,XQ), are given. On the 
constraints that the unfolded system imposes these are set equal to all the derivatives 
(4.2.8). However, because of trace constraints, there are fewer independent derivatives, 
and they "spread" , "unfold" the local initial data onto the space-like line (hypersurface, 
in higher dimensions) {t = to}- In particular: for n = one is given $(p); n = 1 
fixes $(p) and d^{p) (where we use the shorthand notations $ and (9$ for derivatives 
with respect to t and x, respectively); the independent local data for n = 2 is $oo(p) = 
^nip) = d'^^ip) and $oi(p) = <9<i>(p); for n = 3 is <l>ooo(p) = '^iio(p) = d'^^ip) and 
^omip) = '^111 (p) = d^^{p); and so on. In other words, the independent local data fixes 
all spatial derivatives of $ and $, i.e., it is equivalent to the standard initial data of 
the Cauchy problem, $ and $ on the equal-time surface {t = to}- Notice however that 
the unfolded formulation is more general, since giving a set of zero-forms at a point in 
space-time can be done prior to specifying a metric (the zero-form indices are fiber indices 
only) and in a coordinate-independent way. Again, this is because the first-order unfolded 
equations involve a trading of space-time indices for fiber (tangent-space) indices, that 
makes it possible to encode a nontrivial dynamics into an algebraic constraint. This 
reasoning can be extended to arbitrary space-time dimensions. 

The above considerations can be simplified further by means of introducing the auxil- 
iary coordinate u"" and the generating function 

<!>{x,u) = V— <|.„^...,Ja;)M"i...M'^" (4.2.9) 

^ — ^ n! 



n=0 



with the convention that 



$(x, 0) = ^(x) 
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This generating function accounts for all tensors $ai...an once the tracelessness condition 
is imposed, which in these terms implies that 

In other words, the \so{D — 1, l)-module T is realized as the space of harmonic formal 
power series in u"-. Eqns. (4.2.7) then acquire the simple form 

^.^x,u) = 6:^^x,u). (4.2.11) 



From this realization one concludes that the translation generators in the infinite-dimensional 
module T of the Poincare algebra are realized as translations in -u-space, i. e. 

P 3 



du"- ' 
so that eqn. (4.2.11) reads as a covariant constancy condition (4.1.13) 

d^{x,u) + elPa^{x,u) = Q. (4.2.12) 

One can find a general solution of eq. (4.2.12) in the form 

<l>(x, u) = ^{x + M, 0) = $(0, x + u) 

from which it follows in particular that 

$(a;) =<l>(a;,0) = $(0,a;) = V— <l>^, ^ (0)a;^i . . . x^" . (4.2.13) 

^^-^ n! 

n=0 

From (4.2.6) and (4.2.8) one can see that this is indeed the Taylor expansion for any 
solution of the Klein-Gordon equation which is analytic in xq = 0. Moreover one can 
recognize the equation (4.2.13) as a particular realization of the pure gauge solution 
(4.1.15) with the gauge function g{x) of the form (4.2.4). 

The example of a free scalar field is so simple that one might think that the unfolding 
procedure is always a trivial mapping of the original equation, in this case (4.2.5), to 
the equivalent one, here (4.2.10), in terms of additional variables. This is not true, 
however, for the less trivial cases of dynamical systems in nontrivial backgrounds and, 
especially, for nonlinear systems. The situation here is analogous to that in the Fedosov 
quantization prescription [95] which reduces the nontrivial problem of quantization in 
a curved background to the standard problem of quantization of the flat phase space, 
that, of course, becomes an identity when the ambient space itself is flat. It is worth to 
mention that this parallelism is not occasional because, as one can easily see, the Fedosov 
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quantization prescription provides a particular case of the general unfolding approach [78] 
in the dynamically empty situation {i.e., with no dynamical equations imposed). 

The unfolded free scalar field can also be used as a prototype example of how the ultra- 
local unfolded approach to the dynamical problem can be mapped to the standard Cauchy 
problem, and viceversa. The key point is the possibility of encoding a Taylor expansion 
into an infinite-dimensional fiber at a point p: the corresponding degrees of freedom can 
be unfolded in space-time via an expansion in derivatives of the physical field, that is the 
content of the system (4.2.7). We shall encounter again a similar mechanism in Chapter 
7, when we shall see that space-time local fluctuation fields, with different boundary 
conditions, are in correspondence with certain well-defined nonpolynomial combinations 
of operators of the HS algebra that are their fiber- ( or tangent-space) duals, in the same 
way as (4.2.9) and (4.2.13) are dual via (4.2.12). 

4.2.3 The example of gravity 

The set of fields in the Einstein-Cartan's formulation of gravity comprises the frame field 
e" and the Lorentz connection u"'!'. One assumes that the torsion constraint T^ = is 
satisfied, in order to express the Lorentz connection in terms of the frame field. The 
Lorentz curvature can be expressed as R""^ = CcCdR^"''^^''^^'^, where R'^^'^^ is a rank four 
tensor with indices in the tangent space and which is antisymmetric both in ab and in cd, 

having the symmetries of the tensor product -r Qy -y . The algebraic Bianchi identity 
CbR"'^ = 0, which follows from the zero torsion constraint, forces the tensor R"-^''^'^ to 
possess the symmetries of the Riemann tensor, i.e. Ri"-'^'^^'^ = Q, More precisely, it carries 

an irreducible representation of GL{D) characterized by the Young tableau 



antisymmetric basis. The vacuum Einstein equations state that this tensor is traceless, 
so that it is actually irreducible under the pseudo-orthogonal group 0{D — 1,1) on- mass- 
shell. In other words, the Riemann tensor is equal on-mass-shell to the Weyl tensor. 

For HS generalization, it is more convenient to use the symmetric basis. In this con- 
vention, the Einstein equations can be written as 

T" = 0, i?"^ = eeerf<l>""•*^ (4.2.14) 

where the 0-form $'*'=' ^'^ is the Weyl tensor in the symmetric basis. More precisely, the 
tensor $'*^'^'^ is symmetric in the pairs ac and bd and it satisfies the algebraic identities 

Notice that, while dynamically equivalent to the vanishing of the Ricci tensor, this for- 
mulation of the vacuum Einstein equations is more suitable for HS extensions, in that it 
is written purely in terms of differential forms, and does not involve the inverse metric. 
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In other words, the metric is not given any special role, and this makes this formulation 
of the spin-2 field equations manifestly compatible with a symmetry that mixes different 
spins. 

Let us now start the unfolding of linearized gravity around the Minkowski background 
described by a frame 1-form Cq. The linearization of the second equation of (4.2.14) is 



R1 



ab 



Co c Co d $ 



ac, bd 



(4.2.15) 



where Rf' is the linearized Riemann tensor. This equation is a particular case of eq. 
(4.1.16). What is lacking at this stage is the additional set of equations containing the 
differential of the Weyl 0-form ^"■'^^^'^, Since we do not want to impose any additional 
dynamical restrictions on the system, the only restrictions on the derivatives of the Weyl 
0-form (J)"'^'^'^ may result from the Bianchi identities for (4.2.15). 

A priori, the first Lorentz covariant derivative of the Weyl tensor is a rank-five tensor 
in the following representation 



D <S> 



e 



(4.2.16) 



decomposed according to irreducible representations of sl{D). Since the Weyl tensor is 
traceless, the right hand side of (4.2.16) contains only one nontrivial trace, that is for 
traceless tensors we have the so{D — 1, 1) Young decomposition by adding a three cell 
hook tableau, i.e. 



D <S> 



e 



e 



The linearized Bianchi identity dR^ = leads to 



Co cCo d d^ 



ac, bd 



0, 



(4.2.17) 



fl 


a 


V 


b 


IzJ 





The components of the left- hand- side, written in the basis dx'^dx'^dx^, have the symmetry 
property corresponding to the tableau 

which also contains the single trace part with the symmetry properties of the three-cell 
hook tableau. 

Therefore the consistency condition (4.2.17) states that in the decomposition (4.2.16) of 
the Lorentz covariant derivative of the Weyl tensor, the first term vanishes and the second 
term is traceless but otherwise arbitrary. Let $'^*^' '^'^ be the traceless tensor corresponding 
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to the second term in the decomposition (4.2.16) of the Lorentz covariant derivative of 
the Weyl tensor. This is equivalent to saying that 

where the right hand side is fixed by the Young symmetry properties of the left hand side 
modulo an overall normalization coefficient. This equation looks like the first step (4.2.1) 
of the unfolding procedure, with ^"■'^f' ^"^ irreducible under so{D — 1, 1). 

One should now perform the second step of the general unfolding scheme and write the 
analogue of (4.2.2). This process goes on indefinitely. To summarize the procedure, one 
can analyze the decomposition of the A;-th Lorentz covariant derivatives (with respect to 
the Minkowski vacuum background, so they commute) of the Weyl tensor ^"■'^^^'^, Taking 
into account the Bianchi identity, the decomposition goes as follows 



k 



k + 2 (4.2.18) 



As a result, one obtains 



J^^ai...ak+2,bib2 _ g f (J^ \ 2) ^"■^■■■"''=+'^'^'^^^^ 4- ^"■^■■■"'k+2bi,b2C , ^ai...ak+2b2,bic\ 

(0 < A; < oo) , (4.2.19) 

where the fields ^"■^■■■"'k+2,bib2 g^j,g ^^ ^j^g irreducible representation of o{d— 1, 1) character- 
ized by the traceless two-row Young tableau on the right hand side of (4.2.18), i.e. 

(^{ai...ak+2,bi)b2 _ g ,|,aia2---afe+2. bif'2 _ g 

Note that, as expected, the system (4.2.19) is consistent with (f^<^i-"-k+2,bib2 ^ g^ 

As in the spin-zero case, the meaning of the zero-forms ^"■^■■■"'k+2,bib2 jg ^j-^g^^ they form 
a basis in the space of all on-mass-shell nontrivial gauge invariant combinations of the 
derivatives of the spin-2 gauge field. 

4.3 Free massless equations for any spin 

In order to follow the strategy exposed in Subsection 4.1.1 and generalize the example of 
gravity treated along these lines in Subsection 4.2.3, we shall begin by writing unfolded 
HS field equations in terms of the linearized HS curvatures (2.2.22). This result is called 
"central on-mass-shell theorem". It was originally obtained in [56, 78] for the case of 
D = 4 and then extended to any D in [57, 89]. That these HS equations of motion 
indeed reproduce the correct physical degrees of freedom can be shown via an elegant 
cohomological approach explained in [52]. 
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The linearized curvatures F^ ^"' "'^' ^"' "'^ were defined in (2.2.22). They decompose 
into the hnearized curvatures with Lorentz {i.e., V^ transverse) fibre indices which have 



the symmetry properties associated with the two-row traceless Young tableau 

It is convenient to use the standard gauge V^ = 5^ (we also normalize V to unity). In 

the Lorentz basis, the linearized HS curvatures have the form 

For simplicity, in this section we discard the complicated A-dependent terms which do not 
affect the general analysis, i.e. we present explicitly the fiat-space part of the linearized HS 
curvatures. It is important to note however that the A-dependent terms in (4.3.1) contain 
the field j\<^i---"'s-i,bi---bt-i -v^^hich carries one index less than the linearized HS curvatures. 
The explicit form of the A-dependent terms is given in [57]. 

For t = 0, these curvatures generalize the torsion of gravity, while for t > the 
curvature corresponds to the Riemann tensor. In particular, as it is shown in [52], the 
analogues of the Ricci tensor and scalar curvature are contained in the curvatures with 
t = 1 while the HS analog of the Weyl tensor is contained in the curvatures with t = s — 1. 
(For the case of s = 2 they combine into the level t = 1 traceful Riemann tensor.) 

The first on-mass-shell theorem states that the following free field equations in Minkowski 
or {A)dS space 

i^r-"^-" '"••'* = <5m-i eoceod c!>-^--s-^cM-bs-^d ^ (0 < t < s - 1) (4.3.2) 

properly describe completely symmetric gauge fields of generic spin s > 2. This means 
that they are equivalent to the proper unfolded version of the Fronsdal equations in any 
dimension, supplemented with certain algebraic constraints on the auxiliary HS connec- 
tions which express the latter via derivatives of the dynamical HS fields. The zero-form 
^ai...as,bi...bs jg ^^le spiu-s Weyl-like tensor. It is irreducible under so{D — 1,1) and is 



characterized by a rectangular two-row Young tableau | ~| ,s- The field equations 



generalize (4.2.15) of linearized gravity. The equations of motion put to zero all curvatures 

with t 7^ s — 1 and require ^<^i---"'s,bi...bs ^^ ^^ traceless. 

The analysis of the Bianchi identities of (4.3.2) works for any spin s > 2 in a way 
analogous to gravity. The final result is the following equation [89] which presents itself 
like a covariant constancy condition 

g _ jj (^ai...ag^k,bi...bs — jjL^ai...as+k,bi...bs 

-eoc((A; + 2)<l>"i-''^+'='='^i-^= + s<|.<^i-«=+fe{^i'^2-^4A +0(A), 
(0<A;<oo), (4.3.3) 

where ^"'^■■■"■s+k,bi...bs g^j,g so{D — 1,1) irreducible {i.e., traceless) tensors characterized 



3 s + k 



by the Young tableaux | | s ■ They describe on-mass-shell nontrivial k-th 
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derivatives of the spin-s Weyl-like tensor, thus forming a basis in the space of gauge 
invariant combinations of (s + A;)-th derivatives of a spin s HS gauge field. The system 
(4.3.3) is the generahzation of the spin-0 system (4.2.7) and the spin-2 system (4.2.19) 
to arbitrary spin and to AdS background (the exphcit form of the A-dependent terms is 
given in [89]). Let us stress that for s > 2 the infinite system of equations (4.3.3) is a 
consequence of (4.3.2) by the Bianchi identity. For s = and s = 1, the system (4.3.3) 
contains the dynamical Klein-Gordon and Maxwell equations, respectively. Note that 
(4.3.2) makes no sense for s = because there is no spin-0 gauge potential while (4.3.3) 
with s = reproduces the unfolded spin-0 equation (4.2.7) and its AdS generalization. 
For the spin-1 case, (4.3.2) only defines the spin-1 Maxwell field strength $"'* = —^'''°- in 
terms of the potential A^. The dynamical equations for spin 1, i.e. the Maxwell equations, 
are contained in (4.3.3). The fields <|)"i-"fc+i'^^ characterized by the Lorentz irreducible 
{i.e. traceless) two-row Young tableaux with one cell in the second row, form a basis in 
the space of on-mass-shell nontrivial derivatives of the Maxwell tensor $"'*. 

Since k goes from zero to infinity for any fixed s in (4.3.3), in agreement with the 
general arguments of Section 4.1, each irreducible spin-s submodule of the twisted adjoint 
representation is infinite- dimensional. This means that, in the unfolded formulation, the 
dynamics of any fixed spin-s field is described in terms of an infinite set of fields related 
by the first-order unfolded equations. Of course, to make it possible to describe a field- 
theoretical dynamical system with an infinite number of degrees of freedom, the set of 
auxiliary zero-forms associated with all gauge invariant combinations of derivatives of 
dynamical fields should be infinite-dimensional. 

I s + k 



covers 



It is clear that the complete set of zero-forms <|)"i--«s+fe,bi-- os 
the set of all two-row Young tableaux. This suggests that the Weyl-like zero-forms take 
values in the linear space of [)0 that obviously forms an so{D — l, 1)- {i.e. Lorentz) module. 
Following the strategy sketched in Subsection 4.1.1, one can expect that they belong to 
an so{D — l,2)-module. But the idea to use the adjoint representation of i)o{D — 1,2) 
defined in (3.1.69) does not work because, according to the commutation relation (3.0.1), 
the commutator of the background gravity connection uq = uJq^Tab with a generator of 1)0 
preserves the rank of the generator, while the covariant derivative D in (4.3.3) acts on the 
infinite set of Lorentz tensors of infinitely increasing ranks. Fortunately, the appropriate 
representation only requires a slight modification compared to the adjoint representation. 
As it is clear by looking at (3.1.80-7.6.16), the representation we are looking for is nothing 
but the twisted adjoint presented in Section 3.1.2, that naturally encodes the set of zero- 
forms that are needed for the unfolding for every spin-s sector and transforms through the 
TT-twisted adjoint action (3.1.80). Indeed, the whole set of equations (4.3.2) and (4.3.3) 
can be written in quite a compact form in terms of the adjoint master one-form (7.6.13) 
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and of the twisted adjoint master zero-form (7.6.15) as 

ricb 

(4.3.4) 



Fi = dA + {u;o,A}^ = ele\, 



dM^b 



P"=0 

Do$ = d^+[uo,^l = 0, (4.3.5) 

where we recall that the anticommutator of the two one-forms in (4.3.4) implements the 
adjoint action (3.0.1). The two linearized equations above admit the gauge symmetries 

(5(°M = Doe = de+[uJo,e] , (5(°)$ = 0, (4.3.6) 

where e is an adjoint gauge parameter of i)o{D — 1, 2), and therefore contains all the lin- 
earized gauge transformations {e"(''^^)'''(*)} for the set of one-form connections {A"^''^^)'^^*)} 
that span the spin-s sector (7.6.14) of the master one-form, and that are needed for the 
frame-like description of a spin-s field. The equations above contain all the curvature 
constraints of the frame formulation recalled in Section 2.2.2, supplemented with the 
unfolding of the Weyl "source term" that follows from the Bianchi identities. As al- 
ready stressed before, the physical degrees of freedom contained in the system can be 
conveniently analyzed through the so-called o"_-cohomology involving gauge parameters, 
gauge potentials, curvatures and Bianchi identities. The details can be found in [52] 
(see also [116, 115, 103]), but the end result is essentially that solving the generalized 
torsion constraints (contained in the equations (4.3.2) for t < s — 1) expresses certain 
{so{D — 1, l)-irreducible) components of the auxiliary fields contained in each spin-s sec- 
tor in terms of the generalized frame field A^ , all the remaining ones are pure gauge, 
and can be eliminated by fixing the Stiickelberg-type gauge parameters (all those with 
t > 1), except for the totally symmetric component of the generalized frame field, i.e., 
the Fronsdal doubly traceless field <^^(s) = (eo"^)(^i"^..(eQ "'^)^^_-^"^"^A^^) (j(s_i). The latter 
carries therefore the physical degrees of freedom, and is accompanied by the remaining 
gauge symmetry e"*^''"^-', which coincides with the true {i.e., differential, and not shift 
symmetry) Fronsdal traceless gauge parameter. Moreover, the remaining components of 
the curvatures -Ff!j^~ are set to zero by the Bianchi identities except for the F^ 

that is left free to fluctuate. 

Eqns. (4.3.4), (4.3.5) provide the unfolded form of the free equations of motion for 
completely symmetric massless fields of all spins in any dimension. This fact is referred 
to as central on-mass-shell theorem because it plays a distinguished role in various re- 
spects. The idea of the proof is explained in [52] (see references therein for the original 
papers). Let us note that the right-hand-side of eq. (4.3.4) is a particular realization of 
the deformation terms (4.1.11) in free differential algebras. 



CHAPTER 4. UNFOLDED FORMULATION 96 

4.3.1 A FEW Remarks 

As shown in the examples given in this Chapter, in the unfolded formulation the trace 
constraints on the tangent-space indices of the fields involved are crucial to ensure that the 
first-order system of zero-curvature (or covariant constancy) conditions is not dynamically 
empty. Indeed, they are responsible for encoding the second-order physical field equation 
in the system. Once such algebraic constraints are taken into account and one works with 
traceless one-forms and zero-forms, however, the free unfolded system can be shown to be 
equivalent to the Fronsdal equations, and in this sense one can say that trace constraints 
put the system on-shell - and, conversely, that the unfolded equations with traceful fields 
describe an off-shell (or, better to say, nondynamical) system. 

However, it is important to stress at this point that, as discovered first in [77], the free 
unfolded equations can nicely recover also the local, unconstrained Francia-Sagnotti equa- 
tions (2.1.17), and also their {A)dS version (2.1.53). This can be achieved by declaring 
only the zero-forms to be traceless in the internal indices, and letting the trace parts in 
the one-forms free to adjust to their source terms in (4.3.2). Let us examine briefly how 
this can happen by looking at the example of spin 3 in flat space-time. Let ip^ab be the 
totally symmetric (3, 0) component of the frame-like field. After solving some generalized 
torsion constraints and using the shift symmetries, one gets 

^Scd = 12,2 d(cddVab)^ , (4.3.7) 

where 72,2 is a coefficient, unimportant for this discussion, and we recall that the indices 
enclosed in the brackets (...) are 3l{D — l, l)-projected. By tracing two indices this becomes 



,(2,2) c _ 72^2 

3 



42/ = ^^..'^^ ' (4-3.8) 



with 

Kf,,ab = nV^ab - 2%^ • V^6)m + 9adb(p'^ ■ (4.3.9) 

The curvature constraints involving such components of the gauge potentials read 

%<2/ = , (4.3.10) 

since the trace of the zero-form on the right hand side vanishes. This implies that the 
curl of the tensor K^^^ab vanishes, i.e., that the latter is a pure gradient, 

K^,ab = d^Pab ■ (4.3.11) 

This admits the two projections 5l{D — 1, l)-irreducible projections (3, 0) and (2, 1). The 
latter is a consistency condition that admits the solution 

/^ir^ = d-v,b- 29(,v^;) + d,d,a , (4.3.12) 
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where the last term is a homogeneous solution parametrized by an unconstrained field a. 
Finally, substituting back into the solution (4.3.11) of the curvature constraint and taking 
the (3,0) projection one indeed finds the equations (2.1.17), 

O^fiab - 39(a9 ■ ipb^) + 3d(adb(p'^) = d(adbd^)a . (4.3.13) 

Moreover, in this case the leftover gauge parameter is, as the adjoint fields, an sl{D — 1, 1)- 
irreducible parameter. In other words, the system has an unconstrained gauge symmetry. 
The compensator therefore enters the unfolded constraints as a cohomologically exact 
part [120] in the solutions of a trace part of the curvature constraints. 

This consideration points towards the fact that under many respects, including a com- 
parison with String Field Theory, it may be important to have a formulation of the 
unfolded equations in terms of master fields that contain traceful generators and coeffi- 
cients. The appropriate HS algebra corresponds to the enveloping algebra of 5o(D — 1, 2) 
(or iso{D — 1, 1) as well, as long as the free theory is concerned) modulo the Vabcd 
element only, and not also Vab, leading to fields and generators represented by traceful 
two-row Young diagrams. Notice moreover that this is exactly what the vector oscillator 
realization, treated in Subsection 3.3.1 enables one to do, prior to factoring out the sp(2) 
ideal. Then, one can put the system on-shell, i.e., enforcing the equations of motion on 
the physical field, by projecting out the ideal in the zero-form sector only, if one wants to 
get the unconstrained formulation; or, alternatively, both in the one-form and the zero- 
form sector if one wants to obtain the Fronsdal equations. On the other hand, the spinor 
oscillator formulation in intrinsically on-shell, since trace parts are automatically factored 
out, as explained in Subsection 3.3.2. 

We are finally ready to see how interaction terms can be added. The next step will be 
therefore to promote the linearized curvature Fi and the covariant derivative Dq to full 
ones F = dA + A-k A and D = d + [A, ]^, involving the whole ^o{D — 1, 2)-connection A, 
and to interpret (4.3.4) and (4.3.5) as the linearization of a full system 

T = F + J{A,(!>) = , (4.3.14) 

V<^ = L)$ + P(A,$) = 0, (4.3.15) 

where J7 and V are non-linear zero-form deformations obeying the compatibility condition 
(4.1.3) and having the correct physical weak field limit (4.3.4) and (4.3.5), that excludes 
the trivial solution J = V = 0. These functions are at least cubic and written using 
the wedge product (and index contractions by the flat metric i^ab and possibly the anti- 
symmetric tensor eai...ao)- Thus J is quadratic in A and at least linear in $, while V is 
linear in A and at least quadratic in $. Notice that such nonlinearities are required to 
maintain consistency: indeed, 

/}2(j, ^ p(^ ~ <|)^ + higher order terms , (4.3.16) 
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being F at least of first-order in $. 

Before looking for the consistent nonlinear deformations, one can make one more ob- 
servation about the unfolding procedure. As already stresses in the scalar field example, 
at the free level unfolding may seem a cumbersome reformulation of the dynamics. The 
point is that at the free level, and also at the interacting level for lower-spin theories, 
higher-derivative interactions do not enter the physical field equations: indeed, all the 
one-form connections A^ with t > 2, that are solved from torsion constraints as 

A «i-«-i'^i-&* = n ( A-*/^-^ . . . j^A '^i-'^-i j + lower derivative terms , (4.3.17) 

and the infinite chain of equations that constrains higher-rank zero-forms ^a{s+k),b{s) have 
no effect on the dynamics. In particular, $a(s+fc),b(s) with k + s > 1 do not enter the 
contorsion or the stress-energy tensor for matter-coupled gravity or supergravity, nor the 
HS free theories, as we have seen. However, this is not the case for interacting HS gauge 
theories, where higher-derivative interaction vertices naturally enter the physical field 
equations already at second order in the weak-field expansion: this was seen, for example, 
in [61, 39, 40, 38] among other works, and the quadratic scalar-field contribution to Tab 
{i.e. the scalar-scalar-graviton vertex) in D = 4 resulting from the full Vasiliev equations 
was computed in [102] (using a specific physical gauge choice made at the level of the 
full Vasiliev equations). The result is an infinite series of higher- derivative interactions 
given by various contractions of V^^-,0Vw^-,0 for arbitrarily high values oim + n. Higher- 
derivative interaction, compensated by the inverse of the cut-off mass scale M, do arise 
in lower-spin field theories, but they only yield small corrections to classical solutions 
in which derivatives are small in units of M. On the other hand, in a theory with local 
unbroken HS symmetries, higher-derivative interactions are part of the minimally coupled 
microscopic theory. Interacting HS can in principle give rise to many complicated higher- 
derivative interaction terms in the physical field equation: the unfolded formulation offers 
a way of handling them systematically, in a first-order form: higher derivatives are hidden 
in the auxiliary higher-rank zero-forms, that enter the field equations through consistent 
deformations of the FDA describing the free system. Therefore, the problem is reduced to 
find such deformations, since gauge invariance is guaranteed by consistency of the system 
{i.e., the deformed gauge symmetry follows automatically through the relation (4.1.6), 
and does not need to be guessed). 



Chapter 5 
Nonlinear equations 



5.1 Preliminaries 

In the last Chapter, we have recalled the unfolded formulation of the free theory. We still 
have to make use of the non-abelian HS algebra constructed in Chapter 3 to write nonlinear 
corrections. We are now in a position similar to having the linearized vacuum Einstein 
equations for the gravitational field hfj,i, (where of course hf^^ represents fluctuations over 
a fixed background metric that can be chosen to be Minkowski, g^^, = rj^i, + h^^) and 
wanting to get the full nonlinear Einstein equations without the possibility of resorting 
to geometrical concepts. This program was indeed completed successfully for gravity 
several years after the formulation of General Relativity (see [121, 122, 123] and references 
therein). The idea was to proceed by consistency: as soon as one allows quadratic terms, 
the free equations of motion become inconsistent, since while the linearized Einstein tensor 
is diver genceless, this is not the case for its source, the stress-energy tensor, as long as 
one does not introduce the contribution of gravity to the latter, as calculated from the 
free action. However, in order for the new equation to be derived from a Lagrangian, one 
must add cubic terms to the free Lagrangian that respect gauge invariance (up to C(/i^)). 
But the variation of such cubic Lagrangian introduces new terms, that spoil consistency. 
This process goes on indefinitely, and the infinite series of nonlinear corrections sums up 
to the full Einstein equations, where they appear through a crucial contribution of the 
inverse metric. 

A similar program would still be hardly tractable for higher spins, due to the presence 
of infinitely many fields and symmetries one should control. As explained in the previous 
Chapter, the unfolded formalism and the identification of the convenient master fields one 
should work with bring a great simplification. Pursuing this approach (first proposed in 
[79]), the "HS interaction problem" was solved, for totally symmetric massless fields, by 
Vasiliev at the beginning of the Nineties [81]. As shown above, indeed, in his formulation 
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the problem is reduced to find nonlinear corrections to (4.3.4) and (4.3.5) that preserve 
consistency in the sense of (4.1.3). 

Let us begin our analysis by observing that, in the unfolded setup, the natural expan- 
sion parameter is the zero-form $: indeed, containing all the (generalized) Weyl tensors 
and their derivatives, it is the variable that measures the deviation from the background 
solution; moreover, as already stressed below (4.3.15), in order to preserve the form-degree 
of the curvature constraints, arbitrary nonlinearities can only involve zero-forms contained 
in $, and not A. Indeed, consistent deformations of the free FDA at the lowest order in 
curvatures were found in [79, 80]. However, to find the whole series a more systematic 
approach was necessary, and that was also developed exploiting the power of the unfolded 
formalism. 

One could obtain all consistent nonlinear corrections in one shot if some deformation of 
the HS algebra [)0 -^ f)0 existed such that the full nonlinear constraints (4.3.15) could be 
seen as zero-curvature and covariant constancy conditions for the deformed algebra [51]; 
i.e., if JF and V could be seen as curvature and covariant derivative with respect to the 
connection A oi i)0^. In which case, the latter should contain all the nonlinearities in the 
zero-forms contained in $ with indices contracted in various ways: A = A+A^+A^^ + ..., 
schematically. At the same time, the gauge symmetries get modified correspondingly. How 
can one construct such a deformation? 

The basic trick is to introduce an additional set of auxiliary, noncommutative coordi- 
nates Z and express the entire series of nonlinear corrections as solution of a consistent 
equation with respect to them. Such deformations will by this mechanism be guaranteed 
to be consistent and, therefore, will preserve the gauge invariance. Therefore, one enlarges 
the space-time with additional variables Z, x — > {x,Z), and lets all the variables and 
differentials acquire a dependence on them: 

d — > d = d + dz , (5.1.1) 

A{x;Mab,Pa) -^ A{x;Z;Mat,Pa) (5.1.2) 



s-l 
s t=0 



J2 Yl dx''A^,ais-i)Mt){x; Z)M''''^ ■ ■ ■ M"'''*P''*+^ ■ ■ • P"-^(5.1.3) 

s t=0 

^x;Mab,Pa) — ^ ${x;Z;Mab,Pa) (5.1.4) 

= E E ^^'^^^^'^'^^^n^; ^)M„,5. ■ ■ ■ M^^b.Pa.,, . . . P,^^, , (5.1.5) 

s k=0 

where the coefficients are themselves power series in the Z variables. The ordinary space- 



fill this chapter and in the next one we denote with a hat the variables valued in the deformed algebra 
that enter Vasiliev's nonlinear equations, and that should not be confused with the hatted generators 
that appeared in Chapter 3. 
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time corresponds to the subspace {Z = 0}. Notice, however, that due to the noncom- 
mutative nature of the new coordinates the pull-back of the extended unfolded system to 
{Z = 0} does not correspond to the original system, 

dA + Ai,A\^^^^ ^ dA^Ai<A, (5.1.6) 

since there will always be infinitely many contributions to the identity coming from total 
contractions of the Z variables. But how is this connected to the nonlinear corrections in 

The crux of the matter is now to extend the FDA with a constraint (a consistent one, 
by definition of FDA) that relates every contraction of Z to $, 

Al ^ $ + ..., (5.1.7) 

(where the ellipsis stands, possibly, for higher order terms) thereby solving all the depen- 
dence on the extra variables in terms of the physical degrees of freedom of the original 
system. Therefore, the infinitely many terms that correct the pure space-time curvature 
dA ^ A-k A in (5.1.6) are all expressed in terms of $ and build up the deformations 
Ji^A^ $) and 'P(A, $) of equation (4.3.15). In order to write (5.1.7) in a consistent way, it 
has to be cast in the form of a curl in Z-space, a curvature with indices taking values in 
the noncommutative subspace Z . The solutions of (5.1.7) will therefore be automatically 
consistent with the gauge symmetries, that will turn out to be correspondingly deformed 
but not broken down, which is essential in order to be able to interpret the nonlinear 
theory in terms of the same degrees of freedom present at the free level. 

If such a Z-extension can be found, then the problem is solved, since we have deformed 
the theory with infinitely many nonlinear corrections while keeping gauge symmetries 
and diffeomorphism invariance. Further constraints come from the fact that it must be 
possible to relate, in this extension, the adjoint and twisted adjoint representations, as the 
condition (5.1.7) is crucial. Note that in the linearized approximation (4.3.4) and (4.3.5) 
this problem is absent, since the transformation of the zero-forms produces terms of second 
order: in other words, because (4.3.6) are valid, up to second order terms. However, at 
the full level, in order to write a consistent equation like (5.1.7), it is necessary that it 
involve some mapping between adjoint and twisted adjoint representations. As we shall 
examine in Chapter 7 in greater detail, such a map has to act on the "square root" of the 
zo(D — 1,2) generators that build up the expansion of $. 

Moreover, other important constraints follow from the fact that the appropriate non- 
commutative extension must be such that the full equations reproduce the free equations 
(4.3.4) and (4.3.5) once linearized around the AdS vacuum solution and pulled back on 
the space-time manifold. It turns out that this requirement can be satisfied once one 
assumes that the Z coordinates have a nontrivial contraction with the oscillators that 
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realize the so{D — 1, 2) generators. This fact in its turn imphes that, in order to preserve 
covariance, the Z-coordinates must have the same index structure of the oscillators, i.e., 
the sought-after noncommutative extension must correspond to a doubling of the oscil- 
lators. Associativity then fixes the commutation relations of the Z coordinates among 
themselves. The final result is that they will satisfy an algebra that is isomorphic to the 
Heisenberg algebra of the oscillators (it only differs by a sign). A generalized T*r-product 
can then be defined, that controls contractions among oscillators and Z coordinates and 
therefore defines a proper composition rule for the elements of an extended oscillator 
algebra i)o{D — 1,2). 

Indeed, an appropriate Z-extension has been constructed, originally in the four-dimensional 
spinor oscillator realization and later also in the D-dimensional vector oscillator formal- 
ism (see [111] for a geometric derivation of the Z extension). In the following, we will 
present in detail only the first realization, as some of the results of this Thesis, discussed 
in Chapter 6, only rest on them. The D-dimensional realization of Vasiliev equations, first 
proposed in [72], rests on the doubling of the vector oscillators presented in Section 3.3.1. 
Although many of the steps performed in the following can be repeated in that setting, an 
important subtlety arises in factoring out the traces {i.e., in putting the system on-shell). 
There are in principle two different ways to do this: the first one (called weak projection, 
and proposed in [66, 52]) consists in factoring out elements proportional to the (extended) 
5p(2) generators, at the full level, both in the one- form and in the zero- form sectors by 
multiplying the whole equations by a projector M such that Kij-k M = 0; the second one 
(called strong projection, and proposed in [77]), somehow in the spirit of the unfolding, 
consists in factoring out traces only in the master zero-form by multiplying it with the 
projector M. As mentioned in the previous Chapter, at the free level the first formulation 
results in the Fronsdal equations, while the second leads to the unconstrained equations 
of Francia and Sagnotti. However, at the full level the strong projection may suffer from 
potential divergencies arising in the expansion in powers of the projected master zero-form 
M-k^, since M-k M diverges. We will not comment further on this issue, but send to the 
paper cited above for reference. 

5.2 Z-EXTENSION AND VASILIEV EQUATIONS IN (3 + 1) DIMENSIONS 

It is now time to examine more quantitatively how one can obtain the nonlinear Vasiliev 
equations, working with the 5*^(2; C)-doublet spinor oscillator realization of Subsection 
3.3.2. The free equations one would like to make contact with, i.e., (4.3.4) and (4.3.5) 
read, in such realization, 

F,{x-y,y) ^ dA + {n,A}^ = 1 ef e^^ ^^^ $(i/, 0) - h.c. , (5.2.1) 

D^<^{x-y,y) = d<!>+[n,<^l = 0, (5.2.2) 
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where the background connection is 



At 



(5.2.3) 



and our spinor conventions are hsted in Appendix E. 

To formulate the nonhnear field equations we double the oscillators by adding the 
SL{2; C)-doublet spinors z^ their hermitian conjugates Za to the theory. Together with 
the t/a they generate an oscillator algebra with non-commutative and associative ^-product 
defined by 



and 



ya-^yp 


= yay/3 + i^a/3 , 


ya ^ Zf^ 


— yaZ/3 — 1 £0/3 , 


(5.2.4) 


Za-^yp 


= z^yp + i(^ap , 


Za-kZfs 


= ZdZjS — i eafj 1 


(5.2.5) 


Va-^Vp = 


= yaV^ + i^ap > 


Za'^ y p = 


ZaVp — l^ajS 1 


(5.2.6) 


yc,-*^zp 


= VaZp + te^i^ , 


Za ^ Z^ = 


ZaZp — te^i^ , 


(5.2.7) 



where, as usual, juxtaposition denotes symmetrized, or Weyl-ordered, products. Equiva- 
lently, Weyl-ordered functions obey^ 

f{y,y,z,z) -k g{y,y,z,z) (5.2.8) 

r cf^^cf^ri _ • - ^ 

= / --^-/ e*''"«"+*'^"«'^ f{y + i,y + lz + i,z-i)^{y + 7],y + n,z-r],z + n) , 

which extends the definition (3.3.22) of the T^r-product to functions of all {y,y,z,z) oscil- 
lators, denoted with the hats, while functions of only ya and ya will be unhatted. Notice 
the peculiar difference in sign in the contraction of two z oscillators compared with that 
of two y oscillators, and the opposite sign of the contractions in ya * zp and Za * yi3, so 
that the commutation relations are 

[za, zp]^ = -2ieap , [ya, zp]^ = , (5.2.9) 

together with their hermitian conjugates. Although y and z oscillators commute, it is 
crucial, as said in the beginning of this Chapter, that they have a nontrivial contraction, 
as we shall stress again later on. 

The definitions of the master fields correspondingly extend to the adjoint one-form A 
and the twisted- adjoint zero-form $ defined by 

A = dx^'A^{x;y,y,z,z) +dz"Aa{x;y,y,z,z) + dz"'Aa{x;y,y,z,z) , (5.2.10) 
$ = ^{x;y,y,z,z) , (5.2.11) 



^The integration measure is defined by d*£^ — cPS^cP^"^ , where d'^z — idzAdz — 2dx /\dy for z ~ x + iy. 
With this normalization, I* f — f. 



CHAPTER 5. NONLINEAR EQUATIONS 104 

where x'^ are coordinates on a commutative base manifold (which can, but need not, be 
fixed to be four-dimensional space-time). One also defines the total exterior derivative 

d = dx^d. + dz'^—- + dz^—- , (5.2.12) 

with the property d{f /X-kTj) = {df) A-k^^ (^_x)dcg/ j /\^ gg fQ^ general differential forms. 
In what follows we shall again suppress the A symbol as we did so far. The master fields 
can be made subject to the following discrete symmetry conditions^ [48, 129] 

Minimal model (s = 0,2,4, ...) : t{A) = -A, r($) = 7r($)(^.2.13) 

Non-minimal model (s = 0,1,2,3, ...) : nn{A) = A, nn{$) = $,(5.2.14) 

where r is the T*r-product algebra anti-automorphism defined by 

'Tifiy,y;z,z)) = f{iy,iy;-iz,-iz) , (5.2.15) 

and TT and 7f are two involutive 7»r-product automorphisms defined by 

T^{f{y,y;z,z)) = f{-y,y;-z,z) , 7r{f{y,y;z,z)) = f {y,-y; z,-z) (.5.2.16) 

We note that 

rif^g) = (-l)<i<'s(/)dcg(^)^(^)^^(j)^ (5.2.17) 

vr(/^?) = 7r(/)^7r(^), (5.2.18) 

Hf^g) = 7r(/)^7r(^), (5.2.19) 

and that r^ = tttt. As mentioned in the previous Section, the crucial feature that selects 
the realization of the noncommutative extension as a doubling of the oscillators, with the 
specific T*r-product rule (5.2.8), is that the tt, tt automorphisms, that distinguish adjoint 
and twisted adjoint, are inner and can be generated by conjugation with the functions k 
and R, given by 

K, = exp{iy°'Za) , k = exp{—iy°'Za) , (5.2.20) 

such that 
f^'^fiy,z) = K,f{z,y) , f{y,z)-kK = Kf{-z,-y) , n-kf-kn = ii{f) , (5.2.21) 

K--^f{y,z) = Rf{-z,-y) , f{y,z)-kR = Rf{z,y) , R-kf-kR = 7f(/) . (5.2.22) 



^The exterior derivative obeys rd = dr and ird = dn, and the t and tt maps do not act on the 
commutative coordinates. 
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In other words, n provides the map between adjoint and twisted adjoint representation 
that is necessary to relate the Z-dependence to the physical degrees of freedom of the 
theory, and to make contact with the linearized equations (5.2.1) and (5.2.2). Notice also 
that, as one can check from (5.2.8), 



K-k K 



1 



K-k K 



1 



(5.2.23) 



Let us note that a priori the T^r-product (5.2.8) is well-defined for the algebra of polynomials 
(which means that the ^-product of two polynomials is still a polynomial). Thus the -k- 
product admits an ordinary interpretation in terms of oscillators, as long as we deal with 
polynomial functions. But k, is not a polynomial because it contains an infinite number of 
terms with higher and higher powers of y^Za- Thus, a priori, the :*r-product with k, may 
give rise to divergencies arising from the contraction of an infinite number of terms (for 
example, an infinite contribution may appear in the zeroth order like a sort of vacuum 
energy). What singles out the particular 7»r-product (5.2.8) is that this does not happen 
for the class of functions which extends the space of polynomials to include n and similar 
functions. More precisely, as was shown originally in [86], the ^-product (5.2.8) is well- 
defined for the class of functions, called "regular" , that can be expanded into a finite sum 
of functions / of the form 



f{Z, Y) = P{Z, Y) / rt p{t) exp ( #(t)y"z. 



(5.2.24) 



where the integration is over some compact domain M" C M" parametrized by the co- 
ordinates tj (i = 1, . . . ,n), the functions P{Z,Y) and 0(t) are arbitrary polynomials of 
{Z,Y) = {z,z,y,y) and tj, respectively, while p(t) is integrable in M". The key point 
of the proof is that the ^-product (5.2.8) is such that the exponential in the Ansatz 
(5.2.24) never contributes to the quadratic form in the integration variables simply be- 
cause C,°'C,a = v'^Va = 0. As a result, a T*r-product of two elements (5.2.24) never develops 
an infinity and the class (5.2.24) turns out to be closed under T*r-multiplication pretty much 
as ordinary polynomials. 



The full field equations are 



4 L 



dz°' A dza^ kK + dz" A dZa^ k K 



F 

i3$ = , 

where the curvatures and gauge transformations are given by 

F = dA + Ai.A, 6tA = D? 

5$ = d$+[A,%, (5^8 = -[?,% 



(5.2.25) 
(5.2.26) 

(5.2.27) 
(5.2.28) 
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with 

[f,9]n = f^g-{-l)^'^^^^^''^^^^g^7r{f). (5.2.29) 

Notice that the (5.2.25) and (5.2.26) are indeed consistent: the second guarantees the 
consistency of the first, since 



DF = = - 

4 



dz" A dzaD^ i< K + dz"" A dz^D^ -k k 



(5.2.30) 



where we have taken into account that Dk = dz^'-^K, and that the latter term (and its 
hermitian conjugate) do not contribute to (5.2.30) because they involve a triple antisym- 
metrization dz'^ dz^ dz"' , which vanishes identically; on the other hand, the first ensures 
the consistency of the second, since 

i)2$ = = [F,$]^ = ^rf^" Arf2« ('$^K^$-$^7r($^K)') -h.c. , (5.2.31) 

where the vanishing of the last two terms can be checked by using the properties of k 
(5.2.21). The consistency of the extended FDA (5.2.25) and (5.2.26) with respect to both 
X and Z variables ensures that one can solve for A in terms of $ from the first, and 
then for $ in terms of the "initial condition" ^{Z = 0)\p = ^\p (up to an extended 
gauge transformation) from the second. This implies that the extended unfolded system 
is equivalent to the nonhnear space-time system (4.3.15), since they both have the same 
local data. 

In components, the constraints read 

F^, = 0, 5^$ = d^$ + [A^,% = 0, (5.2.32) 



F^a = , F^a = , (5.2.33) 

Fap = -fe^^S^K, F^^ = -ie^^$^K, (5.2.34) 

F,^ = 0, (5.2.35) 

5„$ = (9«$ + 1« ^ $ + $ ^ 7r(l„) = , (5.2.36) 

Da^ = da'^ + A^i<$ + $i<n{A^) = 0, (5.2.37) 
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where (5.2.37) can be derived using nn^Aa) = —A^- Introducing [81] 

the component form of the equations carrying at least one spinor index now take the form 
d^S^ + [1^, So\. = , d^S^ + [A^, S^], = , (5.2.39) 

[S^,Sp]. = -226,^3(1 - S^/t) , [S^^S^l = -216^^(1 -^^ R) , (5.2.40) 

[Sa,S^l = 0, (5.2.41) 

5« ^ $ + $ * 7r(5'„) = 0, (5.2.42) 

S^i<$ + $i<7r{Sa) = 0. (5.2.43) 

5.2.1 LORENTZ-COVARIANCE AND UNIQUENESS 

The introduction of the extra {za, ^Q)-oscillators, which are sl(2; C) -doublets, requires 
a corresponding modifications of the Lorentz generators, that were realized at the free 
level as in (3.3.23). Indeed, due to the commutativity oi y and z oscillators (5.2.9), it is 
impossible to rotate the content in z, z of the extended variables A and $ if we do not 
extend the realization of the Lorentz generators. This can be done easily, however, by 
noticing that z-oscillators satisfy an algebra which is identical to that of ^/-oscillators, up 
to a sign. This means that the appropriate generalization of Lorentz rotations is given by 

Ma/3 = yaVp - Zc,zp , M^^ = yo,yp - z^z^ . (5.2.44) 

In terms of such generators, indeed, one gets the usual Lorentz transformation 

5t,ya = [^^A^m^^-h.cy^l = Aj y/3 , (5.2.45) 

5toZa = [^^A^^M(s^-h.c.,z^], = A/zp. (5.2.46) 

But this only takes care of the internal sl(2; C) -doublet indices of the master fields, while 
the extension also brought in external s[(2; C)-doublet indices associated with the Z- 
space parts of the one-form connection A introduced in (5.2.10) and the corresponding 
Z-space "covariant derivative" Sa,Sa (5.2.38). Such indices are not rotated properly by 
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the modified Lorentz generators (5.2.44), since, as one can read from (5.2.27), tlie resulting 
transformation is not homogenous. 



0?„ Aa 



[Aa,eo]^ + —Aa'^Zf3 . 



(5.2.47) 



It is important to be able to modify the local-Lorentz parameter eo in such a way as to get 
a standard homogeneous transformation law under local Lorentz, since in order to make 
contact with the free equations (4.3.4) and (4.3.5) a physical gauge must be maintained 
(as we will see in the next Section) that enables to solve the Z-space connection entirely 
in terms of $ in perturbation theory. To see how this can be done, let us first rewrite the 
last equation in terms of Sa, 



6t,Aa = A/1^ + [Aa,eol + -A/ 5> , 



(5.2.48) 



where it is clear that the latter term is the one that must be eliminated. Now, the crucial 
point is that a consistent modification of the Lorentz generators that rotates properly the 
external spinor indices fixes the form of the Vasiliev equations up to field redefinitions. 
Indeed, notice that the only nontrivial equations (that imply that the whole system is 
not pure gauge) (5.2.40) have the form of a deformed Heisenberg algebra (see [49] and 
references therein) 



[ya,yf3] = ^isapil + yk) , {Va^k} = 0, k^ 



(5.2.49) 



(where z/ is a real number) which, together with (5.2.42) and (5.2.43) that can be rewritten 
as 



{Sc^^^k}^ = = {Sa,^^K], 



(5.2.50) 



implies that the generator \{Sa,Sp}i, and its hermitian conjugate satisfy the s[(2; C) 
algebra and rotate properly the external spinor indices 



Therefore, defining [96] 



one has 



-|6a, 6^, 1^, b^ 



—AiSi^a^PY^ ■ 



(5.2.51) 



cextra 






[^a,e 



extra I * 



•iA/S,. 



(5.2.52) 



(5.2.53) 
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that removes the unwanted term in (5.2.48). The necessary modification of the Lorentz 
generator that implements Lorentz-covariance in the full equations is therefore 



cl = eo 



-extra 



1-A-^ fM^^ + ^{S^,Sp,}^ -h.c. 



(5.2.54) 



What is important for the issue of uniqueness of the interaction terms is that the need to 
maintain Lorentz-covariance in the full equations only allows source terms of the type in 
(5.2.25) and no hermitian modifications*^ such as dz°' dz^H^J^ -k k,). Finally, the local- 
Lorentz transformations of the extended master fields are 

(5.2.55) 

(5.2.56) 

^a(3 + l{Sa,S(3,}*] ■ (5.2.57) 



St^<^ = 


= - ^0, *]* , 


StL^a = 


= Aa,eo\i, + Aq, Af3 , 


^L^t. = 


= [A^,eol + ^d,A^^ 



The space-time constraints, that we will examine in the next Section, will be left invariant 
by the pulled-back local-Lorentz transformation 



5e,$ 



Se,A^ 



[A„eo]. + l:d,A'^^ 



VaVp 



A\ Ar.kA, 



_d_ 



-A, 



h.c. 



z=o 



(5.2.58) 
(5.2.59) 



where eo = ^^""'^yaV/s ~ h.c. So the transformations of the gauge fields have acquired a 
complicate field dependent part. However, the latter can be reabsorbed into a redefinition 
of the Lorentz connection cj"'^ inside A^, since the quantity uj^ + K^, with 



0J„ 



Ai 



^^^VaVa 



h.c. 



and 



K„ 



'TT^fi ^a ^ *-'/ 



z=o 



+ l:iV,'"S^^S^ 



z=o 



lUJ 



a/B 



d 



(^"^^/3-^^. 



i/3. 



+ tUJ_ 



-, ap 



\Aa -k An — 



z=o 



^A- 



(5.2.60) 

(5.2.61) 
,(5.2.62) 



z=o 



^However, it would still possible to substitute $*k in (5.2.25) by an arbitrary function V($*k), as long 
as such function is odd [84, 49, 96, 103], which ensures that (5.2.42) imply 5q*V($*k) + V($*k)*S'q = 0, 
which is crucial for rotating properly the external spinor indices, as we shall see. Notice, however, 
that introducing higher odd powers of $ * k would only affect higher order interaction terms, while 
leaving unaltered the free equations (4.3.4) and (4.3.5). The Vasiliev equations correspond therefore 
to a "minimal" choice in this sense, that reproduces the correct free field dynamics in the linearized 
approximation. 
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transforms as 



6^,[u;, + K^] = [u^ + K^,eol^^d,A'''' 



yaVfS -iU^^A^- ^^p] - h.c(-^'-2.63) 



and therefore (5j-^ [A^ — uj^ — K^] = [A^ — uj^ — K^, cq]*, which means that every field inside 
Afj, — ujfj^ — Kn is a Lorentz tensor. The space-time nonhnear constraints will thus involve 

Af, =A^\z=o = e^ + oo^ + W^ + K^, (5.2.64) 

where we have singled out the vielbein part e^ and the higher-spin (s > 4,6, ... for the 
minimal and s > 3, 4, ... for the nonminimal bosonic model) fields W^, and we conclude 
that the fields, at the nonlinear level, transform as Lorentz tensors under an undeformed 
local-Lorentz symmetry eo, implemented through a field-dependent Lorentz connection 



5.3 Perturbative Expansion 

We now want to show that the Vasiliev equations admit a perturbative expansion in 
the master zero-form $ that, to the first order, reproduces the free equations (4.3.4) and 
(4.3.5). In performing such an expansion we shall encounter and examine in greater detail 
all the issues discussed qualitatively in Section 5.1. The strategy will be to solve the Z- 
dependence from the components of the equations that have at least one spinor index, 
in terms of the initial condition $ = $|z=o and then plug the solution into the pure 
space-time components (5.2.32) [84, 96]. 

At zeroth order in $, a natural vacuum solution of the equation is AdS4^ space-time, 
around which we shall expand the full equations, in the end. Indeed, for $ = (5.2.34) 
(or (5.2.40)) implies 

5(0) = dz"" Zo, + dz"^ z^ , (5.3.1) 

(where the superscript refers to the order zero in $) since Aa is then a flat connection, 
and one is choosing the gauge condition 

A^o) = If = (5.3.2) 

(which in its turn implies -^Ais\z=q = 0, that simplifies the expressions (6.2.59)). Plug- 
ging into (5.2.39) one gets then [y4}j ,2;a]j, = 0, which implies that the space-time com- 
ponent of the master one- form, to zeroth order in $, is Z-independent. Therefore, one 
Z-independent solution of Ff^y = is the AdS^ connection 



4"' - «. - i 



u;^ y^yp + oJ/'^ y^y^ + 2e;^ y^y^ , (5.3.3) 
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which thus appears as a natural vacuum solution of the full equations. Notice that 
the symmetry e^\Z,Y;x) of this vacuum solution is just ()o(3,2). Indeed, the vacuum 
symmetry parameters e^''{Z,Y;x) must satisfy 

[S^^\e% = 0, Do{e^') = 0. (5.3.4) 

The first of these conditions implies that e^'(Z, Y; x) is Z-independent, i.e., e^\Z, Y; x) = 
e^''{Y]x) while the second reconstructs the dependence of e^''{Y;x) on space-time coordi- 
nates X in terms of the values of the constant element e^\Y;xo) G ()o(3,2) at any fixed 
point xq of space-time. 

Now we have to investigate whether the free equations on AdS^ emerge from the full 
system as first order corrections to such vacuum solution. Before doing that, however, we 
shall show that one can also expand the Vasiliev equations in a HS-covariant curvature 
expansion treating the gauge fields exactly. In general, we set up an expansion scheme 

oo oo oo 

$ = 5^$("), l. = ^li"), l, = ^l(r^ (5.3.5) 

n=l n=0 n=0 

where $(") (n = 1, 2, 3, ...), li"^ (n = 0, 1, 2, ...) and aJT^ (n = 0, 1, 2, ...) are functional 
which are nth order in $ and which obey the initial conditions 



-5 ^; 



Next, the constraints F^6 = 0, Fai3 = — |ea/3$ -k k, and -Dq$ = can be solved in the nth 
order (n > 1) as 

$« = Hy,y) , (5.3.8) 

^i'^ = da^'^--zj tdt^-tz,y)Kitz,y), (5.3.9) 

^ Jo 
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and (n > 2): 



™"1 /•! 



2^t2,Z— »t2; 



4(«) 






(5.3.10) 



z— »t2,2:— »t2: 






i=i 



i=i 



*(z^i2;,z— »tz) 



2— >t2,2— >t2: 



(5.3.11) 



We emphasize that in (5.3.10) and (5.3.11) the replacements {z,z) by {tz,tz) are to 
be made after the T*r-products are carried out. The integration functions ^'-"^ are gauge 
artifacts, which can be ehminated by means of ^-dependent gauge transformations. We 
therefore impose the gauge conditions [84, 96] 



cin) 



e 







n=l,2,... 



(5.3.12) 



The gauge conditions (6.2.60) and (5.3.12) are left invariant by Z-independent, and 
therefore [)o(3, 2)-valued, gauge transformations (which in general may be ^-dependent). 

From the constraints F^q = and F^a = one can solve for the Z-dependence of A^. 



It follows that 



1?) 



A„ 



(5.3.13) 



A(;\x;Y,Z) 



2 Jo 



'n-l 



0=0 



dt\z"[Y,\A^\A^-'^ ]{x;Y,Z) 



'n-\ 



.i=o 



[x-Y,Z)\ , (5.3.14) 



where we note that the terms z'^dA^ + z'^dAa are identically zero by virtue of (5.3.10) 
and (5.3.11) with the gauge choice (5.3.12), since z'^Za = z^z^ = 0. 

Finally, having solved the Z-space part of (5.2.25) and (5.2.26), the remaining con- 
straints F^y = and -D^$ = yield the following space-time full nonlinear field equa- 



tions^: 



^The integrability of (5.2.25) and (5.2.26) implies that if F^,^|z=o = and D^<^\z=o = then Ff,„ = 
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^- = -2$:$:U[;)^iipM , (5.3.17) 

n=l j=0 V / l^^o 

OD n / \ 

D^<l> = J] 1] *^''^ * ^(^IT^^^) - ^m""^^ * 5^^^ ) ' (5.3.18) 

n=2 j=l \ / I^^O 

where 

F = rfA + A^A, D$ = rf$ + A^$-$.^7r(A) . (5.3.19) 

It is important that (5.3.17) and (5.3.18) are integrable equations. As such they are 
invariant under gauge transformations whose form follows uniquely from their functional 
variation of (5.3.17) and (5.3.18), according to the general scheme of FDAs. Equivalently, 
these symmetries can be described as the residual {)o(3, 2)-valued gauge transformations 
discussed above. 

Now, to make contact with the free unfolded equations in ^^5*4, one can further expand 
the one-form A around the AdS4 vacuum connection, 

A = n + Ai, (5.3.20) 

where Ai contains all fluctuation flelds (including spin 2) over the AdS4 background and 
is treated as a weak fleld. 

To the flrst order in curvatures, n = 1, and in fluctuations Ai, the space-time compo- 
nents of Vasiliev equations read 

Fi^. = -2(fi[^^17y)^^^ , (5.3.21) 

Do^^ = 0, (5.3.22) 

with F(i) = dAi + {n, Ai}^, and 

&'^\x;Y,Z) = — / dt' dttl(itt'LUQ'''^ZaZf3 + eQ''^Zad^)(^{x;-tt'z,y)K{tt'z,y) 
+ iitt'LjQZaZ0 — Cq Z0da] ^{x; y,tt' z)R{tt' z, y) > , (5.3.23) 



and D^^ = 0. Indeed, integrability ensures that 

[S,dx''dx''F^^]^^0 , (5.3.15) 

S*dx^'D^$ + dx^'D^^^i.^T{S) = , (5.3.16) 

whieh imply that (5.2.32) are covariantly constant in Z space. 
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where d^ = q^. We can see from here that, had we not postulated the nontrivial 
contraction rule (6.2.2) and (6.2.4), there would be no chance of obtaining a nontrivial 
right hand side in (5.3.21), since Q only contains y,y oscillators. Equation (5.3.22) is 
already of the desired form (5.2.2). Performing the i^r-product in (5.3.21) and projecting 
onto {Z = 0} one finally obtains (5.2.1) (where we note that what we called A there is 
a fluctuation filed over AdS^, and therefore has to be identified with Ai in this context), 
which is what we wanted to prove. 

Let us note that one could also expand A^ in terms of HS fields only (as well as 
higher derivatives of all fields), i.e., by treating exactly the whole vierbein and Lorentz 
connection while assuming Wfj_ to include weak fields. This procedure yields a manifestly 
diffeomorphism and locally Lorentz invariant expansion. 



Chapter 6 



Exact Solutions 



6.1 Introduction 

In the last Chapter we have presented the four- dimensional Vasiliev equations, that are 
naturally formulated in terms of SL{2; C) spinor oscillators in Lorentzian signature (3, 1), 
and we have described an explicit perturbative expansion that makes contact with the 
known free equations for massless fields of arbitrary spin. As shown above, this procedure 
amounts to first solving for the dependence from the auxiliary Z- variables and then plug- 
ging back in the pure space-time components of the field equations, that can be analyzed 
order by order in the interactions. In other words, one solves first the evolution along the 
infinite dimensional Z-fiber over each point of the space-time manifold, which generates 
infinitely many nonlinear terms in $, and then examines the resulting very complicate 
equations in a subspace that can be taken to be an ordinary four-dimensional space-time. 
Observe, indeed, that according to the general discussion on unfolded systems of Sec- 
tion 4.1.1, the FDA that corresponds to the Vasiliev equations makes the dependence 
on space-time coordinates completely auxiliary, and the dynamics is all encoded in the 
functions G"(W^) satisfying the generalized Jacobi identity (4.1.3). Moreover, as it should 
be clear from the component form of the equations (5.2.32-5.2.37), the only term that in- 
troduces a nontrivial dynamics in the system sits in the ZZ component of the curvature: 
this implies that the equations are homotopy invariant, i.e., the dynamics is preserved 
by the restriction to a single point in space-time. In other words, one may equivalently 
analyze the content of the equations by first solving for the space-time dependence from 
the equations that have at least one space-time index, and then for the Z-evolution. This 
strategy has moreover the advantage that solving the space-time equations is particularly 
easy, since they are zero- curvature conditions. The x-dependence is thus all encoded into 
gauge functions, and the local data (the zero-forms at a fixed space-time point) is the 
only nontrivial information that enters the Z-space constraints. Now, the latter are pure 
algebraic equations, that one has a better chance of solving exactly! One may always 
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reconstruct the space-time dependence of the solution at a later stage, by T<r-multiplying 
with the gauge function. 

This feature of the Vasihev equations, namely the fact that their projection to the fiber 
at a given space-time point preserves all the dynamical information, is remarkable, and 
was indeed exploited for finding the first nontrivial exact solution, other than the AdS 
background, in [97]. Locally, the solution describes a scalar field in a FRW-like metric 
with a space-like singularity, that can be resolved by the method of patches. The solution 
is asymptotically AdS and periodic in time, so that one may think of it as an "instanton 
universe" inside AdS [97]. More recently, the gauge function method has been used to 
describe the BTZ black hole metric as a solution to full three dimensional HS gauge theory 
[98]. 

This raises the question of how to Wick rotate solutions of the Lorentzian theory 
into solutions of a Euclidean theory. The main difficulty is to impose proper reality 
conditions given the doubling of the spinor oscillators due to the Euclidean signature. In 
this Chapter, we shall review the conclusions of the recent paper [99] , where the Vasiliev 
equations have been formulated using spinor oscillators in Euclidean signature (4, 0) and 
Kleinian signature (2, 2) as well, and new nontrivial exact solutions with novel properties, 
such as the excitation of all higher spin fields, have been found. The difficulty with the 
Euclidean signatures is resolved taking the master fields to be holomorphic functions of 
the left-handed and right-handed spinor oscillators subject to pseudo-reality conditions, 
as we shall see. 

In addition to the Euclidean signature, we shall consider the Kleinian signature as 
well. While in all signatures there is the possibility of a chiral asymmetry, in Euclidean 
and Kleinian signatures, the extreme case of parity violation involving half-fiat gauge 
fields can also arise. We refer to the latter ones as chiral models. In HS gauge theory, 
the HS algebra valued gauge-field curvatures can be made, say, self-dual, but the model 
nonetheless contains the anti-self-dual gauge fields through the master zero-form which 
contains the corresponding Weyl tensor obeying the appropriate field equation. Although 
this is contrary to what happens in ordinary Euclidean gravity, where the field equations 
can contain only self-dual fields, it is not a surprise in HS theory since the underlying 
higher spin algebra, which is an extension of S0{5), does not admit a chiral massless 
multiplet ^. 

There are several reasons that make the investigation of HS theory in Euclidean and 
Kleinian signatures worthwhile. To begin with, just as the Euclidean version of gravity 
plays a significant role in the path integral formulation of quantum gravity, it is reasonable 
to expect that this may also be the case in the quantum formulation of HS theory, despite 
the fact that an action formulation is yet to be spelled out (see, however, [101] for a recent 
attempt). For reviews of Euclidean quantum gravity, see, for example, [124] and [125]. 



^We shall leave a more detailed group-thcorctical analysis in all signatures to Chapter 7. 
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Another well known aspect of self-dual field theories is their ability to unify a wide class 
of integrable systems in two and three dimensions. It would be interesting to extend these 
mathematical structures to self-dual HS gauge theories to find new integrable systems. 

The chiral HS theories in Kleinian signatures may also be of considerable interest in 
closed N = 2 string theory in which the self-dual gravity in (2, 2) dimensions arises as 
the effective target space theory [126]. However, there are some subtleties in treating 
the picture-changing operators in the BRST quantization which have raised the question 
of whether there are more physical states [127], and in the case of open N = 2 theory 
an interpretation in terms of an infinite tower of massless higher spin states has been 
proposed [128]. It would be very interesting to establish whether these theories or their 
possible variants admit self-dual HS theory in the target space. While the N = 2 string 
theories may seem to be highly unrealistic, it should not be ruled out that they may be 
connected in subtle ways to all the other string theories which are themselves connected 
by a web of dualities in M theory. 

In this Chapter, we shall take the necessary first steps to start the exploration of the 
Euclidean and Kleinian HS theories. We shall start by determining the real forms of the 
complex HS algebra based on an infinite dimensional extension of 5*0(5; C) and formulate 
the corresponding higher-spin gauge theories in four-dimensional spacetime with signa- 
ture {4 — p,p). Maximally symmetric four- dimensional constant curvature spacetimes, 
including de Sitter spacetime, defined by the embedding into five-plane with signature 
(5 — q, q) are readily exact solutions. Fluctuations about these spaces arrange themselves 
into all the irreducible representations of 5*0 (5 — g, q) contained in the symmetric two- fold 
product of the fundamental singleton representation of this group, each occurring once. 
The details of this phenomenon will be provided in Chapter 7. 

We then devote the rest of the Chapter to finding a class of nontrivial exact solutions of 
these models, including the Euclidean and chiral cases. The key information about these 
solutions is encoded in the master zero-form which we recall contains a real ordinary scalar 
field, and the Weyl tensors ^ai---a2s ^"^^ ^ai,---a2s fo^ spin s = 2,4,6,... in the minimal 
bosonic model and s = 1,2,3,4,... in a non-minimal bosonic model [48, 129]. Our new 
exact solutions are constructed by using the oscillators to build suitable projectors, with 
slightly different properties in the minimal and non-minimal models. 

Our exact solutions fall into the following four classes: 

Type 0: 

These are maximally symmetric solutions (see Table 1) with 

0(X) = , ^a^-a2s = , <^ai...d2. = , 

45" 

:i ^A2a;2)2 ' 



e" = f^ W '*i-"»-i =0 ('6 1 11 
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describing the symmetric spaces S*,H4, AdS4,dS4,H3^2 = SO{3,2)/ SO{2,2), where |A| 
is the inverse radius of the symmetric space, x^ = x'^x^rjab, and rjab is the tangent space 
metric. In the above the zero-forms have spin s = 2,4,6,... in the minimal model and 
s = 1, 2, 3, 4, ... in the non-minimal model, while for Wfj,"'^'"""''^ , s = 4, 6, ... in the minimal 
model, and s = 1, 3, 4, 5, 6, ... in the non-minimal model. 

Type 1 : 

These solutions, which arise in the minimal models (and therefore are evidently solu- 
tions also to the non-minimal models with vanishing odd spins), are SO{p, 4— p) invariant 
deformations of the maximally symmetric solutions with 

(Pix) = z/(1-AV), $,,...«,,= , $A,...^,, = 0, (s = 2,4,...) 

e; = fi6; + \'f2X,x\ 1^/1-^-1=0 (s = 4,6,...), (6.1.2) 

where z/ is a continuous parameter and /i,/2 (see (6.3.85)) are highly complicated func- 
tions of x^, u, and a set of discrete parameters corresponding to whether certain projectors 
are switched on or off. The metric is Weyl-flat conformal to the maximally symmetric 
solution with a complicated conformal factor, and note that all the higher spin gauge 
fields vanish. Interestingly, a particular choice of the discrete parameters yield, in the 
z/ — > limit, the degenerate metric: 

^^■^ = (1 - A%2) A2a;2 • ^^•^•2) 

Degenerate metrics are known to play a role in topology change in space-time (see, for 
example, [94], and references therein). Interestingly, here they arise in a natural way by 
simply taking a certain limit in the parameter space of our solution. 

Type 2 : 

These are solutions of the non-minimal model that are not solutions to the minimal 
model. The spacetime component fields are identical to those of the maximally symmetric 
Type solutions, but, unlike in the Type solution, the spinorial master one-form is non- 
vanishing (see (6.3.102)). Even though all odd spin fields are vanishing, the solution exists 
only for the non-minimal model because the spinorial master field violates the kinematic 
conditions of the minimal model. In particular, this means that this type of solution 
cannot be a z/ ^ limit of the Type 1 solutions. Furthermore, the spinorial master field 
is parametrized by discrete parameters, again associated with projectors. 

Type 3 : 

These are solutions of the non-minimal chiral models in Euclidean and Kleinian sig- 
natures, in which all gauge fields are non-vanishing. These solutions also depend on an 
infinite set of discrete parameters and for simple choices of these parameters we obtain 
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two such solutions, in both of which 

0(x) = -1 , $„,...«,, = , W^/---i ^ . (6.1.4) 

In one of the solutions the Weyl tensors and the vierbein take the form 

$a....c... = -22^+^(2s-l)!!(^^^^ u^.^---U^^V^^^,---V^,^), (6.1.5) 

e", = j^^^^^[93S; + gA'x.x'^ + g,\'iJx),iJxr] , (6.1.6) 

where h,g,g3,g4,g5 are functions of x^ defined in (F.0.3), (6.3.126), and the almost com- 
plex structure Jab and spinors {U,V) are defined in (F.0.8) and (F.0.11), and e = ±1 as 
explained in Section 3.5. For the other solution we have 

$<i,..^,, = -2^^+1(25 -1)!!(^-^^ A(^i---A^./i^.+i---/ia..), (6.1.7) 
6''. + -gA^x^x'^ + h>^\jx)^{Jxr] , (6.1.8) 



^^ /i2(l + 2g) 



-2 .„ _, 



where the functions g,g4,g5 are defined in (6.3.134), and the almost complex structure 
Jab is defined in (F.0.10). 

These are remarkable solutions in that they are, to our best knowledge, the first exact 
solution of higher-spin gauge theory in which higher-spin fields are non- vanishing. We also 
note that the Weyl tensors in these solutions corresponds to higher-spin generalization 
of the Type D Weyl tensor that takes the form 0^,^^^ ~ A(Q,A^/i^/i^w up to a scale factor 
[131]. Type D instanton solutions of Einstein's equation in Euclidean signature with and 
without cosmological constant have been discussed in [100]. Our solution provides their 
higher spin generalization. 

After we describe the full HS field equations in diverse signatures in the next Section, 
repeating some of the steps of the previous Chapter to show where the difference in 
signature plays a role, we shall present the detailed construction of our solutions in Section 
6.3. We shall comment further on these solutions and open problems in the Conclusions 
to this Chapter. 

6.2 The Bosonic 4D Models in Various Signatures 

We shall first describe the field equations without imposing reality conditions on the 
master fields. These conditions will then be discussed separately leading to five different 
models in four-dimensional space-times with various signatures (see Table 6.1). 
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6.2.1 The Complex Field Equations 

To formulate the complex field equations we use independent SL{2;C)l doublet spinors 
iUa, Za) and SL(2; C)r doublet spinors (I/q, Za), generating an oscillator algebra with non- 
commutative and associative product ic defined by 



and 



Va-^yp 


= yayp + ieap , 


ya-^ Z/3 


= yaZp -iealS , 


(6.2.1 


Za-^yp 


= Zay/3 + i ^aP 5 


Za-kZ^ 


= ZaZf3 -ieaf^ , 


(6.2.2 


Va-^y^ = 


= yi,yp + ie^^ , 


Za'k yp ^ 


ZaViS ~ "^^Q/J ; 


(6.2.3 


ya-^z^ 


= yc.zp + ie^^ , 


Zq. -k Zi^ = 


ZaZ/j — le^p . 


(6.2.4 



All the definitions given in Section 5.2 carry over, except that the oscillators y and y, z 
and z are not related by hermitian conjugation and that now the full field equation have 
independent holomorphic and anti-holomorphic sources, 



^-i 



Cidz"' A dZa^ k K + C2(iz" A dZa^ ^ K 



(6.2.5 



D$ = , (6.2.6 

where Ci and C2 are complex constants. The curvatures and gauge transformations are 
still given by 

(6.2.7 

(6.2.8 



F = 


= dA + AkA, 


M = 


-- Dt 


D$ = 


= d$ + [A, $]^ , 


sS = 


= -'%% 



with 



[/,?]. = /^^-(-l)'i^s(/>s(^)?^7r(/). (6.2.9 



Since $ is defined up to rescalings by complex numbers, the model only depends on one 
complex parameter, that we can take to be 

C2 

c = — . 6.2.10 

Cl 

In components, the constraints read 

F^, = 0, 5^$ = d^$ + [A^,$]^ = 0, (6.2.11 

F^a = , F^^ = 0, (6.2.12 
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F^p = -'fe^pd^n, F.^ = -^fe^^^^R, (6.2.13) 

^.d = 0, (6.2.14) 

5„$ = 9„8 + A« ^ $ + $ ^ 7r(A„) = 0, (6.2.15) 

D^$ = (9c,$ + Ac. * $ + $ ^ vr(l^) = 0, (6.2.16) 

where (6.2.16) can be derived using tttt (A^,) = —A^- Introducing again 

the component form of the equations carrying at least one spinor index now take the form 
dX + [A^,S^l = 0, d^S^ + [A^,S^l = 0, (6.2.18) 

[S^,Sfsl = -2^e,^(l-ci$^«) , [5^,5^], = -2^e.^(l-C2$^«;) ,(6.2.19) 

[Sa,S^]. = 0, (6.2.20) 

Sa^^ + ^^7r{Sa) = 0, (6.2.21) 

Sa*^ + ^^n{Sa) = 0. (6.2.22) 

This form of the equations makes the following Z2 x Z2 symmetry manifest: 

(where the two transformations can be performed independently) keeping A^ and $ fixed. 
We note that Sa ^' —Sa is equivalent to Aa -^ —A^ — iza, idem Sa and A^- 

All component fields are of course complex at this level. Next we shall discuss various 
reality conditions on the (hatted) master fields that will lead to models with real physical 
fields living in space-times with different signatures. 
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6.2.2 Real Forms 

In order to define the real forms of tlie field equations one has to impose reality conditions 
on both adjoint one-form and twisted-adjoint zero-form, corresponding to suitable real 
forms of the higher-spin algebra and signatures of spacetime. There are three distinct 
real forms of the complex higher-spin algebra itself. In two of these cases there are two 
distinct reality conditions that can be imposed on the zero-form, leading to five distinct 
models in total, as shown in Table 6.1. The reality conditions are 

At = -a{A) , $t = ff(7r($)) , (6.2.24) 

where the possible actions of the dagger ^ on the spinor oscillators and consequential 
selections of real forms of 5*0(4; C) ~ SL{2; C) x SL{2; C) are given by 



lLx5f/(2)^ : 


ivn' 


= yi. 


(z")t = 


- rt 


(6.2.25) 




m' 


= yi. 


{-zy = 


- Z^ 




5L(2;C)diag : 


ivn' 


= r , 


(z")t = 


^ 1 


(6.2.26) 


xSp{2;^)R : 


ivl' 


= y", 


(z")t = 


^ 1 


(6.2.27) 




m' 


= r , 


(zy - 







Sp{2- 



and the map a is given in Table 6.1, with the isomorphism p given by 

PifiyLvL^L^i)) = f{ya,ya,-Za,-Za) (6.2.28) 

in the case of (4, 0) signature. Note that a is an oscillator-algebra automorphism in 
signatures (3,1) and (2,2), while it is an isomorphism in signature (4,0). Here, the 
SU{2) doublets are pseudo real in the sense that from (|/a)^ = —y^" idem {za)\ {yaY 
and {z^y it follows that {ya,ya, Za,Za) and {y'l, y'l; z'l, zl) generate equivalent oscillator 
algebras with isomorphism p. The reality property of the exterior derivative d, defined in 
(5.2.12), takes the following form in different signatures: 

Signature (3,1) and (2,2) : S = d, (6.2.29) 

Signature (4, 0) : poS = dop . (6.2.30) 

We note that the Euclidean case is consistent in the sense that 

p(rfz")f = prff(^")t = ^p(^t) = _dz^ (6.2.31) 



^The dagger acts as usual complex conjugation on component fields; in this Chapter we shall denote 
the conjugate of a complex number x by a;*, while reserving the bar for denoting quantities associated 
with the _R-handed oscillators. 
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is compatible with representing df using df /dz" = ^[za, /]*, which yields 

p f^dz^[z^J]?j = '-dz^p([f^,-z^'^l^ = '-dz^[pf,z% = ^rfz"[z„,p^p..32) 

Demanding compatibility between the reality conditions (6.2.24) and the master field 
equations (6.2.5) and (6.2.6), and using 

p((/t)t) = fi; ^ p {[idz"^ ^ dz^)^) = -idz'^AdZa, (6.2.33) 

one finds the following reality conditions on the parameters 

Signature (3, 1) : cl = C2 , (6.2.34) 

Signature (4, 0) and (2, 2) : c^ = Ci , 4 = C2 . (6.2.35) 

As a result, the parameter c is a phase factor in Lorentzian signature and a real number in 
Euclidean and Kleinian signatures. The parameters can be restricted further by requiring 
invariance under the parity transformation 

PiVa) = Va , Pod = doP , P^ = Id. (6.2.36) 

Taking A to be invariant and assigning intrinsic parity e = ±1 to $, 

P{A) = A , P($) = e$ , (6.2.37) 

one finds that the master equations are parity invariant provided that 



1 Type A model (scalar) 

—1 Type B model (pseudoscalar) 



(6.2.38) 



In Lorentzian signature, there is no loss of generality in choosing ci = C2 = 1 in the 
Type A model and Ci = — C2 = i in the Type B model, while in Euclidean and Kleinian 
signatures one may always take ci = C2 = 1 in the Type A model and Ci = — C2 = 1 in 
the Type B model. More generally, the parity transformation maps different models into 
each other as follows, 

P(ci) = ec2 , P(C2) = eci , P{c) = - , (6.2.39) 

c 

leaving invariant the Type A and B models. The maximally parity violating cases are 

Signature (3, 1) : c = exp(m/4) , (6.2.40) 

Signature (4, 0) and (2, 2) : c = . (6.2.41) 
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The case with c = shall be referred to as the chiral model, that we shall discuss in more 
detail below. 

The HS equations in Lorentzian signature have the Z2 symmetry acting as {Sa, S^) -^ 
{eSa,€Sa), and Z2 x Z2 symmetry in (4,0) and (2,2) signatures acting as {Sa,Sa) -^ 
{eSa, e'Sa), where e = ±1 and e' = ±1. 

Finally, let us give the reality conditions at the level of the 5*0(5; C) algebra and 
its minimal bosonic higher-spin extension. The adjoint representation of the complex 
minimal bosonic higher-spin Lie algebra is defined by ^ 

J)0(5;C) = {Q{y,y) : riQ) = -Q} , (6.2.42) 

and the corresponding minimal twisted-adjoint representation by 

T[[)0(5;C)] = {Siy,y) : r(5) = 7t{S)} . (6.2.43) 

The real forms are defined by 

()0(5-g,g) = {Q{y,y)ei)oi5;C) : Q^ = -aiQ)} , (6.2.44) 

T[[)0(5-g,g)] = {S{y,y) e T[i)o{5 - q,q) : S^ = a{n{S))} . (6.2.45) 

The finite-dimensional 5*0(5; C) subalgebra is generated by Mab, that we split into 
Lorentz rotations and translations {Mab, Pa) defined by 

7r(M,5) = Mat , vr(Pj = -P, . (6.2.46) 

For these generators, which by convention arise in the expansion of the master fields 
together with a factor of i, the reality condition (6.2.24) implies 

{Mab^ = (t{Mab) . (6.2.47) 

This condition is solved by 

Mab = -l^i^rabT^yay^S+icrabr^y^y^), Pa = ^{(TaT'-yaya , (6.2.48) 

where the van der Waerden symbols are defined in Appendix E and A^ is proportional to 
the cosmo logical constant, as shown in Table 6.1. The van der Waerden symbols encode 
the space-time signature rjab, and the commutation relations among the Mab then fix the 
signature of the ambient space to be 

VAB = iVab, -A') . (6.2.49) 



^A more detailed description of the complex higher-spin algebra and its representations is given in 
Chapter 3. 



— n 


-Ly^iJa 


= 0, 


D^Sa = , 


t^a) t^a\* - 


= 0, 


.*-'«) '-'/jjit 


= -2«e^/3 , 
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6.2.3 The Chiral Model 

In the chiral model with c = 0, the master field $ can be eliminated using (6.2.13), and 
expressed as 

$ = (^i + -S'' ^ S^) ^ K , (6.2.50) 

where we have chosen ci = 1 and Sa is given by (5.2.38). The remaining independent 
master-field equations now read 

(6.2.51) 
(6.2.52) 

So,i<S'^i^Sp + S'^i.Spi.S^ = 4iS^ . (6.2.53) 

We note that (6.2.22) holds identically in virtue of 5'^, ^ $ + $ ^ TT{Sa) = [S^, 1 + fS^" • 

Sa]* -k K = 0, where we used kk -k Sa -^^ kk = —Sa and [Sa, Sa]* = 0. The chiral model can 
be truncated further by imposing 

Aa = 0, -^A, = , -^Aa = . (6.2.54) 

In general, the chiral model also has interesting solutions with non- vanishing Aa, since 
fiat connections in non-commutative geometry can be non-trivial. 

6.2.4 Comments on Weak-Field Expansion and Spectrum 

The procedure, described in great detail in Chapter 5, for obtaining the manifestly diffeo- 
morphism and locally Lorentz invariant weak-field expansion of the physical field equa- 
tions can be extended straightforwardly to arbitrary signature. The expansion is in terms 
of spin-s physical fields with s 7^ 2 as well as higher derivatives of all fields, while the 
vierbein and Lorentz connection are treated exactly. 

In this approach one first solves (6.2.12)-(6.2.16) subject to the initial condition 

$ = $U=o , (6.2.55) 

e^ + u^ + W^ + K^, (6.2.56) 



Af^ — A^ 



z=o 
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where 



1 
2i 



—e "^P 



U^ = i-U^'^'Ma 



(6.2.57) 



Wfj_ contains the higher-spin gauge fields (and also the spin s = 1 gauge field in the 
non-minimal model); and we recall the field redefinition 



K„ 



— Co',, On ^ Ji 



ti Oq, * Op 






z=o 



luo^'^i'iAn^Af, 



d 



A, 



d 



+ 100^^^" {A^^ A, -—-A 



z=o 



P Qya P' 



z=o 



One also imposes the gauge condition 

A^^' = 0, If 
where we have defined the internal fiat connection 



4(°) - A 



$=0 



A 



(0) 



Af\ 



a|<J>=0 



(6.2.58) 
.(6.2.59) 

(6.2.60) 
(6.2.61) 



One then substitutes the resulting $ and A^, which can be obtained explicitly in a per- 
turbative expansion in $, into (5.2.32) and sets Z = 0, which yields a manifestly spin-2 
covariant complex HS gauge theory on the base manifold. Up to this point the local struc- 
ture of the base-manifold, nor the detailed structure of the gauge fields, have played any 
role. To proceed, one may refer to an ordinary spacetime, take e^" to be an (invertible) 
vierbein, and treat W^ as a weak field. This allows one to eliminate a large number of 
auxiliary fields in $ and W^, leaving a model consisting of a physical scalar = $|j,=g=o, 
the vierbein e^", and an infinite tower of (doubly traceless) HS gauge fields (pais) residing 
inlV^. 



The gauge choice (6.2.60) is convenient since it implies -^Af3\z=o = that simplifies 

the expansion [96]. However, there are also other gauges where Aq,|$=o is a fiat but non- 
trivial internal connection, and indeed this will be the case for the Type 1 and Type 2 
solutions that we shall present in Section 6.3. 

In the leading order in the weak fields, the two-form and one-form constraints for the 
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minimal model read 








'TlaP,'y5 = C2^a/3'y5 , 




^^A75 = ' 


s = 2 : 


< T^a^rfS = ' 




^^A75 = ' 




, T^a.M = , 




'^alSM = '^l'^a/37<5 ' 


s = 4,6,... : 


C (1) 

^a/3,7i...72s-2 = C2$a/37i.. 
< 


•72.-2 , ^ a/3,71. ..7fe7fe+l. -72.-2 




p(l) 
a/3,7i---7fc7fc+i---72s-2 


= 


^a/3,7l...72,_2 '^l^a/37i-72s-2 ' 



(6.2.62) 



(6.2.63) 



0-forms : V/<l'^,...^„^-'^" = ^A (<l>„^,...^„'^^-^" - mne,(^,e'^(^i<l>^,...^„)'3^-'^")) (,6.2.64) 

where for higher spins s = 4, 6, . . . and k = 0, . . . , 2s — 3, and for 0-forms \m — n\ = 
mod 4. In all cases, the zero-form system contains a physical scalar with field equation 

(V2 + 2A2)0 = . (6.2.65) 

In the Lorentzian case, where both Ci and C2 = c* are non-zero, the spin-2 sector consists of 
gravity with cosmological constant — 3A^, and the spin-s sectors with s = 4, 6, . . . consist 
of higher-spin tensor gauge fields with critical masses proportional to A^. The criticality 
in the masses, that implies composite masslessness in the case of AdS, holds in the dS 
case as well, where thus the physical spectrum is given by the symmetric tensor product 
of two (non-unitary) 5*0(4, 1) singletons (see Chapter 3 for details). 

In the Euclidean and Kleinian cases, the parameters Ci and C2 are real and indepen- 
dent. In case C1C2 7^ 0, the Lorentzian analysis carries over, leading to a composite 
massless spectrum given by symmetric tensor products of suitable singletons. However, 
unlike the Lorentzian case, the spin-s sector of the twisted adjoint representation can be 
decomposed into left-handed and right-handed sub-sectors of real states, corresponding 
to {$ai...Q„,Qi...Q„} with m — n = ±2s. These sub-sectors mix under HS transformations. 

In case either ci or C2, but not both, vanishes, that we shall refer to as the chiral 
models, the metric and the higher-spin gauge fields become half- flat. For definiteness, 
let us consider the case C2 = 0. The components of the zero-form that drop out in the 
two-form constraint, i.e. ^ai...a2si '^ow become independent physical fields, obeying field 
equations following from (6.2.64). 

6.3 Exact Solutions 

In this section we shall give four types of exact solutions to the 4D HS models given in 
the previous section. The salient features of these are summarized in the Introduction 
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HSA 


Signature 

?7afc 


Spinors 


X^ 


Reality 

a 


Symmetric 
space 


Hermitian 

isometries 


f)o(5) 


(4,0) 


5(7(2)^ X SUi2)R 


-I 


P 


S^ 


so(2)«)So(3) 


f}o(4,l) 


(4,0) 


SU{2)l X 5(7(2)^ 


+1 


pn 


Hi 


so(3,l) 


t)o(4,l) 


(3,1) 


^i(2,C)diag 


-1 


7T 


dSi 


so(3,l)' 


f}0(3,2) 


(3,1) 


^i(2,C)diag 


+1 


id 


AdSi 


so(3,2) 


i}0(3,2) 


(2,2) 


SL{2,R)lxSL{2,R)r 


-1 


id 


H3,2 


so(3,2) 



Table 6.1: The minimal bosonic higher-spin algebras t)o(p', 5 — p') D so{5 — p',p') in signature (p, 4 — p) 
can be realized with spinor oscillators transforming as doublets under the groups listed in the third 
column. These realizations obey reality conditions (MabY = <^(Mab), with hermitian subalgebras listed 
above. The symmetric spaces with unit radius have cosniological constant A = — 3A^. 

to this Chapter. Here we stress that (a) the Type solutions are maximally symmetric 
spaces; (b) the Type 1 solutions are 50(4 — p,p) invariant deformations of Type 0; (c) 
the Type 2 solutions, which exist necessarily in the non-minimal model, have vanishing 
spacetime component fields but non-vanishing spinorial master one-form; (d) the Type 3 
solutions, which exist in the non-minimal chiral model only, have the remarkable feature 
that all higher spin gauge fields are non- vanishing in such a way that the Weyl zero-forms 
are covariantly constant, in a certain sense that will be explained below. Before we give 
these four types of solutions we shall describe briefly the method for solving the master 
field equations using gauge functions. 

6.3.1 The Gauge Function Ansatz 

In order to construct an interesting class of solutions we shall use the Z-space approach 
[84, 87, 97] in which the constraints carrying at least one curved space-time index, viz. 



liv 



lia 











D^^ 



fia 




0, 



(6.3.1) 
(6.3.2) 



are integrated in simply connected space-time regions given the space-time zero-forms at 
a point p, 



$' 



$ 



p ' 



SL 



S, 



a\p } 



51 



s. 



a\p 5 



(6.3.3) 
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and expressed explicitly as 

A^ = L-^i<d^L, $ = L-^i<$'i<TT{L) , (6.3.4 

Sa = L-^i^S'^i<L , Sa = L-^i^S'^i<L , (6.3.5 

where L = L{x, z, z; y, y) is a gauge function, and 

L\p = I, d^$' = , d^S'^ = 0, d^S'^ = . (6.3.6 

The internal connections Aa and A^ can be reconstructed from Sa and Sa using (5.2.38) 
In particular note the relation 

Aa = Li.daL + L-^i.A'^i.L, (6.3.7 

from which it follows that 

S'^ = z^- 2i\ . (6.3.8 

The remaining constraints in Z-space, viz. 

[S'^,S'^l = -2te^p{l - c3' ^ ^) , [S'^,S'^l = -2te^^{l-C2^'^R) ,{6.3.9 

[S'^,S'^]. = 0, (6.3.10 

^> $' + $' ^ 7r(^;) = 0, (6.3.11 

S'^i.$' + $'i.7r{S'^) = , (6.3.12 

are then to be solved with an initial condition 

C'{y,y) = $'U=o, (6.3.13 

and some assumption about the topology of the internal flat connections 

^;W = S'Jc'=o , ST^ = S^\c'=o ■ (6.3.14 

In what follows, we shall restrict the class of solutions further by assuming that 

L = L{x;y,y) . (6.3.15 

The gauge fields can then be obtained from (6.2.56), (6.2.59) and (6.3.5), viz. 

e^ + co^ + W^ = L~'d^L - K^ , (6.3.16 

where 

K^ = ^^L-U(u;^''''S',^S'f, + uj^''^S'^^S'^^^L\^^^ . (6.3.17 

Hence, the gauge fields, including the metric, can be obtained algebraically without having 
to solve any differential equations in space-time. 
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6.3.2 Ordinary Maximally Symmetric Spaces (Type 0) 

The complex master-field equations are solved by 

$ = 0, Sa = Za , S^ = Zc, , A^ = L-^^d^L, (6.3.18) 

where the gauge function [87] 



L{x;y,y) = ^^7^ ^^P 
gives 



h 



(6.3.19) 



which we identify as the metric of the symmetric spaces listed in Table 6.1 for the different 
real forms of the model, in stereographic coordinates with inverse radius |A|. This metric 
is invariant under the inversion 

^a _^ _^al^y2^2^ ^ (6.3.21) 

and i74 is covered by a single coordinate chart, while the remaining symmetric spaces 
require two charts, related by the inversion. If we let x" = —x"'/{\^x^), the atlases are 
given by 

S^ {\^ = -1) : {x^-.OK -\^x^ < 1} U {£^ : < -A^i^ < 1} ^ (6.3.22) 

H^ (A^ = 1) : {x^ : < AV < 1} , (6.3.23) 

^^4 (A^ = -1) : {x^^ : -1 < -AV < 1} U {£^ : -1 < -\^x^ < 1} , (6.3.24) 

AdSi (A^ = 1) : {x^ : -1 < \^x^ < 1} U {x^' : -1 < A^i^ < 1} , (6.3.25) 

i732 (A^ = -1) : {x^ : -1 < -AV < 1} U {i^" : -1 < -\^x^ < 1} , (6.3.26) 

where the overlap between the charts is given by {x^ : A^x^ = —1} in the cases of 
S^, dS^, AdSi and -^3,2, and the boundary is {x^ : X^x"^ = 1} in the case of H4 and 
{x^ : X^x^ = 1} U {£^ : A^x^ = 1} in the cases of dSi, AdS4^ and -^3,2- The H32 space can 
be described as the coset 5*0(3, 2)/S'0(2, 2). 

6.3.3 S0{4: - p,p) Invariant Solutions to the Minimal Model 
(Type 1) 

Internal Master Fields 

A particular class of 5*0(4; C)-invariant solutions is given by the ansatz 

$' = //, S'^ = Za S{u) , S'^ = Za S{u) (6.3.27) 
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where 

u = y°'za , u = y'^Za ■ (6.3.28) 

The above ansatz solves (6.3.10)-(6.3.12). There remains to solve (6.3.9), which now takes 
the form 

[S"',S'J, = 4^(1 - ciz/e*") , [S'^S'^l = 4^(1 - C2Z/e-^^) (6.3.29) 

Following [86], we use the integral representation 

S{u) = f ds n{s) e^(^+')" , (6.3.30) 

S{u) = f ds n{s) e-5(i+«)^ . (6.3.31) 



which reduces (6.3.29) to 



(non)(t) = 5{t-l)-—{l-t), (6.3.32) 

(non)(t) = 6{t-l)-—{l-t). (6.3.33) 



with o defined by [86] 



{fog){t) = j^ dsj ds'5{t-ss')f{s)g{s'). (6.3.34) 

Even and odd functions, denoted by f^{t), are orthogonal with respect to the o product. 
Thus, one finds 

(n+on+)(t) = 4W-^, (n'on'm = ,^(t) + ^t, (6.3.35) 

(n+on+)(t) = 4W-^, (n-on-)(t) = ,-(t) + ^t , (6.3.36) 

where 

4(t) = i[5(l-t)±<5(l + t)] . (6.3.37) 

One proceeds [86], by writing 

oo 

n±(t) = m^{t) + Y,hPk , (6.3.38) 

fc=0 

where m^ are expanded in terms of Lq (t) and the functions {k > 1) 

4(t) = [sign(t)]^('^'^) f dsi--- [ dsk6{t-s,---Sk) 



-1 j-i 

fc-i 



[sign(t)]^(-'^)fi^iL, (6.3.39) 
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obeying the algebra {k, I > 0) 



^fc ^ ^/ 



'^k+l ) 



and Pfc(t) (A; > 0) are the o-product projectors 

(-1)" 



pm 



k\ 



-5^''\t) 



a 



(6.3.40) 
(6.3.41) 



obeying 



Plof = L,[f]pl, L,[f] = Jdtt' 



fit)- 



(6.3.42) 
(6.3.43) 



In particular, 

Piopr = ^kiPi . 

Substituting the expansion (6.3.38) into (6.3.35) and (6.3.36), one finds, in view of (6.3.40), 
(6.3.42) and (6.3.43), manageable algebraic equations. Transforming back one finds, after 
some algebra [97], 

m(t) = S{l + t)+q{t) , 



m 



CiU 



iFi 



1 ci_z/ . 1 

2' ' 2 



2;^ log,, 



+ tiFi 



1 „ ciz/ 1 

2' 2;-^ log ^ 



and 



where 



Afc = -29kLk[m] , 9ke{0,l} , 



Lk[m] = {-l'f + Lk[q], 



(6.3.44) 
(6.3.45) 

(6.3.46) 
(6.3.47) 



Lk[q] 



1- Wi- 



CiU 



I 



^^^ 'l-Jl + ^]iQ..3A8) 



2 V"V l + kj 2 V V 2 + A; 

The overall signs in m^ have been fixed in (6.3.45) by requiring that 

S{u) = 1 for z/ = and ^^ = . 
Treating n the same way, one finds 
m(t) = 6{l+t) + q{t) , 

1 ^ C2Z/ , 1 



m = -f (iF, 



1 c,/^ 1 

2;2;^iog^ 



+ tiF, 



.;2;-— log- 



Lk[m] 
Lk[q] 



-29kLk[m] , 4 €{0,1} 

-lf + L,[q], 
l + i-D" 



(6.3.49) 

(6.3.50) 

(6.3.51) 

(6.3.52) 
(6.3.53) 



1- Wl- 



C2jy 
1 + k 



i-i-iy 



1 + ^1(6.3.54) 
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Thus, the internal solution is given by 



$' 



together with S'^ and S'^ as given in (6.3.8) with 



(6.3.55) 



A' 

7'{proj) 
a 

where 



4'(reg) _|_ 'A'iproj) 



A 



A'.. 



-l{reg) 






-1 

oo 



z^ / rftg(t)e-^(^+*)" 



(6.3.56) 
(6.3.57) 



-iz^Y.^k{-lfLk[m]P, 



k[U 



A 



-'{proj) 



k=0 



Pk(u) 



Pk(u) 



1 

oo 

-iZa^Oki 
k=0 



-iyLk[m]Pkm^.5 



1 



ds e2(i-^)>Js) = - , 



62 , 



(is e 2 



(l-s)u 



, 1 fiu \ _1H 



are projectors in the i^c-product algebra given by functions of u and u, viz. 

Pk-*^F = Lk[f]Pk , Pk-kPi = 6kiPk , 
Pk-*^F = Lk[f]Pk , Pk'^'Pi = ^kiPk , 



(6.3.59) 
(6.3.60) 



(6.3.61) 
(6.3.62) 



for F{u) = /_\ rfset(i-^)«/(s) and F{u) = J^^ rfse-t(^-'^"/(s) with Lk[f] and Lk[f] given 
in (6.3.42). The projectors also obey {u~2ik)-kPk = and y'^ -k P^-k z a = i{k + l){Pk^i + 
Pk+i) with P_i = 0. We note the opposite signs in front of s in the exponents of (6.3.30), 
(6.3.31) and (6.3.59), (6.3.60), resulting in the (— l)'^ in the projector part (6.3.58) of the 



internal connection, which we can thus write as 



fc=0 

oo 
-iZa^ 



9kPi 



k^k 



CiV 



2k 



OokP 



2k^2k 



1 + 



3 + 2A; 



A 



■'(proj) 



k=0 '- 



hPl 



k-Tk 



l + 2k 



OokP 



2fc-' 2fc 



1 + 



3 + 2A; 



02k+lP2k+l 



02k+lP2k+l 



which are analytic functions of z/ in a finite region around the origin. For example, for 
Ci = C2 = 1, they are real analytic for —3 < Rez/ < 1, where also the particular solution 



(6.3.63) 
(6.3.64) 



CHAPTER 6. EXACT SOLUTIONS 134 

can be shown to be real analytic [97]. The reality conditions on the 6k and 6^ parameters 
are as follows: 

(4, 0) and (2, 2) signature : Ok , 9k independent , (6.3.65) 

(3, 1) signature : Ok = Ok ■ (6.3.66) 

Taking z/ = there remains only the projector part, leading to the following "vacuum" 
solutions 

$' = , (6.3.67) 

fc=0 ■ ^ ^ A:=0 ■ ^ ^ 

The Z2 X Z2 symmetry (??) acts by 

Ok ^ I- Ok, Ok ^ I -Ok. (6.3.69) 

The maximally symmetric spaces discussed in Section 3.2 are recovered by setting Ok = 
and Ok = for all k. In Euclidean and Kleinian signatures, and are independent, 
leading to four solutions related by Z2 x Z2 transformations. In Lorentzian signature, 
= leading to two solutions related by Z2 symmetry. 

Space-time Component Fields 

The calculation of the component fields follows the same steps as in [97]. The spin s > 1 
Weyl tensors vanish, while the scalar field is given by 

(f){x) = uh^x'^) = z/(l - AV) . (6.3.70) 

In order to compute the gauge fields, we first need to compute the quantity K^ given 
in (6.3.17). This calculation is formally the same as the one spelled out in the case of 
Ok = Ok = in [97], and the result is 

K, = ^oofvo^vp + ^ufvo^Vf,, (6.3.71) 



where 



1 - « ) r J r J '(1 + "Xl + s')n(s)n(a') 



•^ = '-T^ L '' L '' 1-..V' • <«-^-^^' 



'-1 j-i 

-.2\2 n n 



;i - ay- r j^ r ,M + ")(! + s')n(s)n(s') 



Q = -^-^ / ds I d. "^ -_^^^. . (6.3.73) 
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and 

Va = (1 + a'^)ya + '2{ay)a , Va = {1 + a^)ya + '2{ay)a , (6.3.74) 

with daa = ciaa defined in (F.0.3). We can simplify Q using n{t) = 6{1 + t) + q{t) + 

J^k'^kPkit), with Pk(t) given by (6.3.41) and A^ by (6.3.46) and (6.3.47). After some 
algebra we find 

Q(^;R}) = Q^'''\iy) + Q^''"'\iy;{0k}), (6.3.75) 



g(^™^) = (i-a^)^$^^(^.-^, 



f» ' 2k 



4fea^ /.I n n2 



fc=0 



A;! 



X ((-1)^= + L,(g)) ((-1)'^+! + L,+i(g)) , (6.3.77) 

where we note that Q depends on 6'^ only via Q^ — Ok+i- The same expression with q —^ q 
and 6k -^ 6k holds for Q. The regular part, which was computed in [97], is given by 

while a similar expression, obtained by replacing ci ^ C2, holds for Q. 

Since K^ is bilinear in the ya and |/o oscillators, it immediately follows that all higher 
spin fields vanish. Moreover, after some algebra, we find that the vierbein and so(4;C) 
connection are given by 



where 





e" = fi{x^)dx'' + f2{x^)x''dx''xb , 


(6.3.81) 




U^., = /(X^)4°j , ^a, = /(^^)4°j ' 


(6.3.82) 


/ 


l + (l-a2)2g 


(6.3.83) 


[1 + (1 + a^YQ] [1 + (1 + a^yq] - IQa'^QQ ' 


/ 


l + il-a^Q 


(6.3.84) 


[1 + (1 + a^yq] [1 + (1 + a2)2g] _ 16a4Qg ' 
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and 

/1 + AV/2 = ^, f2 = J^^^ifQ + fQ)- (6-3.85) 

By a change of coordinates, the metric can be written locally, in a given coordinate chart, 
as a fohation 



ds^ = edr^ + R^dnl, R^{t) = r^^] sinh2(v^r)| , (6.3.86) 

m^ I with e = ±1, and d\ 
curvature with suitable signature, and [97] 



where x^ = etan^| with e = ±1, and ^^3 is a three-dimensional metric of constant 



V = ^- (6.3.87) 

One has the following simplifications in specific models: 

Type A model: Q = Q, v = 1 + (^ + g^ a^)g ' ^^'^-^^^ 

Chiral model: Q = 0, v = t^, ^ . (6.3.89) 

1 + (1 + a^j'^Q 

The metric may have conical singularities, namely zeroes R{tq) = for which drRlro 7^ 1 
(we note that r]\r=o = 1, so that r = is not a conical singularity). The scale factor 
depends heavily on z/ as well as on the choice of the infinitely many discrete parameters 
6k and Ok- This makes the analysis unyielding, and we shall therefore limit ourselves 
to the case of vanishing discrete parameters and |z/| <^ 1. The resulting analysis was 
performed in [?] in Lorentzian signature, and it generalizes straightforwardly to Euclidean 
and Kleinian signatures. To this end, one examines the integrals (6.3.72) and (6.3.73) in 
the limits a^ — > ±1, where there are potentially divergent contributions from the region 
of the integration domain where s and s' approach ±1. These contributions are actually 
finite for a^ = 1, while they diverge as 

6 

when a^ -^ —1 (and the OiiP'^ contributions are finite). Focusing on a single chart, as 
listed in (6.3.22)-(6.3.26), a^ is bounded from below by (1 — a/2)(1 + v/2)~^, and hence, 
if \v\ <^ 1, then \Q\ <^ 1, and consequently the factor rj defined in (6.3.87) remains finite. 
Thus, for small enough z/, there are no conical singularities within the coordinate charts. 
However, they may appear for some finite critical z/. 

While the Q functions are complicated for u ^ 0, they simplify drastically at z/ = 0, 
where we find 

oo . 2k 

Q = -(l-«'fE^(^'^-^^+i)'- (6-3-91) 

A;=0 
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An analogous expression can be found for Q. Setting (6*^ — Ok+iY = 1, yields 

1 

1 — a 



Q = -T^-^,- (6.3.92) 



\i Q = Q = —{1 — a^) ^, which is necessarily the case in the Lorentzian models, then the 
equation system for ujaii and uj^^ becomes degenerate, and one finds 

_ (1-a')' ,(0) _ {^"'')c^pd^a^b . . 

^"/3 ^72 — ^«/3 - TT-o ' (b.3.y3j 



ia 



2 -«/3 - 2x2 



^^^ = ^^^-., = ^2 ' (6-3.94) 



leading to the degenerate vierbein 

and metric 

4{x"'dxa^'^ 
X^x'^h 



(6.3.95) 



ds- = ^-^^,^. (6.3.96) 



6.3.4 Solutions of the Non-minimal Model (Type 2) 

Internal Master Fields 

The non-minimal model admits the following solutions 

$' = 0, S'^ = z^^r{y,y), S'^ = z^^T{y,y) , (6.3.97) 

provided that 

r^r = f^f = 1, [r,f]^ = 0, 7r7r(r) = r, 7r7r(f) = I(6.3.98) 

The elements F and F can be written as 

F = 1-2P, f = l-2P, (6.3.99) 

where P{y,y) and P{y,y) are projectors obeying 

Pi.P = P, P^P = P, [P,P]^ = 0, mi{P) = P, mv{P) =(®?3..100) 

A set of such projectors is described in Appendix G, where we also explain why the 
projectors can be subject to the r-conditions of the non-minimal model, given in (5.2.14), 
but not to those of the minimal model, given in (5.2.13), unless one develops some further 
formalism for handling certain divergent T*r-products. 
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Space-time Component Fields 

Turning to the computation of the space components of the master fields, since z^ star- 
commutes with L, it immediately follows from (6.3.16), (6.2.59) and (6.3.97) that 

K^ = . (6.3.101) 

From (6.3.16) this in turn implies that all HS gauge fields and the spin-1 gauge field 
vanish, while the metric is that of maximally symmetric spacetime. To that extent, the 
Type 1 solution looks like the Type solution, but it does differ in an important way, 
namely, here the internal connection, i.e. the spinor component Aa of the master 1-form, 
is non- vanishing. Indeed, (6.3.97), (6.3.98) and (6.3.8) give the result 

Aa = -iZa-kV{x]y,y) , A^ = -iZa*V{x;y,y) , (6.3.102) 

where the quantities V and V, which shall be frequently encountered in what follows, are 
defined by 

V = L-^i<Pi<L, V = L-^i<Pi<L. (6.3.103) 

Their explicit evaluation is given in Appendix H, with the result (H.0.21). 

Whilst the internal connection does not turn on any spacetime component fields, it 
does, however, affect the interactions as it does not obey the physical gauge condition 
normally used in the weak-field expansion [96], namely that the internal connection should 
vanish when the zero-form vanishes. In this sense, the internal connection may be viewed 
as a non-trivial fiat connection in the non-commutative space. 

6.3.5 Solutions of the Non-minimal Chiral Model (Type 3) 

Internal Master Fields 

In the case of the non-minimal chiral model, defined in Section 2.3, it is possible to use 
projectors P{y, y) to build solutions with non-vanishing Weyl zero-form and higher spin 
fields. They are 

$' = {l-P)^K, S'^ = Za^P, S'^ = Za^T , (6.3.104) 

where 

Pi.P = P, f^f = 1, [P,f]^ = 0, 7r7r(P) = P, 7r7r(f) =(O..105) 

These elements of the T^r-product algebra can be constructed as in Section 6.3.4 and Ap- 
pendix G. 
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For the purpose of exhibiting exphcitly the spacetime component fields, we choose to 
work with the simplest possible projectors, namely 

P^{y) = 2e-2™^ = 2e'y^y , (6.3.106) 

P_(y) = 2e-2™^ = 2e'^~^y , (6.3.107) 

where e = ±1, and u, v, u, v, ba/s and b^^ are defined in Appendices F and G. 

Space-time Component Fields 

The master gauge field and zero-form are given by 

e, + u, + W, = -T+-^T + ^^^^ (6-3.108) 

and 

$ = [L-^^{l-P)^K^n{L)]\z=o = l-V\y^=o, (6.3.109) 

where V is given by (H.0.21) and we have used (5.2.21). Remarkably, since there is no y- 
dependence in the Weyl zero-form $, it is covariantly constant in the sense that ^a{m)a{n) 
vanishes unless m = 0. Moreover, using (H.0.21), it is straightforward to compute the 
constant value of the physical scalar field, with the result 

<J){X) = 1-4 Yl (-ir'-^^-'^^n.n, , (6.3.110) 

where Oni,n2 are constrained as in (G.0.15). Summing over all n2, as explained in Appendix 
G, and using (G.0.17) with x = 0, i.e. J2T=oi~^)^ ~ 2' '^^^ finds that for the reduced 
projector (G.0.19), the scalar field is given by 



1-2 ^ {-ir-29n, (6.3.111) 






where 6n obey the condition given below (G.0.19). Finally setting 6n = 0{±n), one ends 
up with P = 1, i.e. in the Type case, where indeed (f){x) = 0. 

In the special cases of (6.3.106) and (6.3.107), one finds 



[2ya - (1 + a ^)y]b[2 ay + (1 + a^)y] 
[l-a- 



W = L-i^P+^L = 2exp ( -6 ^""" ''^^ "//^ '^ ^17 ^y^^-m )^ (^_3_i^2) 



-1 , o , r _ o„ ./ ^2ya-{l + a ^)y]b[2ay + {l + a^)y] 

:i-a2^2 



V. = L-'^P.^L = 2exp -e '^''^ '^ ^ \i'^" 'Z ' ^ ^ ^'^ ] (6.3.113) 



CHAPTER 6. EXACT SOLUTIONS 140 

where a^a and ba/3 are defined in Appendix F and e is defined in (6.3.106) and (6.3.107). 
The physical scalar is now given in both cases by 

0(x) = -1 , (6.3.114) 

and the self-dual Weyl tensors in both cases by (s = 1, 2, 3, ....) 

*a(2s) = 0, (6.3.115) 

while the anti-self-dual Weyl tensors take the form 

^t-^,. = -2''^\2s - 1)\\ (^^^'^ u^^,---U^^V^^^,---V^,^), (6.3.116) 

^a,...a,. = -2''^\2S - iy.\ (^-^^ \ia,---\asfia.^,---fia,.), (6.3.117) 

with spinors {U,V) defined in (F.0.11). 

In the case of A^ = 1 in Euclidean signature, we only need to use one coordinate chart, in 
which < h^ < 1. The Weyl tensors blow up in the limit h'^ -^ 0, preventing the solution 
from approaching H4 in this limit. In this sense the above solution is a non-perturbative 
solution without weak-field limit in any region of spacetime. Indeed, in the perturbative 
weak-field expansion around the H4 solution, the scalar field has non-vanishing mass, 
preventing the linearized scalar field from being a non- vanishing constant. 

In the case of A^ = —1 in Euclidean signature, the base manifold consists of two 
charts, covered by the coordinates in (6.3.22). Thus, in each chart we have 1 < h"^ < 2, 
and so the local representatives (6.3.116) and (6.3.117) of the Weyl tensors are well-defined 
throughout the base manifold. 

Finally, in the case of A^ = — 1 in Kleinian signature, one also needs two charts, with 
< /i^ < 2, and hence the Weyl tensors blow up in the limit h'^ -^ 0, preventing the 
solution from approaching H32 in this limit. 

From the Weyl tensors, which are not in themselves HS gauge invariant quantities, one 
can construct an infinite set of invariant (and thus closed) zero-forms [97], namely 



f (rv(rz - - 
C^- = y ^|^[(<I.^7r(<I.)r^/./.. (6.3.118) 



Remarkably, on our solution they all assume the same value, given by the constant value 
of the scalar field, viz. 



';i+';2 



C^- = (l-V)*^1,=s=o = 1-4 Y. (-ir+"^"^^n„n. . (6.3.119) 



rai,n2eZ+2 
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The calculation of the metric in the two models proceeds in a parallel fashion as follows: 
The P+ Solution: 

From (6.3.108) and (6.3.112) a straightforward computation yields the result 

e^.aa = e^l + 12(l + /i)/i-"6(,^(6a)7)«^?, (6.3.120) 

^M"/3 = ^ia/3 + 12/i-VA<5)^?. (6.3.121) 

u^^^ = uf^^ + 4(1 + hfh-' Haha)^^h,, + 2(a6),,(a6)^,] u^l' . (6.3.122) 

First we solve for the spin connection from (6.3.121) by inverting the hyper-matrix that 
multiplies uj^^\ obtaining the result 



^lia(5 — 9l 

where 



'^il - 89(H'.°''')<.«1 + 'JiKgV'u,^' , (6^3J23) 



«-r^' «-^ (1-2^0-4,) ■ «-'-^' ("■^^*) 

Substituting this result in (6.3.120) then gives the vierbein 

el = ^2(]~_^2g) t^'^^ + ^4A%x« + g,\\Jx),{Jxr] , (6.3.125) 

where 

(?3 = l + 2/^-^ g^ = 2g g, = -^^ , (6.3.126) 

1-4^ 

and the spin connections are given in (6.3.123) and (6.3.122). Thus, the metric g^i, = 
e^e[j, rjab takes the form 

4 

^^^ = ^4Q , 2 p bs^Mi' + ^4(A^a;2^4 + 2g3)x^x^ + g^{\^x'^g^ + 2^3) (Ja;)^(Ja;)^] . 

(6.3.127) 
The vierbein has thus potential singularities at /i^ = and h"^ = 2. The limit /i^ — * is a 
boundary in the case of A^ = 1 in Euclidean signature and A^ = — 1 in Kleinian signature. 
At these boundaries e^" ~ h~'^x^x"', i.e. a scale factor times a degenerate vierbein. In the 
limit /i^ -^ 2 one approaches the boundary of a coordinate chart in the case of A^ = 1 in 
Euclidean signature and A^ = — 1 in Kleinian signature. Also in this limit, the vierbein 
becomes degenerate, viz. e^" ~ h~'^{Jx)^{Jxy. 

The P Solution: 
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A parallel computation that uses (6.3.108) and (6.3.113) yields the result 

e^- = e2, + 12AV(l + /i)/i-^6(«^(H^)^cc;;^^ (6.3.128) 

^/.a/3 = ^S/3 + 12(AV)2/^-%^6^5)Cu;^^ (6.3.129) 



,-,(0) 



^M^/3 = ^1^5 + 4(1 + ^)^ -{-aba),^b,s + 2{ba),^{ba)s^ u^l^ (6.3.130) 



7<5 



where bap is defined in (F.0.9). As before, solving for the spin connection from (6.3.129) 
by inverting the hyper-matrix that multiplies ijj^^\ we obtain 



^lia(5 — Ql 



U 



(0) 



(bufb)J + hKpiP'^Z ' 



where 



1 



9i 



92 



Ag 



2^2\2. -4 



~g = {X'x'fh 



l-4g' "^ {l-2g){l-Ag)' 

Substituting this result in (6.3.128) then gives the vierbein 

~^ ^S: + -gA'x^x'^ + ~g,\'{Jx)^{Jxr 



(6.3.131) 



(6.3.132) 



^ h^l + 2g) L 
where Jab is defined in (F.0.10) 



(6.3.133) 



2^2l-4 



2^2.-4 



^4 = 2yx^h 



95 



QYx'h 



(6.3.134) 



and the spin connections are given in (6.3.131) and (6.3.130). Thus, the metric g^y 
e^e^ t]ab takes the form 



9fj.u 



h^[l + 



>~l2 



Vf^u+94{>^ X g4 + 2)Xf,x^ + g5{X X g5 + 2){Jx)i,{Jx)y . (6.3.135) 



The vierbein has potential singularities at /i^ = 0, /i^ = 2 and /i^ = |. The singularities 
at /i^ = and K^ = 2 are related to degenerate vierbeins exactly as for the P^ solution. 
The singularity at /i^ = |, which arises in the case of A^ = 1 in Euclidean and Kleinian 
signature, also gives a degenerate vierbein. This is an intriguing situation since the latter 
degeneration occurs inside the coordinate charts. 



Chapter 7 

Singletons, Anti-Singletons and HS 
Master Fields 



The aim of this Chapter is to elaborate further on the relevant representations entering 
the Vasiliev equations. We have seen in Chapter 3 that the spectrum of physical fields 
that emerges from the analysis of the linearized curvature constraints actually fits the 
doubleton spectrum (3.2.56) [65, 66]. In AdSn such states fill up a unitary multiplet of 
the HS algebra, and are in correspondence with the modes of normalizable fluctuation 
fields of all spins, with finite Killing energy [133]. In Chapter 4, we have also remarked 
on the fact that, in an unfolded system, all the local physical degrees of freedom are 
contained in the zero-form at a point in space-time, that is to say, in the basis monomials 
of the twisted adjoint zero-form $ (see eqs. (3.1.83) and (7.6.16)). Our purpose is now to 
have a closer look to this basis of operators in order to establish a direct correspondence 
between the master-field description and the massless irreducible representations earlier 
examined. In other words, we want to construct a map that exhibits the physical content 
of the master fields, arranged into massless irreps of the background isometry algebras, 
without solving the various torsion-like constraints of the unfolded system. This aim will 
be accomplished with the construction of a map that essentially involves two steps: 

1. Performing a nontrivial change of basis, that connects the so{D; C)-covariant tensors 
of the master fields with the so(2; C)©so(-D— 1; C)-covariant elements of the massless 
modules; 

2. Defining a reflection map that essentially sends states to operators and viceversa, 
preserving the representation properties. 

This mapping will be defined at the level of complex representations, and later re- 
stricted to the various real forms of the HS algebra. As we shall see, the outcome will be 

143 
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that to each basis monomial of the twisted adjoint representation there corresponds a "co- 
herent" superposition of infinitely many states, and, viceversa, to every state in the lowest 
weight modules there corresponds a nonpolynomial combinations of basis monomials. 

This analysis provides some insight into various features of Vasiliev equations. For 
example, it shows that, while the on-shell content of the twisted adjoint zero-form is 
related to the tensor product of two singletons, that of the adjoint one-form is related 
to the finite-dimensional 3o{D + 1; C)-modules that arise from the tensor product of a 
singleton and its negative-energy counterpart, called anti- singleton. Thus, an intertwiner, 
that transforms singletons in anti-singletons, connects the two modules, in a way that is 
reminiscent of the role of the operator k, in the full Vasiliev equations. 

Another outcome is that the twisted adjoint representation contains not only the mass- 
less lowest-weight or highest-weight modules: indeed, for every spin s, a bigger indecom- 
posable module (that contains also a lowest-spin module, rather than lowest energy mod- 
ule) sits in principle in the zero-form master-field, and all its elements can take part in the 
dynamics. The states in the lowest-spin module do not admit an interpretation as compos- 
ites of singleton, and correspond to non-normalizable solutions of the free-field equations, 
with divergent Killing energy. However, it is important to know the full structure of the 
twisted adjoint module, not only for analyzing the perturbative spectrum of physical ex- 
citations in any signature, but also for including in the analysis nonperturbative degrees 
of freedom, like the static linearized solution $|p = ^^^^^^ found in [97]. 

Finally, the problem of potential local divergencies in HSGT, due to the contribution 
of an arbitrary number of derivatives to some interaction vertices (as, for example, in 
the scalar-field corrections to the stress-energy tensor calculated in [102]), is mapped to 
the problem of divergent T*r-products of nonpolynomial combinations of generators. This 
is however a somewhat more transparent setting, and indeed we make a proposal for an 
explicit regularization scheme. 

This Chapter is organized as follows. We begin by defining some of the key tools that 
will be useful for establishing the correspondence: a nontrivial trace operation on the 
algebra A (defined in (3.1.12) and (3.1.22)), that will endow the latter with a nondegen- 
erate inner product, and certain reflector states, that possess a series of useful properties. 
Indeed, the trace operation on A can be defined via the expectation value of its elements 
between such reflector states and their duals, and, more generally, they lie at the heart 
of the state/operator correspondence mentioned above. For example, they enable a pre- 
sentation of the master-fields as left bimodule constructs. Then, we proceed to a general 
definition of the twisted adjoint indecomposable module in compact basis, i.e., in the ba- 
sis of operators with definite so(2; C) ©so(-D — 1; C) quantum numbers. As stated above, 
the latter are given by nonpolynomial combinations of the twisted adjoint basis monomi- 
als. We recover, in this fashion, the Flato-Fronsdal theorem and the composite nature of 
massless lowest-weight modules (and their negative energy counterparts, that are highest- 



CHAPTER 7. SINGLETONS, ANTI-SINGLETONS AND HS MASTER FIELDS 145 

weight modules). Moreover, we also investigate the structure of the lowest-spin module, 
containing the above mentioned nonperturbative degrees of freedom: in particular, the 
static linearized solution '^"^j^-^ will enter here as one of the two static ground states from 
which the entire compact twisted adjoint module can be generated. We also stress the 
appearance, in odd D > 7 dimensions, of scalar submodules that generalize the scalar 
singleton representations, as their weight diagram consists of p lines {p = {D — 5)/2), 
which we shall refer to as p-linetons. In D = 3 + 2p, p = 1,2,..., we find similar spin-1 
p-linetons that generalize the 5D spin-1 singleton. Next, we examine the inverse proce- 
dure of embedding so{D; C)-tensors into the compact basis as superpositions of infinitely 
many states. In particular, we give a realization of the (composite) refiector states as 
so{D; C)-invariant combinations of states in the massless scalar representations. We also 
find an analog of the Flato-Fronsdal theorem for the tensor product of the singleton with 
an anti-singleton: the decomposition is given in terms oi finite- dimensional modules {i.e., 
lowest and highest-weight modules) of so{D + 1;C), in terms of which the content of 
the adjoint master field can be analyzed. We also examine a relation between adjoint 
and twisted-adjoint representation that provides a direct explanation for the agreement 
of the eigenvalues of the Casimir operators in the two representations. Finally, we com- 
ment on real forms, and on the inner products on A defined through the trace operation. 
In D = 4, for a composite refiector expanded over states belonging to the scalar and 
spinor singleton representations, the latter corresponds (modulo overall factors) to the 
supertrace operation^ defined in [63] for the oscillator realization. This setting furnishes 
a particularly simple example of a composite refiector state with finite norm induced by 
the standard inner product of the singleton representations. Finally, we comment on the 
issue of divergent ^^r-products of nonpolynomial elements and on a possible regularization 
scheme for the weak-field expansion of the Vasiliev equations. 

The results collected in this Chapter have been obtained in [134] and [135]. 

7.1 Non-composite Trace and Reflector 

The quotient algebra A can be equipped with a non-composite trace operation Tr : ^ i-h^ 
C defined by the projection^ on the so{D + l;C)-singlet Xq in the basis (3.1.22), or, 
equivalently (since (3.1.52) and (3.1.53) are strong identities, i.e. they hold in U, and X„ 
contains X*^°'°) if and only if n = 0), on the so{D; C)-singlet X*^°'°) in the basis (3.1.52), 



^For further details on the relation between inner products, trace and supertrace operations in the 
simpler context of onc-diniensional Fock spaces we refer to Appendix I. 

^We note that if Tr is a cyclic trace operation and X is not a singlet then Tr[X] — 0, since X can be 
written as a commutator. Thus, up to normalization, any trace operation on A is the projection onto the 
unity in some basis, where the choice of basis is a crucial part of the definition in the infinite-dimensional 
case. 
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viz.^ 



Tr[X] = Xo = X(0'°) . (7.1.1) 

This trace operation is well-defined on A, since X ~ X' iff X and X' have the same 
expansions in the bases (3.1.22), or, equivalently (3.1.52). The cyclicity follows from the 
invariance of Tr under the anti- automorphism r defined in (3.1.7), that is 

Tr[r(X)] = Tr[X] . (7.1.2) 

Indeed, given two elements X,Y ^ A, this implies 

Tr[X^r] = Tr[r(X^r)] = Tr[r(r) ^r(X))] = Tr[F*X], (7.1.3) 

as can be seen by splitting X = X+ + X_ with t{X±) = ±X±, idem Y, and noting 
that Tr(X-|- T'rY'ip) = 0. The trace equips A with an non-degenerate bi-linear inner product 
(X, Y) 1-^ TrfXikry] that is invariant under the adjoint action of .4 on itself, which includes 
not only so(-D + 1; C) but also its higher-spin extension. 

The basis elements TA(n),B(n) and Ta(n),b(m) defined in (3.1.23) (we suppress the hat 
on the basis elements (3.1.23) in this Chapter, as that notation will be reserved here to 
elements of the enlarged algebra (7.1.21)) and (3.1.53), respectively, have inner products 

Tr[T^(„),^(„)^T^(-)'^(-)] = 5™„45;:}:?g^^^ (7.1.4) 

TrfT^ . T^c(n'),d(m')] _ r r r{c(n),rf(m)} . r /y -, p.\ 

J-I [-'a(n),fe(m) * -t J — On^n'Onijin'O r^/^\ij/^^\yJ\ (^n,m)o ) [l.l.O) 

where the normalizations are given by 

\r \ \ \ ( ^^_„ n!(n + l)!(eo)„ 

J^in,n)n+i = A„A„„i ■ ■ ■ Ai = (-2) -^ , (7.1.6) 

1^0 + 2 Jn 



^f x(o)x(o) 3^(0) ^,„ n!(n + l)!(26o)„ 

1^0 + 2 J" 



(7.1.7) 



^We remark that at the level of the full enveloping algebra U[q] of a general Lie algebra g, i.e. prior 
to factoring out any other ideal than the commutation rules of g, the trace operation Tr[X] = Xi, where 
Xi is the coefficient of 1, is trivial, that is Tr[X*y] — {X-kY)i = XiYi. At the level of quotient algebras 
U[q]/T[R], where T[R] is the annihilator of a representation R of g, the trace Tr is equivalent to the 
composite trace over R, that is Tri^[X] — '^n{^*\'^\^) where |n) and {n*\ are basis elements for R and 
R* and {m*\n) = (5™, if R is finite-dimensional. In case R is infinite-dimensional, more care is required. 
Thus, in the case at hand, we shall distinguish between the non-composite trace Tr on A (defined in the 
basis (3.1.22)) and the composite trace Ti'Og over the scalar-singleton lowest-weight space Do- We note 
that the composite trace can be rewritten as Tr/j[X] — i2(l*|X(l)|l)i2 where the composite reflectors 
are defined by |l)i2 — J2n 1*^)1 '^ l")2 ^-nd 12(1*! = J2n i('^*l ® ^{n*]. Moreover, in case the ideal X[_R] is 
non-trivial, both types of traces are non-trivial, i.e. Tt[X -^Y] 7^ (Tr[X])(Tr[y]) idem Tr^. 
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as can be seen by repeated use of (3.1.33) and (3.1.58), {x)n being the Pochhammer 
symbol, (x)„ = T{x + n)/T{x). For example, 

Tr[r„(„)^Tb(„)] = Tr[P{,, ^■■■^P,„}*Tb(„)] 

= Tr[P|„, ^ ■ ■ ■ ^ P„„_, ^ (T„+i + T„ + X^^\„}{b,T,^n-i)})] 

= Tr[P|,,^---^P„„_,^Ai°)r7,„H^,T,(„_i)|] , (7.1.8) 

where T„ denote traceless symmetric ^-products of n translations, and we have used the 
fact that Tr[T„+i -kTn-i] = Tr[T„ -kTn-i] = 0. In particular, using 

[n/2] 

V(n)} - Z.^^(^ ^^(2)) V-2fc) ' ^' ~ 4A.A;!(-n-eo + |)fc ' ^ ^^ 
from which it follows that 

r{Oin)} _ V^ {-n)2k _ ^-n (2eo + l)n ^711^ 

we obtain 

T.rr ^T ] - ( nn^-2n ^K^ + l)K2eo)n(2eo + l)„ f7iin 

ir[io(n)^Jo(n)J - (-1)4 ^ 3 . (7.1.11) 

The non-composite trace Tr can equivalently be realized as the expectation value 

Tr[X] = i2(l*|X(l)|]l)i2, (7.1.12) 

where |ll)i2 G ^ and 12(1*1 G B* are a non-composite reflector and non-composite dual 
reflector belonging to the A left and right bimodules^ 

B = {|X)i2: \/(O|X)i2 = 0,e=l,2} , (7.1.13) 

B* = {i2(X*|: i2(X*|V(O = 0,e = l,2} , (7.1.14) 

(where V is the singleton annihilating ideal defined in (3.1.9), (3.1.10) and (3.1.11)) obey- 
ing the overlap conditions 

(X(l)-(rovr)(X)(2))|ll)i2 = 0, i2(r|(X(l) - (r o 7r)(X)(2)) = (7.1.15) 



^In general, given a vector space V that is a left module of an algebra A, the dual V* carries a natural 
right action of A, such that v*{Xw) = {v*X){w) for v* e V* , w e V and X e A. This generahzes 
straightforwardly to bimodulcs. A an element X12 in a bimodule is referred to as composite in case it 
can be represented as a sum of factorized elements of the form ui ® W2. In finite-dimensional bimodules 
all elements are composite, while this is not necessarily the case for infinite-dimensional bimodules. 
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for all X G ^ and where tott is the anti-automorphism composed by the anti-automorphism 
r defined in (3.1.7) and the automorphism vr defined in (3.1.43), and the pairing between 
the refiector and its dual is normalized to 

i2(r|]i)i2 = 1 . (7.1.16) 

Eq. (7.1.12) is a consequence of the cyclicity property 

i2(]i*|(x^r)(i)|]i)i2 = i2(r|(r^x)(i)|i)i2, (7.i.i7) 

which follows from (7.1.15) and (vrr)^ = Id (the cyclicity implies the so{D + 1;C)- 
invariance i2(11*|[M4b(1),X(1)]^|1)i2 = so that if one expands X as in the basis 
(3.1.22), dropping the ideal parts in view of the definitions (7.1.13) and (7.1.14), one 
finds i2(]l*|X(l)|l)i2 = Xo = Tr[X]). We also notice that the overlap conditions (7.1.15) 
are equivalent to 

(M,,(l) + M„,(2))|l)i2 = 0, (P,(l)-P„(2))|l)i2 = 0, (7.1.18) 

i2(]l*|(M„5(l) + M„,(2)) = 0, i2(r|(P„(l)-P„(2)) = 0, (7.1.19) 

which means that the refiectors are so{D; C)diag-iiivariant. 

Next we observe that the map tt is an outer automorphism of A. Upon defining the 
operator k by 

ki<X = 7r{X)i<k, ki<k = 1, T{k) = n{k) = k, (7.1.20) 

the map vr becomes an inner automorphism of the enlarged algebra 

A = A®iAi<k) . (7.1.21) 

Since A-k k does not contain the unity, we have 

Tr[X] = Tr[X] , (7.1.22) 

from which it in particular follows that Tr[A;] = 0. Moreover, since 7r(y) = V it follows 
that if |X)i2 G B and u{X*\ G B*, then k{C)\X)u G B and i2(X*|A;(0 e B* for ^ = 1,2. 
We can now establish a sequence of refiection maps 

Bu ^ Au ^ Bl, , (7.1.23) 

by making the definitions 

23(1*1 ^|]l)l3 = I12, (7.1.24) 

{kil)-k{2))\l)^2 = 0, i2(l|(A;(l)-A;(2)) = 0. (7.1.25) 
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Explicitly, the reflection maps are given by 

\X)u = X(l)|]l)i2 , i2(X*| = 12(]11X(1) , (7.1.26) 

Xi2 = 23(]l*K|X)i3 = 23(X*K 11)13, (7.1.27) 

with X = X + Yi<keA. We note that from (7.1.18) and (7.1.19) it follows that the 
quantity Ou =23 (M ^ |Il)i3 obeys X i< O = O i< X for all X E A, ^o that O = cl, 
and hence the deflnition (7.1.24) amounts to setting c = 1. We also deflne the twisted 
non- composite reflectors 



1)12 = 


k{l) 1)12 = k{2) 1)12 , 


(7.1.28) 


12(1*1 = 


i2(r|A;(l) = i2(r|A;(2) , 


(7.1.29) 


obeying the overlap conditions 






(X(l)-r(X)(2))|i)i2 


= 0, i2(l*|(X(l)-r(X)(2)) = 0, 


(7.1.30) 



which in particular imply that the twisted reflectors are so{D + 1; C)diag-invariant, and 
having the normalizations 

12(1*11)12 = 1 , 12(1*11)12 = 12(1*11)12 = , (7.1.31) 

23(i*h|i)l2 = ll3, 23(i*K|l)l2 = 23(l*K|i)l2 = A;i3. (7.1.32) 

The trace Tr can now be written as 

Tr[X] = i2(r|X(l)|l)i2 , (7.1.33) 

since i2(r|X(l)|i)i2 = i2(11A;(2)X(l)A;(2)|l)i2 = i2(llX(l)|]l)i2 = Tr[X]. 

The trace operation Tr induces higher-spin invariant bilinear forms on the adjoint and 
twisted-adjoint representations: 

{Q,QX = TilQ^Q'] = i2{Q\Q')i2, (7.1.34) 

{S,S')t = TT[n{S)^S'] = i2{n{S)\S')i2 , (7.1.35) 

where (7.1.26) has been used to deflne 

\Q±)i2 = g(l)|l)i2 = |(Q±(l)Tvr(Q±)(2))|]l)i2, (7.1.36) 

|5±)i2 = ^±(l)|l)i2 = |(5±(l)±5±(2))|]l)i2, (7.1.37) 



and 



i2(g±i = i2(iig±(i) = ii2(ri(g±(i)T7r(Q±)(2)), (7.1.38) 

12{AS±)\ = i2(r|7r(5±)(l) = ii2(l*|(7r(5±)(l)±7r(5±)(2)), (7.1.39) 
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carrying the higher-spin representations 

|AdQg')i2 = (g(i) + 7r(Q)(2))|Q')i2 = g|g')i2, (7.1.40) 

\MqS)u = (g(i) + g(2))|5)i2 = g|5)i2, (7.1.41) 

and 

i2(AdQg'i = -i2(g'|g, Mr^iAdQS)] = -^2{n{s)\Q . (7.1.42) 

Using instead the twisted reflector, the mappings read 

ig)i2 = g(i)|i)i2 = |(g(i)-g(2))|i)i2, (7.1.43) 

I^±)i2 = 5±(l)|i)i2 = i(5±(l)±7r(5±)(2))|i)i2, (7.1.44) 

carrying the higher-spin representations 

|AdQg)i2 = g|g')i2 , |AdQ^)i2 = q\s)^2 , (7.1.45) 

i2(AdQg'| = -i2(g'|i2g , i2(AdQ^| = -i2(^|g . (7.1.46) 

The ith adjoint and twisted-adjoint levels Ci and % are flnite-dimensional and inflnite- 
dimensional 5o{D + 1; C) irreps, respectively. Nonetheless, as shown in Appendix C, the 
quadratic and quartic Casimir operators, defined in (C.0.1) and (CO. 2), assume the same 
values in Ci and %, namely {s = 2i + 2) 

C2[0{D + l;Cm = 2(s-l)(s + 2eo), (7.1.47) 

C4[0{D + 1;C\£] = 2(s-l)(s + 2eo)(s' + (2eo-l)s + 2e2-eo + l) .(7.1.48) 

Moreover, as can be seen using (CO. 3) and (CO. 4), these values are also equal to those 
of the massless lowest-weight spaces S)(s -|- 2eo; (s)), i.e. 

C2[0{D + 1;C)\£] = C2[0{D+l;C)\s + 2eo;{s)], (7.1.49) 

C40{D +1;C\£] = C40{D + l;C\s + 2eo; (s)] . (7.1.50) 

These agreements follow direct relationships between £(, % and D(±(s -|- 2eo); (s)) that 
arise upon going from the so{D; C)-covariant bases of Ce and % to compact bases where 
elements are labeled by quantum numbers of the so (2) Q) so{D — 1;C) subalgebra (to 
be identified as the maximal compact subalgebra in the case of two-time signature). In 
the case of %, the compact basis elements are series expansions in the covariant basis 
elements Ta(s+k),b{s) (related to Bessel functions). This is a non-trivial change of basis, 
which corresponds to the harmonic expansion of linearized Weyl tensors. To distinguish 
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between the so(D; C)-covariant and the compact "shcings" of 7^, we thus define the 
covariant twisted- adjoint module 

e s 

consisting of polynomial elements of the form (3.1.83), and the compact twisted- adjoint 
module 

M = ^Me = 0A^(s) , (7.1.52) 

e s 

whose elements are polynomial in the compact basis. 

We next turn to a more careful analysis of the compact basis elements, the harmonic 
expansions, and the relations between the compact twisted-adjoint module, the massless 
weight spaces and the adjoint modules. 

7.2 Compact Weight-Space Description of the Master Fields 

In this section we shall examine the properties of the adjoint and twisted-adjoint repre- 
sentation spaces in compact bases. As a result, we shall give the explicit embedding of the 
massless weight spaces into the twisted-adjoint representation, and use this to describe 
the harmonic expansion of the Weyl tensors. We shall also show how to "glue" the adjoint 
and twisted-adjoint representations in compact weight space. 

7.2.1 Compact Twisted-Adjoint Modules 

The compact twisted- adjoint i)Oi{D + 1; C) module is defined as 

oo 

M = 0-M(s), (7.2.1) 

s=0 

^is) = C®t(;)^_,^) (7.2.2) 

eeZ 

Si > S > S2 > 

where M.(s) are 5o{D + 1; C) submodules consisting of components T^ / _, . with spin 
(si,S2) and energy e, that is 

oo 
n=0 
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where 

Ts;n;{si,S2);r{si),t{s2) = ^0(n){r(si),t(s2)}0(s-S2) ; (7.2.4) 

with Ta(s-i+n),b{s) defined in (3.1.53) and {■ ■ ■ } indicating so{D — l)-traceless type (si, S2)- 

(s) 

projection, and /^.Z ^ s.^ G M are determined from 
Using (3.1.58), which imphes 

-^dE{Ts-(si,S2);n) = ^s;{si,S2y,nTs;{si,S2);n+l + ^s;(si,s2);n^s;(si,S2);n-l ) (7.2.6) 

where the coefficients \s-(si s9)-n and A'. „ v„ are non-vanishing for all n except A'. ^, n.^ = 
0, it follows that the generating functions 

oo 

/W (z) = y/W z^ (7.2.7) 

n=0 

are analytical at 2; = 0, and determined uniquely up to an overall constant that can be 
fixed by the normalization condition 

4t,.2)(0) = 1- (7-2-8) 

Under the vr-map 

^(^t.2)) = (-i)"-^^(..s2) , £!;(..S2)W = /:!S...)(-^) • (7-2-9) 

In what follows, we shall use the notation 

QS = AdgiS) = Qi.S-Si.7i{Q) , (7.2.10) 

for non-minimal higher-spin generators Q E A. We note that in Ai(s), the condition 
Si > s > S2 and S3 = implies that 

LfT^'^ , ,. ,, . , = for si = s> 1 and S2 < s , (7.2.11) 

^ e;(s,S2);rt[s—l),u[S2) ^ — ^ ' V / 

Lt T^') ^ ut iM w n = for S2 > 1 • (7.2.12) 

[ri e;{si,S2);r2\t{si-l),\r-i]u{s2-l) ^ — V 7 

Assuming that the twisted- adjoint action of the Casimir operator C2n\s>o{D + 1; C)], de- 
fined in (3.1.14), commutes with the summation in (7.2.3), that is 

oo 

C2„[50(Z^ + l;C)](Ti;)^^^^)) = E4t,s2)i^A/^---M42/^T,;„;(,,,,,) ,(7.2.13) 

n=0 
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it follows that {s = 21 + 2) 

C2n[M^s)] = C2n[T(^,)] = C2n[i] , (7.2.14) 

where C2[i] and C^li] are given in (7.1.47) and (7.1.48). 

The space A^ is a module also under separate left and right T*r-multiplication by (poly- 
nomial) generators Q E A, and as such it splits into even and odd submodules, 

M = M+®M- , (7.2.15) 

where 

M^ = ^^T^Ls^. (7.2.16) 

e;(si,S2) 
e + si + S2 = 1(1 =F 1) mod 2 

As a consequence, also the so{D + 1;C) submodules split into even and odd parts, 

-Mw = -MJ)©A^(,) • (7.2.17) 

We propose that -Mfg) are generated by so(D + 1; C) from the elements with e = and 
minimal Si + S2, which we shall refer to as the static ground states, namely 

^ = : Tf = t(';1,),(.,) , (7.2.18) 

'>^ ■■ ^± ^ = ^0;1.±);«(.),.(^±) ' (7.2.19) 

where (T-t = (1 =F l)/2. The scalar static ground states are represented by 



? 

n=0 



(2)2„(2eo + 1)2„ 
2eo + 3 2eo + 5 



z 



2-^31 



|,eo + i,eo + l;4z2), (7.2.20) 



f(0) f^^ _ ST 1^0 + ^)2n ^2n 



C(-) = E 



^n!(2)„(eo + l)n(eo + 2), 

= 2F3(^, ^; 2, eo + 1, eo + 2; 4.^) . (7.2.21) 

In D = 4 these functions take the following simple form: 

.(()) , N sinh4z jn\ , , 3 , , , sinh42;, 

/o%W = ^^^ /o%(^) = I^(^°^^4z-^— ), (7.2.22) 
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where we note that f^.LJE) was found in [97]. 

We propose that the static ground states t!^' with s > can be generated by 'i)Oi{D + 
1; C) starting from the scalar static ground states T^ . Thus, in effect, we propose that 
Ai"^ are generated by i)Oi{D + 1; C) starting from T\_ , which therefore serves as ground 
states oi M^. 

To generate an exphcit basis one has to take into account degeneracies of the form 

t t e;(s\,S2);r(s\),t(s2) r^e;{si,S2) e;{si,S2);r{si),t(s2) ' \ • • / 

^ ^ ^e;{si,S2);r{5i),t{s2) = /^e;(si,S2)^e;(si,52);r(si),t(52) ' (7.2.24) 

X -t^ri-^r2^e;(si,S2);s{si),t(s2) ~ /^e;(si,S2)-^ri-^r2^ e;(si,S2);5{5i),t(s2) ' [(-^-^O) 

for coefficients /ig^L g^\, /^l (si S2) ^^^ ^^'e-ili S2) i^^^^ '^^y vanish), and where we have defined 

x^ = L^L^ . (7.2.26) 



Thus, defining 



where 



Mt. = Mtf®Mt^'®Mtf, (7.2.27) 



■^tf = {T^l,s2) ■■ e>s, + s,-s}, (7.2.28) 

Ml,]' = {tW^^^^) : |e| <s, + s,-s}, (7.2.29) 

-Mjf = {Tit,s2) ■■ e<s, + s,-s}, (7.2.30) 

and removing degeneracies of the types hsted in (7.2.23)-(7.2.25), there should exist finite 
coefficients C ! . such that 

e;(si,S2) 
-'^'(s) • ^e;(si,S2);r(si),t{s2) " '"e;{si,S2) ^"^ ^^ -^{n ^r.^-.-^h -^t.2 0;{s,0);r(s)} A'-^-^J-J 

for j9 = |(e + s - si - S2); 

•^(s'r • ^e;(si,S2);r(si),t(s2) = ^e;{si,S2)(^ )*'^{n ' ' ' 4-,j_,^tl " " " ^t,2^0;{s,0);r(s)} '('^•2-32) 

for j9 = |(— e + s — Si — S2); and 

•^(s) • e;{si,S2);r{si),i(s2) ^ ^e;(si,S2) '^'^ '^ '^ ) ) {rr-rsi-sti-ts2^0;{s,0y,r{s)} ' ('-S-SS) 
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for m = |(si + S2- s + e) and n = |(si + S2- s -e), and where {{L~^)"^{L')'')r,-rm+n = 
Lf • • • Lz: L~ • • • LZ 1. We propose a similar generation of the elements in TVf 7.x. 

Next, to generate T^ with even spin s = 2j9 > 2, one may fix coefficients i2p;n and 
^2n-n such that 



p-i 



^0;(2p);r(2p) " / , 6p;«^"(2p) ) (7.2.34) 

n=0 

p-1 

-^0;(2p,l);r(2p),s ^ / , S2p;n"^r(2p).s 5 (7.2.35) 



n=0 



with 



^"(2p) - -^{n-^rz ■ ■ ■-^r2„-i-^r2„Q'-(2p-2n)}TQ.(Q) , (7.2.36) 

-'^"(2p),s = -^{n-^ra ■ ■ ■-^r2„-i-^r2„'5r(2p-2n)TQ.(^).^| , (7.2.37) 

where the non-minimal higher-spin generator 

Qri2n) = L+^^L-^-.-^L+„_^^L;^j. (7.2.38) 

The elements T^JJ^ can also be generated by combining minimal higher-spin transforma- 
tions with so{D + 1; C) transformations. Similarly, for odd spin s = 2p-|- 1 > 3, there are 
coefficients Gp+i;n and ^2p+i;n ^^'^^ that 

p-i 

n(2p+l) _ V^ c vn 



^0;(2p+l);r(2p+l) ~ / , ^2p+l;ra^r(2p+l).s ? (7.2.39) 

n=0 

p-1 

^0;(2p+l,l);r(2p+l),s = / , 'C2p+l;ra^r(2p+l).s ? (7.2.40) 



n=0 



with 



-'^"(2p+l) - ^{ri^r2""^r2„-i^r2„'5r(2p-2n)7'o.(i).^^^^j , (7.2.41) 

-'^"(2p+l),s = -^{ri-^r2'"-^r2„-i-^r2„'5r(2p-2n)7'Q.(^^^.^2j,+i,s} (7.2.42) 

where the spin-1 static ground states, in their turn, can be generated from the scalar 
static ground states. For example, to generate Tq./i) fro^ -^o-(i)' '-"^^ ^^^^ ^^^ 

Adi5M,s^0;(l);t = {^^rs,T^.{i).t} = ^t[s^O;(l);r] ' (7.2.43) 
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as can be seen using EMj-s = E -k Mrs = M^s ^ E and 

^^^0;(i);. = -Tl^-kr^E = iAd^T^^l)^, = -fT^J)^,. (7.2.44) 

The generation of T^ ..-^ -,^^ from Tq.A-, is more involved, since 

^*<o) = |Ad^^o% = 0- (7-2.45) 

One may, for example, first use so{D + 1; C) to transform T^,L into Tq.(2)j then EM^s to 

go to Tq.L; and finally 5o{D + 1; C) to go down to T^l ^y We note, however, that T^l ^s 
can be generated immediately by separate 7»r-multiplication from the left. For example. 



.(1) _ (26o + l)(26o + 2) (0) 

'0;(1,1) ~ 4ejj ^^-''•**^0;(0) 



nil) = ;; — -Mrs^T^,. (7.2.46) 

as can be seen using (3.1.66), which implies 



M^, VtTo(„) - |Acm,,To(„) - ^0{n)[r,s] - -77-— 1\(^^, , 1 x ^0(n-2)[,(5].?.47) 

iOl^n + eg — 2 jl^ + ^0 + 2'' 

although one can check that (7.2.46) is not a twisted-adjoint ^Oi{D + l\ C)-transformation. 
We also notice that repeated -k commutation by E, i.e. the maps (Ad^)" : M.(s) -^ 
0s/Jjg_„l A^(s'), assume a relatively simple form, although also Ad^ is not a twisted- 
adjoint [)Oi(D + 1; C) -transformation. 

The compact twisted-adjoint modules described contain invariant sub modules gener- 
ated by lowest-weight or highest-weight elements, to which we now turn our attention. 

7.3 Composite Lowest- Weight Spaces and Non-Composite Lowest- 
Spin Spaces 



The compact twisted- adjoint modules contain invariant lowest-weight and highest-weight 

;(si,s2) 



submodules. Suppose T.*/ ^ G A^*^''-* is a lowest-weight state, i.e. 



^r^e;{5i,52);t(si),«(s2) ~ ^r * n(si,s2);t{si),«(s2) ^e;{suS2yMsi),u{s2)'*' ^r -0.(7.3.1) 

Then the second and quartic Casimir operators are given by, on the one hand, (CO. 3) 
and (CO. 4), and, on the other hand, (7.2.14), which leads to the necessary conditions 

x + y + z = C2[i] , x{x + A) + y{y + A') + z{z + A") = Ci[i] , (7.3.2) 
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where we have defined 

X = e{e-D + l), y = si{si + D - 3) , z = S2{s2 + D - 5) , (7.3.3) 
A = l{D-l)iD-2), A' = l(D-3){D-A)-l, 

A" = i(D-5)(D-6)-2 , (7.3.4) 

and 

C2[i] = xo + yo, C^i] = xo{xo + A) + yoiyo + A') , (7.3.5) 

where 

xo = eo(eo--D + l), yo = s{s + D - 3) , cq = s + D - 3 . (7.3.6) 
Moreover, combining (7.3.1) with the identities (7.2.11) and (7.2.12), respectively, yields 

e = s + D — 3 forsi = s>l and S2 < s . (7.3.7) 

S, + S2 + 2{D - 4) ... .7..^ 

e = — — for S2 > 1 . (7.3.8) 

To begin with, let us take S2 = 0. Then z = and (7.3.2) have two roots 

a; = Xo , y = yo , and x = yo + 2 — D , y = xq + D — 2 . (7.3.9) 

The second root corresponds to si = s — 1, which is ruled out for all s, or si = 4 — D — s, 
which is ruled for all s except s = in Z^ = 4, where it coincides with the first solution 
(which is thus a double root). The first root corresponds to Si = s and e = s + D — 3 
or e = 2 — s. The latter energy level is ruled out for s > 1 due to the condition (7.3.7). 
Thus, the admissible lowest weight states with S2 = are 

f 2eo 
si = s = , ^ = \ ' (7.3.10) 

si = s > 1 , e = s + 2eo , (7.3.11) 

where we note the degeneracy in case s = and D = 5. For S2 > 1 we find the admissible 
root 

s^ = S2 = s = 1 , e = 2 . (7.3.12) 

In the scalar sector, the two admissible roots are indeed lowest-weight states, given by 

/S;(o)W = i^i(eo + |;2;-4z), (7.3.13) 

/Si)W = ii^i(eo + i;2eo;-4z), (7.3.14) 
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taking the following particularly simple form in D = 4: 

/Si)W = e-^% f^%{z) = (l-4z)e~^^. (7.3.15) 

Here we note that the functions flL-^iz) are fixed (uniquely) by the twisted-energy con- 
dition (E — e)T;.|.Q^ = 0, so that L~T^,L = (which can be worked out explicitly using 
(3.1.58)) becomes an algebraic equation for e with roots e = 2 and e = 2eo. 

For D = 2p + 5 with p = 1,2,3,..., the Harish- Chandra module C^(2; (0)) contains 
a singular vector at level 2p, namely L^{x^y\2; (0)) = (where x = L^L^), that in 
its turn generates 2)(2eo; (0)). The module C(2; (0)) is isomorphic to the lowest-weight 
module inside M-t^) generated by the twisted-adjoint so{D + 1; C) action on T^.Jq), where 
the singular vector obeys 

L;{x^rT^%^ = 0, D = 2p + 5, p=l,2,.... (7.3.16) 

The lowest- weight space !D(2; (0)) hence occupies p diagonal lines in compact weight 
space, and we shall refer to it as a scalar p-lineton^ (see fig. 7.1). Thus, in summary, the 
scalar compact twisted-adjoint modules contain the following invariant subspaces (where 
we recall that the ± on X(o) denote o"±-parity while on 2) distinguish a module and its 
negative-energy counterpart) 

D = 4,6,... : J+^ = D+(2;(0))©D-(-2;(0)) (7.3.17) 

D+(l;(0))©D-(-l;(0)), (7.3.18) 

D+(2;(0))©D-(-2;(0)) (7.3.19) 

, (7.3.20) 

D = 7,9,... : J+^ = [D+(2;(0))©D-(-2;(0))] (7.3.21) 

©4D+(2eo;(0))©D-(-2eo;(0))] , (7.3.22) 

, (7.3.23) 

where we recall that ©, denotes a semi-direct sum. 



4,6,... 


• T+ 




^(0) 


D = 5 








7,9,... 









^In D dimensions, thep-lineton £(eo; (0)) with eo — eQ — (j)—\) has the singular vector x^ | eg; (0)) ~ 0, 
and therefore consists of p lines in weight space, 

p— 1 oo 

®(eo;(O))=00|eo + A: + n;(n)) , 

A;=0 n=0 

where jeg + fc + n; (n))^/^') = _L+ • • • i+^x'^|eo; (0)). In particular, the 1-lineton coincides with the ordinary 
singleton. The scalar p-linetons can be thought of as boundary particles satisfying a higher-derivative 
equation like D^^ — 0. 
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Figure 7.1: Weight diagrams of the scalar 2-lineton in D = 9. 



Turning to the case of s > 0, we first use (3.1.66) to show that the scalar lowest-weight 
states actually obey slightly stronger conditions that the lowest-weight condition, namely 



^r *^2eo;(0) 

7^(0) r + 

^2eo;(0) * ^r 



7^(0) r + 

^2;(0) * ^r 



0, 
0, 



and 






0, 



.(0) 



while Mrs * T^-(o) is non- vanishing unless D = 5. Thus LT. -k 



(7.3.24) 
(7.3.25) 

(7.3.26) 

.(0) 



-2;(0) 



{ri 



"*" ^r,} * ^2e„;(0) 



^(s) j^(«)^^ obeys the lowest-weight condition, and we expect C*^*-' to be non-vanishing. 



so that T 



(s) 



s+2eo;(s) 



is indeed a lowest-weight element. 



Alternatively, we notice that (7.3.24)-(7.3.26) imply that |2eo; (0))i2 = T2^ ./Qjli)i2 
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obeys 

4T(0|2eo;(0))i2 = M,,(0|2eo;(0))i2 = 0, ^ = 1,2, (7.3.27) 

so that one may formally reflect the Flato-Fronsdal formula [31], which we recall here, 

|s + 2eo;(s))i2;K.) = /(.)/r(s)(l,2)|2eo;(0))i2, (7.3.28) 

where the composite operator^ 

s 

/,(,)(1,2) = (-1)7ks)(2,1) = J]/.;fc(L+^---L+)(l)(L+^^---L+j)(2) (7.3.29) 

A;=0 

/.. ^ (-!)./„-. ^Q^i^i^, (7.3.30) 

to obtain the following expression for the lowest-weight elements 

s 

^.+2eo;(s);r(s) = /« Y^i'^Y'^ f s.kLl; * " " " ^ ^^ * T^ly,(p) ^ ^^^+1 * ' ' ' * ^^.} (7-3.31) 

fc=0 

where the (finite) renormalization /(g) is fixed by (7.2.8). 

Turning to Mj^iti ^ ■ ■ ■ Mr^ts}'*^T!^-{{)\i which are also lowest-weight elements, these must 
vanish for s > 2, since e = 2 and si = S2 = s > 2 are inadmissible compact quantum 

p{0) 
-2;(0) 



numbers. On the other hand, for s = \ and D 7^ 5, the element MrsT^rTi./QN is non-vanishing 



and proportional to T!^Ji d.^^; which is thus a lowest-weight element for Z^ 7^ 5, and hence 

it is a lowest-weight element also for D = 5 (since L'T^.^^ d = for D ^ 5 implies that 

L~T^,l-^, = for D = 5 by analytical continuation in D). Thus, Aiti) contains the 
generalized Verma module 

e'(2;(i,i)) = ^4[^' ^^-^-^^^ 

generated by the twisted-adjoint so{D + 1;C) action on 72.(ii)rs (modulo (7.2.11) and 
(7.2.12) which hold modulo elements in X[y]). For D = 3 + 2p, p = 1,2,..., the lowest- 



^The coefficients fs;k arc fixed by tfie condition (L^ (1) + L^. (2))|s + 2eo; (s))i2;r(s) = 0, which is 
equivalent to akfs-k + as-k+ifs-.k-i = 0, where ak = 2k{k + eo - 1), with solution fs-.k = (-l)^/s:s-fc = 

(-l)'' °°al'^.'ar /^;0' ta'^^^g t^e fo™ (^-^-SO) for /,;0 = 1. 
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weight state of I)(l + 2eo; (1)) = D(l + 2p; (1)) is a singular vector in (t{2; (1, 1)), vizJ 

Z-(J+)pZ+T«,)^„^^ = 0, D = 3 + 2p, p = l,2,... . (7.3.33) 

Factoring out the sub module DT(2; (1, 1)) generated from the singular vector, yields the 
irreducible lowest-weight space 

occupying p lines in compact weight space, and which we shall therefore refer to as a 
spin-1 p-lineton. We note that the 1-lineton in D = 5 is the spin-1 singleton, that is 
S)'(2;(1,1)) = D(2;(1,1)). 

In the case of D = 4, we note that D(2; (0)) and D(2;(l,l)) ~ S}(2; (1)) initiate 
the sequence of composite massless lowest-weight spaces X)(s + 1; (s, 1)) ~ 'D{s + 1; (s)) 
contained in the tensor product S}i (S> Si of two spinor singletons. We expect that all 

2 2 

these lowest-weight spaces are realized in A4+, i.e. we expect the following lowest-weight 
elements 



D - 4: T^+i.(5).^(s) - f(s)(^tu{ri 2_^ f's;kLr2 ^ ' " " * -^r^ * ^tu * T^-^q) ^ -f'rfc+i ^ " " " * I'^^}(?.3.35) 



where the coefficients /^.^ and (finite) renormalizations f',-., respectively, are fixed by 
(7.3.1) and (7.2.8). 



^At the level of the ordinary Harish-Chandra module C(2; (1,1)), 

L~xPLt\2),^u - -4pxP-ii+L+|2),,t + 2p{2p + 7 - D)xP-^L+ Lt\2)s^u + (10 - D)x^2)t.u , 

where |2)s.„ — |2; (1, l))s^ti. For D ~ 2p + b, the (t'u)-projection vanishes, while the [ttij-projection is 
proportional to {D — 5)Lt\2)g^t] that vanishes for D ^ 5 only at the level of €'{2; (1, 1)). The 1-lineton 
in D = 5 coincides with the spin-1 singleton (which exists already in €{2; (1, 1))). 
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So far, for s > 1, we have found the invariant subspaces 

D = A : Tts)=^is) = S+(s + l;(s))©S)-(-(s + l);(s)), (7.3.36) 

D = h : J+) = [D+(2;(l,l))©D-(-2;(l,l))] 

©4D+(3;(1))©D-(-3;(1))] , (7.3.37) 

J+ D D+(s + 2;(s))©D~(-(s + 2);(s)) for s > 2, (7.3.38) 

D = 7,9,... : J+) = [D'+(2;(l,l))©D'-(-2;(l,l))] 

©4S)+(l + 2eo;(l))©S)-(-(l + 2eo);(l))] , (7.3.39) 

Jj) D 2)+(s + 2eo;(s))©D-(-(s + 2eo);(s) for s > 2 (7.3.40) 

D = 6,8,... : J+ = D+(2;(l,l))©D-(-2;(l,l)), (7.3.41) 

J(-) = D+(s + 2eo;(s))©S)-(-(s + 2eo);(s)) for s > 1 (7.3.42) 

where we notice the ordinary spin-1 singleton 1D(2; (1,1)) in D = 5 and the spin-1 p- 
hnetons 2D' (2; (1, 1)) in D = 7, 9, . . . , whose higher-spin "completion" we leave for future 
work (for example, in Z^ = 5, the higher-spin singletons T){s + 1; (s, s)) obey (7.3.7) and 
(7.3.8) but violate the conditions on C2 and C4, and are hence not realized in T(s))- 

In summary, taking into account the expected results, the compact twisted-adjoint 
modules have the following indecomposable structures 

D = 4,6,... : 7W+ = W+©,D', (7.3.43) 

M- = W~ ©, D , (7.3.44) 

D = 5,7,... : M- = W , (7.3.45) 

M+ = W+ ©, I)'®s^ , (7.3.46) 

where 2) consists of the massless scalar-singleton composites, i. e. 

® = 0[2)+(s + 2eo;(s))©D-(-(s + 2eo);(s))]; (7.3.47) 
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2)' contains the higher-spin completion of 2)^(2; (0)) © 2D^(— 2; (0)) i.e. 

oo 

D = 4 : S)' = 0[D+(s + l;(s,l))©S)-(-(s + l);(s,l))], (7.3.48) 

D = 5 : S' D S)+(2;(l,l))©D-(-2;(l,l)) , (7.3.49) 

D = 6,7,... : S' D [D+(2;(0))©D-(-2;(0))] 

©[S)'+(2; (1, 1)) © D'-(-2; (1, 1))] ; (7.3.50) 

and the remaining quotient spaces W^ are non- composite lowest-spin modules. These 
spaces contain all the states in Ai^'^, i.e. with energy |e| < si + S2 — s, such as static 
states, and they may also contain states in A^^'- and Ai^'-, but no lowest-weight nor 
highest-weight states (we notice that if X^-, is non-trivial, then Wj^-, contains a finite 
number of energy levels for fixed si). 

We stress that, in accordance with our proposal, as given in (7.2.32) and (7.2.33), 
the spaces Ad"^ are generated by i)Oi{D + 1; C) from the scalar static ground states T^ 
defined in (7.2.18). On the other hand, by the Flato-Fronsdal construction, the space 
1) is also generated by i)Oi{D + 1; C) from the scalar lowest-weight element T^^ .,q-. and 

highest- weight element T_^^ .^q-,. Similarly, in D = A, 1)' is generated by [)Oi(D + l; C) from 

T^.tQ\ and T_^,f^. (we expect an analogous generation of 1)' in D > 5). Correspondingly, 
in an abbreviated notation where so{D — 1;C) vector indices are suppressed, elements 
S'w± G W"^ and 5*55 G D can be expanded as 



00 00 



s^^ = J2J2 sS^iL^riL-rQ^Ti'^ , (7.3.51) 

s=0 m,n=0 

00 00 

^^ = E E [^Sp(^^)"(^^)"^^<;(o)+^Sp(5^")'(^")"^^(^«4°o;(o))}7,3.52) 



s=0 m,p=0 

ioT Qs, Rs G [)Oi(D + 1; C) such that QsT^. = T^ and -^^72^ .(Q^ = T^'^^^ .(^•,, and where 
Sm,n and {Sm \ S^ ) are complex coefficients. 

7.4 Harmonic Expansion 

Physically speaking, the map from % to Aie, is the harmonic expansion of a spin-(2£-|-2) 
Weyl tensor obeying linearized field equations in the maximally symmetric Z)-dimensional 
geometry with cosmological constant (which is also solutions of the higher-spin gauge the- 
ory). The corresponding vielbein and spin-connection form the fiat so{D+l; C) connection 

n = -iie^Pa + luj^-^M^b) = L-^i<dL, (7.4.1) 
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where the coset element L G SO{D + 1; C), or gauge function, is given in stereographic 
coordinates by 

for which 



L = - exp ^ , h = Vl - A2a;2 ^ x^ = x^x" 5^517] ab , (7.4.2) 



^/ = If . '^Z' = ^ . (7^4^3) 

The hnearized adjoint one-form A and twisted-adjoint zero-form $ obey the constraints 
Z^A = dA + {n,A}, = VA-2e"{P„,A}, 

= -f E e''^e'^acis-i)M{s-i)M'''''---M'^-^''^-\ (7.4.4) 

s=2,4,6,... 

/}$ = d<^+[n,<l>]^ = V<1> - «e"{P„, $}, = 0, (7.4.5) 

where D^ = 0, and the consistency of the one-form constraint (7.4.4) follows from e" Ae^A 
e'^V c^ad{s-i),be{s-i) — ^ which is a consequence of the zero-form constraint (7.4.5) (which 
is in itself consistent). As shown in Appendix D, inserting the component expansion of $ 
into the zero-form constraint and using (3.1.58) yields 

Vc$a(s+fc),fe(s) — '^kAs+k-l,sVc{a^a{s+k),b{s)} + , -, ^c{a{s+k),b{s)} = • (7.4.6) 

These constraints decompose into the auxiliary field identifications 

A; + 1 

^a{s+k),b{s) = (;j-V{a$a{s+A;-l),6(s)} , /c = 1, 2, . . . , (7.4.7) 

where we have used $(c(a{s+fc),b(s)>> = ^ca{s+k),b{s)i ^'^^ ^^e Bianchi identities and mass-shell 
conditions 

"^ [ti^u\a{s+k-l),\p]b{s-l) = , s > 1 , (7.4.8) 

iV^-ml,)<!>ais+k)Ms) = 0, (7.4.9) 

with mass-terms 

mlf, = -4eo - 2s - (A; + 2s + 2eo + l)k . (7.4.10) 

These values are consistent with the Casimir relation 

'^^^ais+k)Ms) = (C^2[so(D + 1; C)\i] - C2[soiD; C)|(s + k, s)]) ^ais+k)Ms) (7-4.11) 
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with C2[50{D + 1;C)\£] given by (7.1.47) and C2[5o{D;C)\{s + k, s)] = {s + k){s + k + 
D — 2) + s{s + D — 4). The Casimir relation follows by re-writing C2[so{D + 1; C)] = 
C2[so{D; C)] — P"" -k Pa in the twisted-adjoint representation as 

-AcpaAcp„$(,) = |(AdM^sAdM^s - AdM^fcAd^aO'^W , (7.4.12) 

and using the fact that (7.4.5) implies that Adp^$(s) = — iVa$(s). 
The zero-form constraint (7.4.5) is solved explicitly by 

$ = L-^^5^7r(L) , (7.4.13) 

where S* is a constant twisted-adjoint element. The zero-form $ = Y1'7=g *^(s) ^^"^ ^le 
expanded either covariantly or compactly, viz. 

$.. = y^ $W ,L"'^i.T^'} , , ,^, ^•7r(L) 

(^) / J e;(si,S2);r(si),t(s2) e;(si,S2);r(si),t(s2) ^ '' 

e;si>s>S2>0 

oo 
— Y^ \^ T, s . ^ Q^"^) r-)(s);a(s+fc),fe{s) ('7/1 1/1^ 

~ 2^ 2^ ^a{«+fc):Ks)'3e;{si,S2);r{si),t(s2)-^e;(si,S2);r(si),t{s2) ' V ■^■^^) 

e;si>s>S2>0 k=s\ — s 

where S^, „ > ^^. ^ +^„ > G C and the generalized harmonic functions {k> s\ — s) 

^(.);a{.+fc) 6(s) ,. ^ Ar-iTr[T"(^+'^)'^(^)*L-i(a;)^T(f , , , ,, , ^ 7r(L(a;)] (7.4.15) 

e;(si,S2);r(si),t(s2) ^ ' Si^ I- *> ' e;(si,S2);r(si),t(s2) V V yj V y 

as can be seen using (7.1.5) and (7.1.5). The harmonic functions obey the Bianchi identity 
(7.4.8) and the mass-shell condition (7.4.9) (for fixed (s); e; (si, S2)). Representing the 
trace as the expectation value (7.1.12), and using the overlap condition (7.1.15), which 
implies 7r(L)(l)|l)i2 = L^-'^(2)|ll)i2, these harmonic functions can be rewritten as 

^S]S2M'S{s2)(^) = A/;;^ l2(Ta(s+fc),fe{s)| * L-^{x) -k |(s); e; (Si, S2))l2;r(si),i(s2) ,(7.4.16) 

where L is given by (F.0.1) with Pa = Pa{^) + -Pa(2), and we have used (7.1.26) to define 

|(s);e;(Si,S2))l2;r(si),i(s2) = ^i;ti,S2);r{si),t(s2)(l)^|l)l2 ' (7.4.17) 

\Ta{s+k),b{s)) = Ta(s+k),b{s)i^)'*'\^)l2 ■ (7.4.18) 

For a; = 0, the harmonic functions are the (finite) overlaps 



D 



{s);a{s+k),b{s) /r^\ _ c{a{s+k),b{s)}r> As) 



s);a(s+K),o(S) .^^ _ ^^a(s+K),o(S)iD f[S) „ - o J- i- _ e, (7A^Q^ 

■,(si,S2y,risi),t{s2)y^) - "{0(n){r(si),t(s2)}D-iO(s-S2)}D-'e;(si,S2y,n ^ U - b ^ K 6i,l^^.^.iyj 



where {•••}d and {■■■}£)_i, respectively, denote so(D; C)-traceless and ao{D — 1;C)- 
traceless Young projections. 
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The harmonic expansions include not only the composite massless lowest-weight spaces 
S!)+(s + 2eo; (s)) and highest-weight spaces D^(— (s + 2eo); (s)) but also the non-composite 
lowest-spin spaces W(s). In the context of standard second-quantized free higher-spin 
field theory on AdSo, the former are unitary spaces containing the one-particle states, 
corresponding to wave-functions that fall off relatively fast at time-like infinity, while 
the latter are excluded from the perturbative spectrum since they correspond to non- 
normalizable wave-functions. However, as we shall see below, the situation is to some 
extent reversed in the norm induced by the trace operation Tr. Moreover, all elements of 
A1 play a role in the broader context of constructing the space of classical solutions to 
the full non-linear Vasiliev equations, i. e. the covariant phase-space, which is the starting 
point for the covariant phase-space quantization of higher-spin gauge theory. 

Next we shall examine the inverse procedure of expanding the twisted-adjoint 5o{D; C) 
tensors \Ta[s+k)Ms)) ^^^ ^^e adjoint so{D + 1; C) tensors \Qe) in the compact basis. 

7.5 Expanding Covariant Tensors in Compact Basis 

Twisted-Adjoint so(D;C) Tensors as Singleton-Singleton Composites 

According to the Flato-Fronsdal formula (7.3.28), the massless lowest- weight states belong 
to So ® 2Do C B. Letting |1do)i2 denote the restriction of the reflector to Dq ® Dq, the 
expansion of the type (s -|- k, s) twisted-adjoint 5o{D; C) tensor 

in the lowest-weight module 2D(s + 2eo; (s)) is given by 

l*(s+M);X)„) = E C];f^^^''^'*^''^l(^ + ^'^)'(-^'i'-^2))'-0-0,t0.)' (7-5.2) 

s+k>ji>s>J2>0 

where we have made the following definitions: i) the coefficients C/ . 'f are overall nor- 
malizations; ii) $^(^i)'*(^2) = q)0(s+k-n){rin),tiJ2)}D-iO(s-j2) ^re the type (ji, ja) 3o{D - 1;C) 
polarization tensors contained in ^"■(^+'')Ms)-^ [[[^ ^]-^g states 

\{s + k,s); {h,32))r(h)Mj2) = ^{iitil'?(^)l(^)5 2eo + ji + 32] Ui.32))r{n),t{h) ,(7.5.3) 
where^ 

|(s); ji + J2 + 2eo; (ji, J2))r(ii),t(i2) = L+^^ ■ ■ ■ L+^_^L+ ■ ■ ■ L+j2eo + s; (s))r(s)} , (7.5.4) 



*In this section the • is suppressed in products of L+ operators. We also notice that i+ = -^r^(l) 
L+(2) so that X — L^Lf — 2i+(l)L+(2) acting on composites. 



CHAPTER 7. SINGLETONS, ANTI-SINGLETONS AND HS MASTER FIELDS 167 

are normalized type (ji, J2) states in 2)(2eo + s, (s)) of minimal energy; iv) the dressing 
functions 



^(;S?(-) = E^aSS.-" ' - = y' = ^rLt , (7.5.5) 



n=0 

are determined by the normahzation 



<tit^(0) = 1, (7.5.6) 

and by the embedding requirement that {|(s+A;, s); {ji, 32))} s+k>ji>s>j2 furnishes a decom- 
position of the original type (s + Zc, s) 5o{D; C) tensor, i.e. (|(ji, J2)) = \{s + k, s); (ji, J2))) 

Mor\{juj2)) = C(ti);(i,o)l(^'i + l'^2)) + d')li,o)l(^'i - l'^2)) (7-5.7) 

+^C;2wo,i)l(ji>J2 + l)) + C{;^go,-i)l(ji>J2-l)) , (7.5.8) 
with Mor = ^(-^^ + L:^) and 

^(s+fc,s) _ ^(s+fc,s) _ p. ('7 c; qN 

'-(s+fc,i2);(l,0) - '-(ii,5);(0,l) - U' l^^O.yj 

O;(-i,0) = ioTj2<s, (7.5.10) 

that enforce the conditions on the ranges of (ji,j2) given in (7.5.2). We also notice that 
the Casimir constraint 

{C2[so{D; C)] - C2[5o{D; C)|(s + k, s)]) 

^Ot];f(^)l(^)52eo+Ji+J2;(ji,j2))r0-O,*0.) = 0.(7.5.11) 

can be turned into a differential equation in x for the dressing functions. The embedding 
conditions are equivalent to the condition that the "top" state \{s + k, s); (s); (s + k, 0)) 
obeys 

Mo{r\{s + k,sy,{s + k,0))ris+k)} = 0, (7.5.12) 

with solution 

4tmi^^ = ^K(^) = r(^ + i)(|)"^J.(y), ^ = eo-i. (7.5.13) 

In D = 4, where the index u = —^, the rescaled Bessel functions become trigonometric, 
and the reflector takes the simple form 

D = A : |]lj,„)i2 = cos(i/)|l;(0))i2. (7.5.14) 

Let us provide a few more detailed remarks on the basic structure of (7.5.2): 
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• The ranges of (ji, J2) follow from the decomposition formula 

^^^"= S=?", (7.5.15) 

s + k > ji > s > J2 > 

where the so{D — l;C) Young diagrams on the right-hand side can be obtained by the 
so{D; C) Young diagram (denoted with a hat) on the left-hand side by projecting its 
indices along the 0-direction in all possible ways compatible with the irreducibility 
of Young diagrams. We note that for D = 4 the type (ji, J2) tensors with J2 > 2 
are trivial, i.e. zero-dimensional, as follows from King's rule, which implies that the 
dimension of a traceless Young-projected so{N; C)-tensor is zero if the sum of the 
lengths of the first two columns exceeds A^ (see, for example, [59]). 

• Starting from a state in 2D(2eo + s; (s)) at excitation level /, that is 

|(s);/ + s + 2eo).(/);t(,) = L^- ■ ■ L+\2eo + s;{s))t^s) , (7.5.16) 

and decomposing it under so (-D — 1; C) by extracting traces into powers of x = Ll^L^ 
(recall that L^\2eo + s; {s))rt(s-i) = 0), one finds 

[1/2] mui{s,l-2n) 

|(s);/ + s + 2eo) = J2 Yl a;"|(s); 2eo + /- 2n; (s + /- 2n - p,p)) . (7.5.17) 

n=0 p=0 

Thus, a general state in 2D(s + 2eo; (s)) of type (ji, J2) is of the form 

00 
lis); in, 32)) = 5^V^o-i,,2);„x"|(s);ji+j2 + 2eo;(ji,j2)) , (7.5.18) 

n=0 

where ip{ji,j2);n are arbitrary coefficients and |(s); ji + J 2 + 2eo; (ji,j2)) is the type 
(ji5 J2) state of minimal energy given in (7.5.4). 

• To show (7.5.13), we use the lemma 

Mo{,a;"|2eo + p;(p)).(p)} = |(1 + 4n(n + cq - l))^|,a;"-^|2eo +p; (p))r(p)} ,(7.5.19) 

where we notice the independence oi p = s + k, and we have defined 

\2eo+p;ip))rip) = L+^---L+|s + 2eo;(s)).(.)}, (7.5.20) 

with the property L7 |2eo + p; {p))r{p)} = 0. Hence, from the embedding condition 
(7.5.12), it follows that 
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with solution (7.5.13), as can be seen by the following rescaling and change of 
variables, 

^iZtii^) = y-^Jiy), x = y\ (7.5.22) 

which brings (7.5.21) to Bessel's differential equation 

Thus, the solution of (7.5.21) that is analytical at a; = is given uniquely up to a 
normalization by (7.5.13). 

• For s = 0, the independence of ■^/'L^(a;) (where we have dropped the second highest- 
weight labels) on k, can be shown directly using Pr = ^{L~ — L+) = —iMor + iL^ 
and Mor|(0); (0)) = 0, which implies 

m-ik)) = -^^•P^,^...p,^}|(0);(0)) (7.5.24) 

= En(-l)'"'4.---^^t^O'-.+i---^oMl(0);(0)) (7.5.25) 

= L+^---L;j|(0);(0)). (7.5.26) 

Thus, since \{k); (k)) = V^|^j(x)L^^^ ■ • ■ L+ j|2eo; (0)), it follows that V^(^) (a:) = ^P^ix). 
The energy operator, on the other hand, acts as 

Ef{x)\2eo+p;{p))r(p) = Ux-^ + 2eo + p\ f {x)\2eo + p;{p)) rip) ,{7.5.27) 

where |2eo+p; {p))r{p) is defined in (7.5.20), which means that the functional form of 
'4',-Jx) with ji < k differs from that of ijj,j{x). For example, from \{k); {k — 1)) oc 
E\{k);{k)), it follows that 

• The embedding formula can easily be adapted to highest- weight spaces by applying 
the TT-map, using 7r(|s + 2eo; (s))) = | — s — 2eo, (s)) and 7r(L+) = L^ . 

Let us demonstrate how we can arrive at the embedding formula and (7.5.13) by using 
compositeness. To begin with, for s = k = the embedding formula (7.5.2), where now 
^(0,0) ^ C, amounts to 

|li)„)i2 = (<l>(o,o))-'|$(o,o))i2 = C{o%°}^;j°;(x)|2eo;(0))i2. (7.5.29) 



CHAPTER 7. SINGLETONS, ANTI-SINGLETONS AND HS MASTER FIELDS 170 

In other words, the so(D; C)-singlet in X)(2eo; (0)) can be identified with the singleton 
reflector, which can equivalently be described as the map 

R : Do H^ So , (7.5.30) 

defined by 

i?(|eo;(0))) = (eo;(0)| , (7.5.31) 

and 

i?(X|eo; (0))) = (eo;(0)|(ro7r)(X), (7.5.32) 

for X e A. It follows that 

R{L^) = -L^ , R{E) = E , R{Mrs) = Mrs , (7.5.33) 

R{\n)) = (-l)"(n|, (7.5.34) 

where we have defined the following basis elements 

\n)r{n) = \n + eo;in))r(n) = L+ • • -L^ |eo; (0)) , (7.5.35) 

(^lr(n) = {n + eo; {n)\r(n) = (eo;(0)|L;:^---L7^ , (7.5.36) 

which are traceless as a consequence of the singular vector (3.2.34), and with normalization 

(6o; (0)|L;^ . . .L,- L+ . . .L+ |eo; (0)) = K5\;^:Zl , Afn = 2"n!(6o)„ , (7.5.37) 
as can be seen using 

Lr\n)s^...s„ = 2n{n + eo-l)5r{sM-'^)s2-sn} ■ (7.5.38) 

For general s and k, we substitute the Flato-Fronsdal formula (7.3.28) into the right-hand 
side of the embedding formula (7.5.2), which then reads 

'^(iij2) ^ ^h,j2 y^) 

s+k>ji>s>J2>0 



^{ri 



L+ _^L+---L+ /,(,)|(l,2)|2eo;(0))i2 , (7.5.39) 



where L^ = L^{1) + L^(2). Turning to the left-hand side, it can be rewritten using 
(7.4.18) and by decomposing Ta(s+k),b{s) under 5o{D — 1;C). Schematically, suppressing 
trace parts in TQ^s+k-ji){r(ji),t{j2)}o{s-j2)y the result reads 

J2 <|.^(^-^)'*(^-^) {{Mrsy'{Mror-'''{Prr-'E'^'^^+-^) (l)|]lj,o)l2 , (7.5.40) 

s+k>ji>s>J2>0 
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where the generators can be (anti)-symmetrized under the exchange of the "flavor' indices 
1 and 2 using (7.1.15) together with (3.2.11) and (3.2.12) with the following result: 

Pr(l)|lD„)l2 = |L+|]l5,„)i2, M,o(l)|]ll,o)l2 = -|(i^+(l)-i^+(2))|]ll,o){^,5.41) 

Mr.sil)\l^,h2 = (L+(l)L+(2) + L|;(l)L,-,(2))|lj,„)i2, (7.5.42) 

E{l)\l^,)^2 = j^iLtil)Lti2)-L;il)L;i2))\l^^^)^2. (7.5.43) 

Proceeding by substituting |lj),))i2 = V^(o'o)(^)|2fo; (0))i2 into (7.5.40), and noting that 

^r.(l)^.l(2)<;o)(x)|26o;(0))i2 = L+(l)L+(2)(DM<o°))(:r)|2eo;(0))i2) ,(7.5.44) 

^;(l)^;(2)<o°)(x)|2eo;(0))i2 = (/^,,<;°))(x)|2eo; (0))i2) , (7.5.45) 

where Dm and De are analytical differential operators in x {i.e., with coefficients that are 
analytical functions of a; at x = 0), one sees that the type-(ji, J2) sector of the left-hand 
side (7.5.40) is of the form 

$^^^'^^'*^^'^n^(tj;f V^K)(^)^K.i),tO.)(l> 2)|2eo; (0))i2 , (7.5.46) 

where D^ 'f (a;) is an analytical differential operator in x and M.i-(jj^)^t(j2){'^^ 2) is a mono- 
mial in L^{1) and L^{2) of degree 2j2 + s — J2+J1 — s = ji + J2 with ffavor-exchange 
symmetry Mj,(j^)^t(j2)(l, 2) = (— l)*Mr(jj),j(J2)(2, 1). Since the right-hand side (7.5.39) is of 
exactly the same form, we conclude that 

^{s+fc,s) ,{0,0)\ . X _ (s+fc.s) ,(s+fe,s). X r7 5 47l 



Specializing to (ji, J2) = (s -|- k,Q), there are no contributions to (7.5.40) from M^s and 
ecomes a constant^ and 

,(s+fc,s) _ „;,{0,0)/ N As+k,s) _ p.{s+k,s) ,- .. 



E, so that -D.^_|_^ qJ becomes a constant^ and 



^For {ji,J2) = [s + k,0), the schematic expression (7.5.40) is of the form <iJ''(*+'^^(L+(l) + 
L^(2))'^(i+(1) — L+(2))*|lx)o)i2, with a binomial expansion, to be compared with the "dressed" binomial 
expansion in the (precise) Flato-Fronsdal formula (7.3.28). There is a precise agreement, however, once 
the trace corrections to (7.5.40) are included. For example, for (s + k,s) = (2,0) = (ji,J2), the precise 
form of the left-hand side of (7.5.2) reads 

as can be seen using (3.1.49) and (3.1.51) to expand the quantity Ta(2).b(2) — T[a{2) ,b{2)} d ^^ follows 

|Afai,„*Ma262-3(2jf+Yj {Va(2)Pbi * A2 - '2Va,b,P{a2 * Pb^) + Vb{2)Pa, * ^02 ) +-^7^^-^ (??a(2)%(2) -?7ai6i ^^asfcs 
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Finally, the precise functional form (7.5.13) follows by expanding the unity 1.^^ in the 
basis (7.5.35) and (7.5.36) as 

oo oo _ 

Ido = $][K]-i|n)(n| = ^-^^L+-..L+|eo;(0))(eo;(0)|L- ■■■1(7.5.49) 

n=0 n=0 ^ ' 

Letting xf{L~, L^)^ denote the standard normal-ordering, and introducing the variable 

z = 2L+L; , (7.5.50) 

we can write 

oo _. 

1^0 = Y.^^^^M^-^^rL;r\eo;m{eo;{o)r. (7.5.51) 

n=0 '" 

00 _. 

= E .n.ir ^ ^x(v^)^"|6o,(0))(6o,(0)rx (7.5.52) 

'' 'z 



= r(z/ + l)(^^J 5/.(v^)|eo,(0))(eo,(0)rx, (7.5.53) 

where v = tQ — 1 and ly is the modified Bessel function, related to J^ according to 

/.(-) = I %J':^: 'T -" < "^^" -J (7.5.54) 

I e 3 J^^[e 2 w) , tor — -^ < argw < tt 

We note that in D = 4, 

lj,„ = $coshv^|i;(0))(i;(0)rx. (7.5.55) 

Applying the inverse reflection R^^ : Sq i-^ 2Do to the dual states in the expansion of I^q, 
and denoting the resulting two copies of Do hj 'Dq{^), C^ = 1, 2, and using 

R~\z) = -2L+(l)L+(2) = -X , (7.5.56) 



Thus, substituting Mro = -\{Lt + L^) and P^ = ^(L+ - L^), and using (Lf{\) - Lf{2))\l^^,)i2 = 
and |lso)i2 = ^p[°'"J^{x)\2eo; (0))i2, one arrives at 

= 3(2,t+i) '^^^'^<:o)(") (^^,(1)^^.(1) - ^^^^i+ (l)i+ (2) + i+ (2)L+ (2)) |2eo; (0))i2 , 
in agreement with (7.3.28), and we also have C,. — ^'^" 



■'(2,0) 3(2eo + l)- 
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which formally implies R^^{^/z) = iy, we obtain 

^"'1^0 = T^ aLuI^ (v^)'"l^o;(0))i^|eo;(0))2 (7.5.57) 



_„4-n!(6o)„ 



r(^+l)(^) ■MV^)\2eo;m 



12 



|]1do)i2 . (7.5.58) 



7.5.1 Adjoint $o{D+1; C) Tensors as Singleton-Anti-Singleton 
Composites 

The £-th adjoint level A^ decomposes into a finite-dimensional compact lowest and highest- 
weight space, viz. {s = 2i + 2) 

Ce = S)(-(s-l);(s-l)) = C ® Qe;s , (7.5.59) 

(e;s)GAf 

where Qe;s are monomials of degree 2i + 1 built from L^, M^^ and E. The lowest- weight 
element can be written using (7.1.43) as 

|-(s-l);(s-l))i2;K.-i) = (L^,---i.-_,})(l)|i)i2, (7.5.60) 

where the so{D + l; C)-invariant twisted reflector |l)i2 = A;(l)|ll-)i2 was deflned in (7.1.28). 
Thus, the above lowest- weight elements are identified as the singleton-singleton composites 



(S - 1); (S - l))l2;r{s-l) = Yl On^\(, \ ^'^ + ^ ~ ^ris-mn) ® l^)Jt(n) ' (7.5.61) 



where |^)i„) = |^)r(n) is the singleton basis (7.5.35) and the corresponding anti-singleton 
basis is defined by 

\^)r(n) = k\n)r(n) = L" ■ ■ ■ L:^_^ ^ | - Cq; (0))~ , (7.5.62) 

such that L~ ■ ■ ■ L~^__^\n)^,^ = |^ + s — l)^(s_i)((„)- We notice that (7.5.60) by construction 
obeys 

(L;(1) + L;(2))|-(s-1);(s-1))i2;Ks-i) = 0, (7.5.63) 

which one can also check explicitly using (7.5.38). In other words, the analog of the 
ordinary Flato-Fronsdal formula (7.3.28), which states that S^o ® SDq can be expanded 
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in terms of infinite-dimensional massless lowest-weight spaces, is the following twisted 
Flato-Fronsdal formula: 

oo 

So® 1)0 = 0D(-(s-l);(s-l)) , (7.5.64) 

s=0 

which thus states that So Cg) 2Do can be expanded in terms of finite-dimensional lowest- 
weight spaces. 

7.5.2 On Adjoining the Adjoint and Twisted- Adjoint Repre- 
sentations 

The Flato-Fronsdal formulae (7.3.28) and its twisted version (7.5.64) show, respectively, 
how the massless lowest-weight spaces residing inside the compact twisted-adjoint rep- 
resentation A4{D + 1; C) and the adjoint representation i)o{D + 1;C) are mapped to 
singleton-singleton and anti-singleton-singleton composites. As previously mentioned, if 
Q G [)o(D + 1; C), then the element k maps Q to an element S = Q -kk E T{D -|- 1; C). 

In this section we shall propose another relation between the adjoint and twisted- 
adjoint representations, that constitutes a "fiber" analog of the unfolding procedure in 
space-time, and provides a direct explanation for the agreement between the Casimir 
operators noted in (7.1.47) and (7.1.48). The basic idea is to adjoin the adjoint weight 
space Ci = X)(— (s — 1); (s — 1)), given in (7.5.59), to the massless lowest- weight space 
'D{s + 2eo; (s)) via the intermediate conjugate massless lowest- weight space D(— s-|-2; (s)), 
whose lowest-weight state has the same quantum numbers of the singular vector 

\-s + 2;{s)) = L+J-s + l;{s-l))ris-i)}e3i-s + l;is-l)) . (7.5.65) 

We propose that {x = L^L^) 

D>5 : \s + 2eo;{s))r(^,) = x^L+---Ll\2;{s,s))risltis) , (7.5.66) 

D = A : \s + l;{s))r(s) 

= ^ntiui ■ ■ ■ ^TstsUsLu-^ ■ ■ ■ L^^_^ |2; (s, l))t{s),us ; (7.5.67) 
where |2; (s, s)) and |2; (s, l))t{s),us ^'^^ the descendants of | — s -|- 2; (s)) given by 

D>5 : |2;(s,s)),(,),,(,) = L+^---L+|-s + 2;(s,s)),(,)|, (7.5.68) 

D = A : \2-{s,l))ris),t 

= e{ri|«i«i ■■■e|r,_i|«,_i«,_i^^i ■■■^i-i^|t,|l -s + 2;(s, s))^,(5_i)|t}(7.5.69) 
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We notice that (7.5.66) is a regular enveloping- algebra element in Z^ = 5, 7, . . . while it is 
an irregular element (involving a square root) in Z^ = 6, 8, . . . , where we define the action 
of L~x" on lowest- weight states by analytical continuation of 

L;x" = x"L;+4na;"-^ (iL+M,, + L+(E + n-eo-l)) (7.5.70) 

in n. We have checked that (7.5.66) is a singular vector for s = 1 and for s = 2 in 
D = 5. We have also checked (7.5.67) for s = 1 and s = 2. We notice that (7.5.65) is a 
weight-space analog of an abelian gauge transformation of a (Z^ — 1) -dimensional gauge 
field, and that |2; (s, s)) and |2; (s, 1)) are the corresponding Weyl and Cotton tensors for 
D > 5 and D = 4, respectively, inducing the following short exact sequence 

^ |-s + l;(s-l)) ^ |-s + 2;(s)) ^ |s + 2eo;(s)) ^ 0. (7.5.71) 



7.5.3 On Twisted- Adjoint so(D;C) Tensors in Non-Composite 
Sectors 

The embedding formula (7.5.2) describes the expansion of enveloping-algebra operators 
Ta(s+k),b{s) in the massless lowest-weight (or highest- weight) spaces S}(s -|- 2eo; (s)), that 
is, the expansion of the projected state Ta(s+fe),6(s)(l)|ILs)o)i2- Likewise, one may consider 
their expansion around T^,,L corresponding to the lowest-weight state |2; (0))i2, obeying 
L-(O|2;(0))i2 = for ^ = 1,2 in view of (7.3.24) and (7.3.25) (although it has not 
simple composite nature for D > 6). Denoting the corresponding dressing functions by 
xfj^ -'f (x), the decoupling condition (7.5.12) again implies 

x[:::;o!(^) = xS(-), (7.5.72) 

where X(o'o)(^) ^'^^ obeys (7.5.21) with eo — > 2 — eo, that is 

related to Bessel functions with index z/' = 1 — cq. For v' ^ —1, —2, . . . , z.e. in all even 
dimensions and also D = 5, the solution analytical at x = is the rescaled Bessel function 



xS;;(x) = T{u' + 1) ( V ) Jr^'iV^), u' = -u=l-eo. (7.5.74) 



In D = 4, the dressing functions take the simple form 

^(o!o)(^) = ^^sin(v^) , (7.5.75) 
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s + 2eo 




Figure 7.2: The adjoint module !l)(— (s — 1); (s — 1)) is connected via the conjugate massless 
module T){—{s — 2); (s)) to the massless module T){s + 2eo; (s)). 



which one identifies with the spinor-singleton reflector 

D = A : \l^^)u = xSSS(a:)|2;(0))i2, |2; (0))i2 = |1; (i))l ® |1; (i)K7.^.76) 

2 

where i = 1, 2 is two-component spinor index. 

For u' 7^ —1, —2, . . . , i.e. D = 5 + 2p = 7, 9, . . . , p = 1,2,..., the rescaled Bessel 
function develops a logarithmic branch starting at order x^logx. Correspondingly, as 
examined in Subsection 7.3, the module 25(2, (0) is actually a p-lineton, so that xP\2; (0)) 
is a singular vector. Thus, the restricted reflector 

Il')i2 = xK(:^)|2;(0))i2, (7.5.77) 

is a well-deflned so{D; C)-invariant state in D = 2p and D = 5, while for D = 5 + 2p, 
p = 1, 2, . . . , it appears that some form of logarithmic superpositions of states are required. 
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The compact twisted-adjoint module Ai also contains the lowest-spin modules (7.3.51), 
whose elements can be reached formally starting from the lowest-weight or highest- weight 
states by considering dressing functions that are irregular elements of the enveloping 
algebra. For example, starting from the scalar ground states |2eo; (0))i2 and |2; (0)), 
the even static ground state may be represented as either |0; (0))i2 = x~'"'|2eo; (0))i2 or 
|0; (0))i2 = x~^\2; (0))i2, where x = L^L^ = 2L+(1)L^(2), although the precise meaning 
of these expressions are not clear to us. Instead, we would like to stress the fact that all 
elements in Ai have regular enveloping-algebra presentations. 

7.6 Real Forms of the Master Fields 

The real forms of the master fields are defined by 

{Ay = -A , ($)+ = 7r(<l>) , (7.6.1) 

where f acts as ordinary complex conjugation of the component fields (on real spacetime 
with [x'^y = x^) and as hermitian conjugation on A defined by 

{MABy = (y{MAB) , (7.6.2) 

where a is an automorphism of A with the property that a o a = Id, introduced in 
Chapter 3 and whose action we recall here. Decomposing Mae —* [Mab] Mca = Pa) -^ 
{Mrs, Mro', Pr, Pq) , One may consider the following real forms of so{D + 1; C) D so{D; C): 

so(D-l,2)Dso(D-l,l) : a{MAB) = Mab , (7.6.3) 

so(Z^,l)Dso(D-l,l) : a{Mab;Pa) = {Mab,-Pa) , (7.6.4) 

50(D,1)D 50(D) : a{Mrs,Mro;Pr,Po) = (M,„ -M,o; P., -Pq) (7.6.5) 

30{D + 1) D so{D) : a{Mrs, Mro; Pr, Po) = {Mrs, -Mro; -Pr,Po) {7.6.6) 

which we may summarize as 

a{Mrs, Mro; Pr, Po) = {Mrs,OroMro;(To'Pr,Oro'CroPo) , CTq, , ao = ±1.(7.6.7) 

Starting from (7.6.3), the three other reality conditions are equivalent to using Wick 
rotations in either 0', or 0, or both 0' and 0, respectively, to go to the real basis M^^ 
obeying 

{M%y = M% (7.6.8) 
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and the commutation rules (3.2.1) with tjab = {—o'o']Vab) and rjab = {—o'o,Srs), that is 

50(D-1,2) DS0(D-1,1) : rjAB = {-]Vab) , Vab = (-,<5rs), (7.6.9) 

S0(D,1) DS0(D-1,1) : r]AB = { + ;Vab) , Vab = (-, <5rs) , (7.6.10) 

so{D,1)d so{D) : r]AB = {-■,Vab) , Vab = {+,Srs) , (7.6.11) 

so{D + 1) D so{D) : r]AB = {+;Vab) , Vab = {+,Srs) ■ (7.6.12) 

The corresponding component fields ^^^(^-1) b(t) ^^^ ^^(s+k) b(s)' defined by the real coun- 
terparts of the covariant expansions (7.6.14) and (7.6.16), i.e. 



s=2,4,6,... 
s-1 

As) = -^Y.d^'<ais-i)Mt)(^)Ml^''---Ml^'^P^^-^...P^-^ . (7.6.14) 



t=0 



$ = E "^W' (7-6-15) 



s=0,2,4,... 



oo .J. 



fe=0 

are real 

[Afj,^a{s-l),b{t)^^^^) ^ ^M,a(s-l),b(*)(^^) ' ('^a(s+fc),6(s) (^^))* = '^a(s+A:),6(s) (v^^V'-l''') 

For the compact basis elements Mrs, E = Mq/q = Pq and Lf = Mq^ =F iM^ir = Mq^ =F 'i-Pr, 
which obey the commutation rules (3.2.12) and (3.2.13) in all signatures, the reality 
conditions read 

{MrsY = Mrs , E^ = ao'oE , (L±)t = ^oL^'^-'o , ^o^o = ^o'^o , (7.6.18) 

that is 

so{D-l,2)Dso{D-l,l) : (L^)^ = L^ , (E)^ = E , (7.6.19) 

50{D,1)D50{D-1,1) : {Lfy = Lf , (E)^ = -E , (7.6.20) 

so(D,l)D 50(D) : {LfY = -Lf , {EY = -E , (7.6.21) 

soiD + I) D so{D) : {Lfy = -L^ , (E)^ = E, . (7.6.22) 
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Correspondingly, the compact basis elements obey 

(^el..))^ = (-oO^^-^(-o)^--Ti;),,(.,,,) , (7.6.23) 

as can be seen from (7.2.3), where f / n G M and 

{Ts;n;(si,S2);r{si),t{s2)) = (o"0')'''"''(^o)*~*^ (o"0'o)''^s;n;(si,S2);r(si),t(s2) • (7.6.24) 

Hence, using also (7.2.9), we see that $''" = 7r($) implies the following conjugation rules 
for the harmonic-expansion coefficients defined in (7.4.14): 

(^11,.))* = (-o')^^-^'(-o)^--$Ltoe;(....) • (7-6-25) 

Alternatively, using the "ladder-operator" bases (7.3.51) and (7.3.52) for W^ and D, we 
find the following reality conditions in signatures so{D — 1, 2) and so{D + 1): 

W^ s = : ($2°))* = (-aoO^(-^o)™+"<l^) , (7.6.26) 

>V^ s>0 : ($S^)* = (ao)^^^(-ao)™+"«l'tl:) , (7.6.27) 

D, s>0 : ($W)* = (ao)^(-ao)"^$;:^ , (7.6.28) 

and in the signature so{D,l): 

>V^ s = : ($Sn^)* = (-^o')^(-^o)'"+"<°) , (7.6.29) 

W^ s>0 : ($±W)* = (ao)^+^(-ao)™+"$^y , (7.6.30) 

2), s > : ($«)* = (ao)^(-ao)'"$« , ($;:V = {aon-aor^flfi.31) 

where we note the phase factors arising from vr((T^ )''') = (— o"o') 2 T^ and 7r((Tj_'' )"!") = 

energy modes are complex conjugated in signatures so{D — 1, 2) and unconjugated in the 
signature so{D,l). 



{aoY^ 2 Ti"\ and TT{{T^,'L^(.y) = (ffo)'Tl°j , . . .. Hence, positive and negative- 



7.7 Inner Products and Unitarity in Two-Time Signature 

The bilinear inner product (■, ■)r = Tr[7r(-) -k (•)] on the covariant twisted-adjoint module 
T, consisting of the generalized polynomials defined in (7.1.51), is no longer well-defined 
on Ai, due to the non-polynomiality of the compact basis. To define a bilinear form 
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(■, ■)m on A4, we thus declare the twisted-adjoint i)Oi{D + 1; C) action to be self-adjoint, 

viz. : 

iQS,S')M = -iS,QS')M , (7.7.1) 

for any Q G i)Oi{D + 1; C), and define {S±, S'-^)m = and 

iS^,S'^)M = j^Tr[n{S^)^S'^], (7.7.2) 

where A/± are the norms of the scalar static ground states in A4^, viz. 

A/; = Tr[T(°))^T(°)j, (7.7.3) 

A/"- = ihnTSkr^Tl^-kr]- (7-7.4) 

Thus, to calculate {S±, S'^)m one first expands S± and S'^ using (7.2.34)-(7.2.35) and 
(7.2.39)-(7.2.40), and then factors out Af± from Tr[7!-{S±)icS'^] using (7.7.1). By construc- 
tion, the resulting bilinear form is finite, symmetric (which follows from Tr[7r(X)] = Tr[X]) 
and i)Oi{D + 1; C)-invariant. We note the twisted-adjoint energy conservation law: 

(S'e, S^,)m = Se+e',o{Se, S^)m , (7.7.5) 

provided ESe = {E, S'e}^ = eSe idem S'^,. We also note that (■, ■)m+ simplifies in view of 
(7.2.45), which implies 

'^^[^0;(0) ^ Qe * ^0;(0) '^ Qe'] = ^efl^e' ,oT^^[Tq.(^q^ * Qo ^ ^OKO) '^ ^^o] ) (7.7.6) 

provided Ad-EQe = [E,Qe]-k = eQe idem Q'^,. Under the indecomposition (7.3.43)- 
(7.3.46), the bilinear form {■,-)m splits into a non-degenerate inner product on W^, 
and a completely degenerate bilinear form on 1) and 1)'. On 2D, we instead define the 
non-degenerate inner product 

{S,S% = ^TT[niS)^S'], (7.7.7) 

by declaring the twisted- adjoint ^Oi{D + 1;C) action to be self-adjoint, and using the 
state generation (7.3.52) to factor out 

Ar,,„ = Tr[vr(Tit,(o))^Ti°)(,)] = TAT^t,,^ ^ T^^^] . (7.7.8) 

The normalizations A/± and A/2e(,, which thus contain all non-polynomialities, can be 
computed using (7.1.11) and (3.1.58), which implies 

TT[Tro(n) -^ Tso(n)] = |Tr [(Acp^To(„)) t^t Tso{„)] = Tr[To(„) Tkr (Acp^Tso(„))l7.7.9) 

(0) 



,(0) X , -r.n- , , ^T- , ,, 1 _ -^"+1 



-^n+l^r{sTr[To(„) 7krTo(„)}^] = " 6rsTr[To(^n) ^To(n)] , (7.7.10) 
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,{o) 



with Xnli given in (3.1.64), and (7.1.11). For the scalar static ground states, whose 
generating functions are given in (7.2.20) and (7.2.21), we find the non-oscillating series 



AA, 



°° 111 

eo v^ n + eo + ^ 



eo 



tE 

2 n=0 



n+|)(n + 2eo 



(7.7.11) 



which is logarithmically divergent for cq > 0, while 

4eo(eo + 1) 



AA_ 



(eo + 5)(eo + i) 



X 



E 

n=0 



(n + f + !)(n + f + i)(n + i)(n + 1) [(eo + ^'Kl 



l^ ]2\n\ 12 



n + eo + 1 



(eo + l)„(eo + 2)„[(2)„]^ 



(7.7.12) 



which is convergent for eo > 0, as can be seen using (z)„ = T{z + n)/T{z) and T{z) = 

_i 

yh^z^ 2e~^(l + (9(z~^)), which implies that the summand goes like n~^(l + OirT^y) for 

large n. For example, in D = 4 



M^ 



N. 



oo 
n=0 ^ 

_9_y. 1 



32— in 

n=0 ^ 



3)2 • 
2/ 



(7.7.13) 



(7.7.14) 



For the lowest-weight element, whose generating function is given in (7.3.13), we find the 
oscillating series 



M 



2eo 



y. . JgQ + i)n(26o)n(2eo + l)n 

^^ ^ n!(2)„(eo + i)n 



n=0 --v-A^v-u . 2^" 

= 3F2(eo + |,2eo,2eo + l;eo + |,2;-l) . 
To evaluate the hypergeometric function, we use rewrite it as 



(7.7.15) 



3i^2(eo + |, 2eo, 2eo + 1; eo + \, 2; x) 
1 +a; 



2^1 



1 — eO) eo + o; 2 



^T^2-^" A ( xi+^«2Fi(2eo, 2eo + 1; 2; x; 
eo + ^ ax V 



4a; 



;i-a;)2^o+2- 
8(l-eo)r(|) x(l+a;) 



eo)r(l + eo)(l-x)2^"+4' 

2-ri 



2' ' (l-a;)2 
Fi 



2-eo,eo + 2; 2? ( Y^ 



4r(i 



r(eo + |)r(i-eo)(i-x; 



2eo+3' 



1 + Co, 9 — Co; "■ 



J) 2' 



1+X 
1 — X 



(7.7.16) 
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with the result (n = 0, 1, 2, . . . ) 

^r = r(l) [ (-ir,JSg^ f°^^'' = ^ + %7717l 

22^o+ir(l - eo)r(eo + I) lo foreo = l+n ^ ^ ^ ^ 



In particular, for D = A we have 



M = 1 (7.7.1^ 



The inner products between real twisted-adjoint elements, obeying the reality condition 
(7.6.1), are real, 

(<l>^ <1>±')a4 = ^Trp±)t^$±'] = ^Tr[($±')^^<^±], (7.7.19) 

($,$01) = ;^Tr[$t^$'] = _J_Tr[($')^^<^]. (7-7.20) 

Expanding into components using the bases (7.3.51) and (7.3.52), we find that in the 
signatures so{D — 1, 2) and so{D + 1), 



(<^^<^^')a. = E ("^S^)*(^o)™+"(-^o') 2 iV;tS™',n''^t^?' 

»n,n;m',n'=0 

oo oo 

+ E E (^Sn^)*(^o)'"-^"(^o)^-+^<^:!^,.,$3S ' (7-7-21) 



s=l m,n;m',n'=0 



oo oo 



(*>*').) = E E ((*^^)*K)^+™Mi^)^,$2' 

s=0 m,m'=0 

+ (€^')*(^o)^-^'"'Mi^)^$W) , (7.7.22) 

and that in the signature so{D,l), 

(<^^<^^')A. = E ('^S)*(^o)™+"(-^o') 2 <(°u,„,$2:r, 

m,?i;m',n'=0 

oo oo 

+ E E «i:^)*(^o)™^"(ao)^'+^iVit!™,„,$:t^;^,, (7.7.23) 

s=l m,n;m',n'=0 



oo oo 



:*'*')^ = E E (^™(-i)"^<1'*!:'+^S'(-i)'"'mS™$(:)) (7.7.24) 



s=0 m,m'=0 
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where the inner product matrices 



M, 



(s) 



T 



(s) 
■(s+2eo);{s)' 



m/ r +\m' rp(s) 



{L^nL+^T^ 



s+2eo;{s)J^ ' 



and 



N: 



±{s) 



m,n:m' ,n' 



-i(s) (T-\m(T+\nfT+\m'fT- 



^± , iL-nL+)''{L+r{L-fT^ 



(s) 



M 



(7.7.25) 



(7.7.26) 



More exphcitly, including also the so{D — l) vector indices, and using (7.2.32) and (7.2.33), 
the inner product matrices M^'^' and N^^'^' read 



Mit((Sl,S2)|(s'l,4)) = 5ra,Js,,s',5s,,s'M^'\p-Asi,S2)) 



(7.7.27) 



where p = "'+^ ^^ ^^ ^^^^ 



M«(p;(.i,.2)):;sS^ 



■^(s) 



<s) 



T%^2.oy,isyMsv(^^nLrr'''(Lt}ri^mq^^^^^^ 



and 



^m,n;m',n'((si'S2)|(Sl,S2)) = Sm,m'Sn,n'Sm+„,si+S2-sSs^,s{Ss^^s',N^'''\p, Q] {Si, siJ).?,. 29) 



where p = "" ""^""^ ''^ ^^ and q = " "''^''^ "'^ "'^ , and we note that n = for p > and m = 
for g > 0, in order to avoid redundancy, and 



r'{si),t'(s2) 



A^^«(i>,g;(^i,^2)):(S;;i:j 



T 



(s) 



^ / r{si-s),t{s2)} 



t u , „, , ^S'(s)} ) for p, g < 



M 



T 



(s) 



±;{r(s) 



,iL 



— \m I T +\m rp{s) 



T 



'{r'(si-s),i'{s2) ±;r'{s)} 
{r(s)A-^ )r(si-s),t{s2)}y^ ) {r' {si-s),t' (.82)-^ ±;r'{s)} 



M 



M 



for p > (7..7.30) 
for g > 



the above inner product matrices do not depend on the signature. The matrices M*-*^ are 
positive definite^°, and from (7.7.22) and (7.7.24) it follows that (■, ■)j) is positive definite 
(only) in the signature so(D — 1, 2). We conjecture that also the matrices A^='=(*) are positive 
definite, so that also (■, ■)m is positive definite on W^ in the signature so{D — 1,2). For 



^"The complex space £i+(eo; (s)) ® 2) (eo; (s)), where eg = 2eo + s, can be equipped with the Hilbert- 
space inner product 



M(e;(si,S2)|e';K,4)) = (|e; (si, S2)))Me'; (s'l, 4)) > 



(7.7.31) 
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example, in the case of A^+(°) in D = A, the elements in W/q-, have S2 = and p,q < 0, 
and thus 

D = 4 : iV+(;)„,^„,((si)|(s;)) = 6m,n.'Sn,n'Sm+n,s,Ss„s[N+^'Hp,q;{m + n)){7.7.3Q) 

where the matrix elements 

{r' (m+n)} 



N^('\p,q;im + n))lX 



r'{m+n) 
(m+n) 



Tf,((L-r(L+r) ^ ((L+r(L- 

{r['m+n)\ 



Ar'{rn+n)} ,. 
"{r{m+n)} ^''m,n , 



' M 

(7.7.37) 



for coefficients 



N„ 



.(0) 



)/ \ 1 T' ( TTl~\~Tl) r \ 
((L+)-(L-)M Tf (7.T.3^ 
,---, ^ {r(m+n)} V / / _^ 



with dim(m) = SV^^ly = 2m + 1 being the dimension of the type (m) irrep of 5o(3; C). 
Positive definiteness amounts to that Nm^n are strictly positive for all m and n. Using 
(7.7.6) and 



7+7-^(0) 



7-7+^(0) 

^r ^r -'0;(0) 



9^(0) 
0;(0) 



we have found that this is indeed the case for the following low-lying levels: 

A^i,o = - , N2,o = 8 , A^i^i 
although we have no proof to all levels. 



32 

15 



(7.7.39) 



(7.7.40) 



assuming the following forms in various signatures: 

M = 



so(I?-l,2) D5o{D- 1,1) 
so(L»,l) Dso{D- 1,1) 
00(15,1) Dso(D) 

50(1? + 1) 3 50(1?) 



M = 



M = 



M = 



' M ■ 
M 


1 


(7.7.32) 


■ M ' 
M 


•) 


(7.7.33) 


(-l)-('^-'=«)M ■ 
{-ly-^^M 


(7.7.34) 


- (_l)e-eo 




M 

(_l)-(e-eo)7y/ 


(7.7.35) 



where M is given in (7.7.27), and ±(e — eg) is the total number of L^ operators applied to the ground 
states I ± eo; (s))*. We notice that M couples states with the same energy in signatures so{D — 1, 2) 
and so{D + 1) (where (| ± eo; (s))*) — *(±eo; (s)|), and with the opposite energy in signature so(I?, 1) 
(where (| ± eo; (s))*) = ^(=Feo; (s)|), and that M is positive definite only in signature 5o(D — 1, 2). 



CHAPTER 7. SINGLETONS, ANTI-SINGLETONS AND HS MASTER FIELDS 185 

7.8 SUPERSINGLETON AND OSCILLATOR REALIZATION IN D = 4 

A particularly simple realization of a composite reflector can be given, in four dimensions, 
in terms of the states belonging to the scalar and spinor singletons. In other words, one 
can make use of the 4D oscillator realization (3.3.35) defined in Subsection 3.3.2 and 
define the composite reflector state \1.)x)o®t>i/2 ^^ the reflection of the identity operator 
on the Fock space (3.3.38), that contains both the scalar and the spinor singleton. 

We begin by defining the action of the reflection map on the vacuum |0) = |l/2, 0) and 
on the oscillators: 

R{\0)) = (0| , i?(|0)-) = -(0| , (7.8.1) 

R{a^') = ia' , R{a') =ia^' . (7.8.2) 

One can check that R is an antiautomorphism of the oscillator algebra (3.3.35). On a 
state \n) = a'''*^..a''"*"|0) it acts as 

R{\n)) = i"(0|a^i...a'" , (7.8.3) 

and similarly for anti-singleton states 

R{\ny) =t''-{0\a^'\..a^'- . (7.8.4) 

We note that the variable z, defined in (3.1.41), is 

z = 2L+L; = 2-{(Tr)ij{(Tr)^^a^'a^^akai = : {a^'aif : . (7.8.5) 

Thus, from the Fock-space point of view, eqs. (7.5.49-7.5.55) can be rewritten as 



Ido - Ij^^e 



J2 \n){n\ = Yl ^a^''---a^'"\0){OK...a,„, (7.8.6) 



n even n even ' 



or 



J2 ^^"|0)(0| : = : coshAr|0)(0| :, (7.8.7) 



1.F 

■' — ' n! 
n even 

where N = o^'^ai = ^. Analogously, the decomposition of the reflector over spinor 
singleton states, that leads to (7.5.76), can be expressed as 

Ij,,/, = 1^^,, = : J2 ^^"I0)(0| ■■ = ■■ sinhiV|0)(0| : . (7.8.8) 

n odd 



CHAPTER 7. SINGLETONS, ANTI-SINGLETONS AND HS MASTER FIELDS 186 

One can now combine these two into the identity over the entire Fock module, obtaining 

1^ = "xe^|l/2,0)(l/2,0rx, (7.8.9) 

that can be reinterpreted simply as the completeness of the Fock-space basis of states, 



oo oo 

N 



Is = 1^ = }^\n){n\ =: }_^ -iV«|0)(0| : = : e^ |0)(0| : . (7.8.10) 

n=0 n=0 



The latter equations indeed simply amounts to the fact that the Fock-space vacuum-to- 
vacuum projector |0)(0| admits the realization : e~^ : . On the other hand, (7.8.7) and 
(7.8.8) give the definitions of the projectors onto J-'even and J-'odd, respectively, 

i^.„.„ =p+ = ^(i+n, i^o.. =p~ = ^(i-n, (7.8.11) 

P±^P± = P±, (7.8.12) 



where 



e-"^ : , r*r = 1 (7.8.13) 



(see Appendix I). The refiection of (7.8.9) gives the combination of scalar excitations in 
the doubleton basis Tif^ © '^f/2 onto which the identity operator in the twisted adjoint 
representation can be mapped, 

11) = e^^|l/2,0)i|l/2,0)2, (7.8.14) 

where we have defined y = ^/x = aj(l)a''"*(2). 

The standard inner product on the Fock space induces the trace operation Tr. The 
important feature of such realization is that one can normalize the refiector appearing in 
the last equation. As reviewed in Appendix I for the simpler case of a single oscillator, to 
any consistent inner-product law for the Fock module is associated a corresponding trace 
operation in the space of operators / acting on that module. Now, there are two possible 
trace operations which are consistent with the oscillator algebra, namely 

Tr±(/) = Trj,„(/)±Trs,/.(/) (7.8.15) 

(note that these definitions are analogous to those given in Appendix I), where 



oo 



Trx)o(/) = 2^(2A;|/|2A;) , (7.8.16) 

denotes the trace on the scalar singleton states, and 

oo 

Tri,,/,(/) = J](2A; + 1|/|2A; + 1), (7.8.17) 



fc=0 
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the trace on the spinor singleton states. This means that the trace of the identity operator 
amounts to a sum of the muhiphcities of each state \n) (that has spin s = n/2), i.e. 



Trs„(l) = J2^2k + 1), 

oo 

Tt^,,,{1) = Y.{2k + 1 + 1). (7.8.18) 



A;=0 



This can be summarized as 

oo 

Tr±(]l) = 5^(±1 



.n 



n 

n=0 



cxD , for Tr4 
T for Tr_ 



Notice that only Tr„ leads to a finite result, and for this to happen is also necessary to 
compute Tr_ over the full Fock space So © 2Di/2, while the traces on X)o and 1)i/2 only 
are necessarily divergent. Moreover, as shown in Appendix I, for an arbitrary element of 
the oscillator algebra / = /(ai,a^*), Tr_(/) actually coincides with Tr+((— 1)^ T*r /), and 
the latter in its turn coincides with the supertrace operation Str(/) = /(O, 0) defined in 
[63], up to an overall factor. With two oscillators, the precise relation is 

Tr_(/) =^Str(/) = ^/(0,0). (7.8.19) 

7.9 Divergencies in the Perturbative Expansion and a Pro- 
posal FOR Their Regularization 

As we have already stressed, the map constructed above establishes a correspondence 
between the master zero-form at a point in space-time and the physical fluctuation flelds 
with deflnite energy and so(3)-spin. In doing so, we have mapped fluctuations in fleld 
strengths and scalar flelds to nonpolynomial combinations of twisted adjoint elements. At 
this point, however, a potential subtlety arises. As remarked in Section 5.2, the T*r-product 
of nonpolynomial generators will in general give rise to divergencies. 

Indeed, the component-fleld expansions of the master flelds A and $ are formal sums 
that are not subject to any convergence criteria. Once the master flelds are constrained 
on-shell (in the context of the weak-fleld expansion) the component flelds A^,a(s-i),6(t) and 
^a{s+k),b{s) become identifled with various non-linear and higher- derivative constructs built 
from the physical scalar 0, metric g^u and higher-spin gauge tensor gauge flelds ^Pfj.-^...^^ 
(s = 4, 6, . . . ) deflned in (3.1.87), (3.1.78) and (3.1.79), respectively. There is nothing, in 
principle, that prevents the resulting (full) master flelds A and $ from having potentially 
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divergent T^r-product compositions^^ . Such divergencies do indeed arise in the composition 
7r($) ^$ of hnearized solutions (given by harmonic expansions), possibly jeopardizing the 
weak-field expansion. However, due to the detailed nature of Vasiliev's equations (having 
to do with doubling of oscillators) it is possible that these divergencies do not affect the 
actual higher-order corrections to the full master fields. In other words, there is some 
evidence that the weak-field expansion of Vasiliev's equations gives rise to well-defined 
classical interactions vertices among states (one-particle as well as static states) with fixed 
compact quantum numbers. 

To understand why this can indeed be the case, we will use as a prototype example 
the self-interaction of the lowest weight element Ti y(Q\ in D = A, that has the simple 
form (7.3.15), i.e. $' = ^\p = e~^^. At the second order in perturbation expansion, the 
Z-dependence of the zero-form master field is given by 

a„$'(2) = -l:(i)^$' + $'^7r(Af))=jl2)(^). (7.9.1) 

The source term is of second order in $', since 

1^1) = z^ f dt^\-zt,y)e''y"''- , (7.9.2) 

Jo 

and in particular, substituting $'(|/, y) = exp{{o-Q)°"^yaya) in the equation below, one finds 

A'i'^^<^' = ^y"'rft(e^*^"^"+^"^"$'(-^t,y)^$(y,y)) 
°° 1 11+/ 

where we only write the coefficient of the identity. This shows a divergency in the upper 
bound of the integration domain, t = 1. However, being this an isolated singularity, one 
can apply the method of regularization proposed in [97], and obtain a well-defined weak- 
field expansion by circumventing the singularities that arise in the perturbative expansion 
using a closed integration contour 7 as 



^^Divergencies were encountered recently in [99], where exact solutions of the non-minimal model based 
on i)Oi(D + 1; C) were constructed using projectors P E A obeying P ir P — P. These solutions would 
admit a consistent truncation to the minimal model provided t{P) = P. However, the projectors used 
in [99], built using Fock-space methods, are not r-invariant. The reason is that the naive attempt to 
impose the r-condition by replacing P by P + t{P) leads to divergencies residing in P-kT{P) that remain 
unresolved at the level of the full Vasiliev equations (although, mathematically speaking, they are related 
to the those arising in the harmonic expansion). 
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where 7 encircles the branch cut from t = to t = 1 (similarly for Aa , see [97])^^. 
This more general presentation of the weak-field expansion allows for singular initial data 
for the evolution along Z. In the case of regular initial data, on the other hand, the 
closed-contour can be collapsed onto the branch cut as to reproduce the open-contour 
presentation. 

An important subtlety however still needs to be resolved. Indeed, at every order in the 
perturbative expansion one has to make sure that the source terms ja (z) are finite, and 
this request fixes 7. But at higher orders, the isolated singularity is pushed further and 
further away from the origin of the complex t-plane, and the necessity of encircling it may 
lead to losing the associativity of the ^-product composition, which is in its turn crucial 
for the integrability of the equations. We hope this issue admits a resolution, which we 
shall elaborate further on elsewhere. 



-'^^Notice that the presence of the i-dependent exponential e**^ ^° in the sources leads to an essential 
singularity at t = oo, which always prevents the closed-contour integrals from being trivial. 



Chapter 8 



Conclusions and Outlook 



In this Thesis, I have reviewed in some detail the main features of interacting Higher-Spin 
Gauge Theories focusing on the Vasihev equations, and presented some original results 
concerning the structure of the gauge algebra on which they are based and some new 
exact solutions. As it can be appreciated from the review part of this work, the study 
of HS gauge fields has made some very significant progress in the last twenty years, and 
at the same time the importance of a better understanding of their dynamics has grown 
considerably also due to the developments in different research fields, and most notably in 
String Theory. As a result, HSGT as we know them today involve a number of physical 
and formal tools and concepts that are not only fascinating and promising in themselves, 
but also of potential interest to other fields at the forefront of research in High-Energy 
Theoretical Physics. 

The Vasiliev equations are arguably the most important achievement in HSGT ob- 
tained so far, and are in fact the only known consistent set of equations encoding the full 
dynamics of massless HS fields (at least in four dimensions, while for higher dimensions 
this statement is so far limited to totally symmetric tensors). As we have seen, they en- 
code a very complicate dynamics into a few elegant curvature constraints according to the 
unfolded formulation. The latter has been the key to overcome the main obstacles to the 
formulation of a consistent nonlinear theory of HS fields, and also enables a uniform treat- 
ment of higher- derivative couplings together with, importantly, a background-independent 
description. On the other hand, a conventional action principle from which the Vasiliev 
equation descend is not known, at present, and in the unfolded scheme it might not be 
easy to recover certain results that are instead more readily within reach in the known 
low-spin Lagrangian Field Theory. Moreover, making contact with the known lower-spin 
gauge theories is also not easy, at present: this is due to the fact that no consistent 
truncation of the equations down to the lower-spin sector is known, as lower-spin fields 
serve as sources for higher-spin fields, and some mechanism of spontaneous breaking of 
the full HS symmetry must be known before one can turn off the couplings to HS fields 
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consistently. However, as we hope we have made clear in this Thesis, the Vasihev system 
offers other important windows on the peculiar features of HS dynamics, and we believe 
one should exploit such possibilities as much as possible. 

For example, although the full equations in space-time are a system of formidable 
complexity, and indeed are not even known in closed form at present, we can nonetheless 
find exact solutions by exploiting their relatively simple form in the extended space {x, Z). 
Indeed, the most important feature of the unfolded approach is that, roughly speaking, 
it enables a trading of the space-time evolution for the fiber evolution, and this makes it 
possible not only to write the field equations in a background-independent way, but also 
to solve them by means of purely algebraic methods. For example, as we have explicitly 
shown in Chapter 6, imposing symmetries on the zero- form, may simplify a lot the form 
of the the fiber equations. Moreover, a large class of solutions to the latter can be found 
by using projectors of the gauge algebra. The methods developed for the construction of 
the exact solutions found so far [97, 99, 98] are likely to be useful to find new ones, and in 
general the homotopy invariance of Vasiliev's equations gives some hope in this sense. Of 
particular interest is the research of a spherically symmetric solution, as well as of black 
hole solutions. For example, the exact solution that describes the embedding of a BTZ 
black hole in the three-dimensional HSGT (in which, however, higher-spin fields do not 
carry local degrees of freedom), found in [98], might be elevated to the dynamically more 
interesting case oi D = 4. 

The importance of such issues actually goes beyond the realm of higher spins. Since any 
system admits an unfolded reformulation, one may even speculate that such algebraic 
methods can be of use also in ordinary gravity, and that solutions could be obtained 
algebraically starting from the knowledge of the Weyl zero-form at a point in space-time. 

In this Thesis, starting from HS gauge theories in four dimensions based on infinite di- 
mensional extensions of 5*0(5; C), we have determined their real forms in spacetimes with 
Euclidean (4, 0) and Kleinian (2, 2) signature, in addition to the usual Lorentzian (3, 1) 
signature. We have then found three new types of solutions in addition to the maximally 
symmetric ones. 

Type 1 solutions, which are invariant under an infinite dimensional extension of 5*0(4 — 
p,p), give us a nontrivial deformation of the maximally symmetric solutions, and depend 
on a continuous real parameter as well as on an infinite set of discrete parameters. Interest- 
ingly, a particular choice of the discrete parameters, in the limit of vanishing continuous 
parameter, gives rise to a degenerate, indeed rank one, metric. Given that degenerate 
metrics are known to play an important role in topology change in quantum gravity [94], 
it is remarkable that such metrics emerge naturally in HS gauge theory. 
Type 2 solutions, which provide another kind of deformation of the maximally symmetric 
solutions, have a non- vanishing spinorial master one-form. 

Type 3 solutions are particularly remarkable because all the higher spin fields are non- 
vanishing, and the corresponding Weyl tensors furnish a higher spin generalization of Type 
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D gravitational instantons. It would be interesting to apply the framework we have used 
in this paper to finding pp-wave, black hole and domain wall solutions with non- vanishing 
HS fields. 

We stress that our models in Euclidean and Kleinian signatures are formulated using the 
4D spinor-oscillator formulation. It would be interesting to compare these models to the 
vector-oscillator formulation [72, 52], which exists in any dimension and signature, and 
relies on the gauging of an internal sp(2) gauge symmetry (as briefiy discussed in Chapter 
3). At the full level, the vector-oscillator master field equations, in any dimension and 
signature, are formulated using a single 5p(2)-doublet Z-oscillator, leaving, apparently, 
no room for parity violating interactions. The precise relation between the spinor and 
vector-oscillator formulations in D = 4 therefore deserve further study. 
In the context of supersymmetric field theories, including supergravity, the non-Lorentzian 
signature typically presents obstacles, since the spinor properties are sensitive to the space- 
time signature. Here, however, we have considered bosonic HS gauge theories in which 
the spinor oscillators play an auxiliary role, and we have formulated the non-Lorentzian 
signature theories with suitable definition of the spinors without having to face such ob- 
stacles. Remarkably, non-supersymmetric 4D theories in Kleinian signature describing 
self-dual gravity arise in worldsheet N = 2 supersymmetric string theories, known as 
N = 2 strings. For reasons mentioned in the Introduction to this Chapter, it is an in- 
teresting open problem to find a niche for Kleinian HS gauge theory in a variant of an 
N = 2 string. 

There are several other open problems that deserve investigation. To begin with, we 
have not determined the symmetries of Type 2 and Type 3 solutions, moreover, as we 
have seen, some of the solutions found so far admit an interesting cosmological inter- 
pretation. However, the latter is not straightforward and, at present, cannot be carried 
out in a HS covariant fashion. Indeed, there is no HS-invariant line element to describe 
the geodesic motion of test particles and, consequently, to define the notions of horizons 
and singularities in a sensible way. In order to do this, and to be able to characterize 
the solutions physically, it would be of extreme importance to extend the set of invari- 
ants under the infinitely many symmetries of HSGT. To date, a partial set of invariants 
(6.3.118) has been constructed [97] only in terms of the master zero-form, while no ob- 
servable that involves the master one-form has been found (although it is clear how to 
to extend the construction to the case of one- forms). Moreover, while it may be useful 
in its own right to determine whether our Type 3 solutions support a complex, possibly 
Kahler, structure up to a conformal scaling, such results may be limited in shedding light 
to the geometry associated with infinitely many gauge fields present in HS gauge theory. 
A proper formulation of the HS geometry would also provide a framework for constructing 
the above-mentioned invariants that could distinguish the gauge inequivalent classes of 
exact solutions. 
It would also be interesting to study the fiuctuations about our exact solutions, and ex- 
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plore their potential application in quantum gravity and cosmology. Similarities between 
the frameworks for studying instanton and soliton solutions of the noncommutative field 
theories (see, for example, [130]), and in particular open string field theory, are also worth 
investigating. 

As we have stressed, there are many reasons why it would be desirable to gain a better 
understanding of the unfolded formulation and of the structure of the HS algebras. With 
such motivations in mind, in Chapter 7 we have elaborated further on them, and on the 
representations that are of relevance to the Vasiliev equations. In particular, an analysis 
of the physical content of the Vasiliev system was developed, which is valid for arbitrary 
signature, and is somehow in the spirit of the unfolded formulation. Indeed, as the study 
of the chiral model in Chapter 6 puts in greater evidence, the field-strengths are the 
natural place where to look for the physical degrees of freedom, and this raises the issue 
of examining carefully how the local data is encoded in the zero-form master-field. This 
is investigated in Chapter 7 in some detail and in a general way, and normalizable and 
non-normalizable fluctuation fields carrying definite energy and spin quantum numbers 
are shown to emerge, a priori, from the unfolding of the local data. In particular, some 
nonperturbative solutions to the linearized equations originally found in [97] are nicely 
seen to come out from this analysis. Although such states are nonunitary in the standard 
inner product in AdS [133], they appear to be unitary in the inner product (., .)» based 
on the trace operation defined in Chapter 7. It is however too early to understand what 
this means in a quantum theory. 

Moreover, the mapping developed in Chapter 7 might admit simple extensions to the 
case of other interesting representations that we have not treated here, namely massive and 
partially massless fields in maximally symmetric space-times with nonvanishing cosmo- 
logical constant. A lagrangian formulation is known for the free massive case of arbitrary 
spin, and massive fields are known to be related to the tensor product of three or more 
singletons (although a complete classification is not available, at present). An appropriate 
generalization of the map in [134] to multipletons might give an indication on the relevant 
master-fields that would enter an unfolded formulation of massive fields. Moreover, in the 
limit in which the mass of fields with spin s > 2 becomes proportional to the cosmolog- 
ical constant, with some precise real or imaginary factors, the theory acquires a partial 
gauge invariance under transformation that have a lower rank parameter, compared to 
the massless case, and at least two derivatives. Such fields are called "partially massless", 
and are peculiar to space-times with nonvanishing cosmological constant. Although both 
a lagrangian and an unfolded description of such fields are available (see, for example, 
[137] and references therein), to the best of our knowledge a group-theoretical one is still 
unclear. The study carried on in Chapter 7 might shed some light on the corresponding 
representations of the background isometry algebra and on the way they can be related 
to its irreducible representations and their negative-energy counterparts. For example, it 
might be the case that partially massless representations arise from the decomposition of 
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the tensor product of the p-hnetons presented in Chapter 7, through some analog of the 
Flato-Fronsdal formula. We plan to study such issue in a future work. 

Finally, let us mention that some other partial results, obtained in collaboration with 
A. Sagnotti and P. Sundell [138], seem to point towards the possible existence of a non- 
standard action principle for the Vasiliev equations. Although of BF type (an action of 
this form was first considered in [79]), it seems that it can encode the correct local degrees 
of freedom by virtue of the properties of unfolded systems. Moreover, the first attempts 
at a quantization of a simple field theoretical model formulated in this way have given 
some positive results. Although many related issues are unclear to us at present, a partial 
analysis of the features of this "unfolded action" is encouraging, and shows once more 
that a deeper understanding of the unfolded formulation would be of relevance also for 
lower-spin gauge theories. 



Appendix A 

Gauging space-time symmetries 



The usual Einstein-Hilbert action S[g] is invariant under diffeomorphisms. The same 
is true for S'[e,u;], defined by (2.2.4), since everything is written in terms of differential 
forms. The action (2.2.4) is also manifestly invariant under local Lorentz transformations 
Suj = de + [uj,e] with gauge parameter e = e"''^Mab, because e^j ^^ is an invariant tensor 
of SO{D — 1, 1). The gauge formulation of gravity shares many common features with 
a Yang-Mills theory formulated in terms of a connection u taking values in the Poincare 
algebra. 

However, gravity is actually not a Yang-Mills theory with Poincare as (internal) gauge 
group. The aim of this section is to express precisely the distinction between internal and 
space-time gauge symmetries. 

To warm up, let us mention several obvious differences between Einstein-Cartan's grav- 
ity and Yang-Mills theory. First of all, the Poincare algebra iso(D — 1, 1) is not semisimple 
(since it is not a direct sum of simple Lie algebras, containing a nontrivial ideal spanned 
by translations). Secondly, the action (2.2.4) cannot be written in a Yang-Mills form 
J Tr[F*F]. Thirdly, the action (2.2.4) is not invariant under the gauge transformations 
6uj = de + [c^, e] generated by all Poincare algebra generators, i.e. with gauge param- 
eter e{x) = e"'{x)Pa + e°'^{x)Mab- For D > 3, the action (2.2.4) is invariant only when 
e" = 0. (For D = 3, the action (2.2.4) describes a genuine Chern-Simons theory with 
local IS0{2, 1) symmetries.) 

This latter fact is not in contradiction with the fact that one actually gauges the 
Poincare group in gravity. Indeed, the torsion constraint allows one to relate the local 
translation parameter e" to the infinitesimal change of coordinates parameter ^^. Indeed, 
the infinitesimal diffeomorphism x'^ -^ x^ + C,^ acts as the Lie derivative 

6^ = C^ = i^d + di^ , 
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where the inner product i is defined by 



d{dx'') ' 

where the derivative is understood to act from the left. Any coordinate transformation 
of the frame field can be written as 

(Jge'^ = i^ide'') + rf(ige") = igT^ + eV^ + PV , 

where the Poincare gauge parameter is given by e = i^uj. Therefore, when T"- vanishes 
any coordinate transformation of the frame field can be interpreted as a local Poincare 
transformation of the frame field, and reciprocally. 

To summarize, the Einstein-Cartan formulation of gravity is indeed a fibre bundle 
construction where the Poincare algebra iso{D — 1,1) is the fiber, u the connection and 
R the curvature, but, unlike for Yang-Mills theories, the equations of motion imposes 
some constraints on the curvature (T" = 0), and some fields are auxiliary (u;"*). A fully 
covariant formulation is achieved in the AdS case with the aid of compensator formalism 
as explained in Section 2.2.1. 



Appendix B 

Details of the Procedure of Factoring 
out the Ideal X[V] 



In this Appendix we present some of the details of the procedure of factoring out the ideal 
1-\V] defined in (3.1.9) from the enveloping algebra U oi so{D + 1; C) defined in (3.1.4). 

In general, suppose that I[V] = V -klA for an so{D + 1;C) irreducible element V = 

\^'^'"''^"VAi,...,An, where ;\^i'---.-4n ^ ^ g^j^^j VAi,...,An is a (Young projected) monomial built 
from Mab and tjab, thus obeying 

[Mbc,Va,,...,aJ* = 2ir]A,[cVBlA2,...,An + ■ ■ ■ + '^■^VA„lC\VAr,...,An-i,\B] ■ (B.0.1) 

It follows that a X e U, then X -k V = V -k X' ioi some X' G U, so that the space J[y] 
is a both a left and right ideal in U, and it is equivalent to the right ideal generated by 
right-multiplication by V, i.e. T[V] = Vi<U = U-kV. Thus, one may use the notation 

Xi^Vi^X' ~ for all X, X' G W . (B.0.2) 

The above considerations can be extended straightforwardly to the case that V is re- 
ducible. 

Turning to the specific case of V given by (3.1.10) and (3.1.11), let us we show their 
equivalence to (3.1.49). First, by decomposing Vab — and Vabcd — under so(D;C) 
one immediately arrives at (3.1.44)-(3.1.47). Formally, the so{D + 1; C)-irreducibility of 
Vab — implies that Vo'a — and Kb — follow from Vq'o' — 0. Similarly, the constraint 
Vahcd — follows from Vo'abc — 0. Explicitly, from the algebra and Vq'o' — 0, and using 
the fact that /i^ defined by (3.1.17) is a commuting element, it follows that 

P'^ ^ Mab ^ M,a ^ P" ^ ^(eo + 1)P;, . (B.0.3) 

The constraint (3.1.45) then follows immediately. Alternatively, one may compute Vo'a = 
-{[Pa,P^*PbU - -j[Pa,IJ'% = 0. Next, the algebra, eq. (B.0.3) and P^'i^Pa ~ /i^ imply 

M^a''^Mb)c ^ -P^a^Pb)+l^\b, (B.0.4) 
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that is, Vab — 0. Similarly, the algebra implies that [P[a, Vo'fecd]]* is proportional to Vabcd, 
so that Vo'abc - 0, i.e. P[„ -kPb-k P^] - 0, implies Vabcd - 0, i.e. M[ab * M^d] ^ 0. Finally, 
the value of /i^ is fixed from (3.1.48). 

Next, let us use the contraction rules (3.1.49), (3.1.50) and (3.1.51) to derive the lemma 
(3.1.55), that is, compute the coefficient 

K-n = K,n,0;l ■ (B.0.5) 

To do so, we demand that the right-hand side of (1. 0.11) is traceless. To this end, we first 
expand 

r7^"P(6VcP,VcP„^---^P„„_2) - eoP(ai ■ ■ ■ * ^a„_2) 

2 

where we have used (3.1.49), and proceed by calculating the terms in the sum up trace 
parts, which only affect the higher traces in (1. 0.11). Thus, for i = 1 and j = n, and using 
also (3.1.50), we find that 

[Pb, Pax * ■ ■ ■* Pa„_2]* * P 
= iMba, ^ Pa2 ^ ■ ■ ■ ^ Pa^^, * P^ + Pa, ^ (iMba,) *■■■* Pa„^, * P^ + ■ ■ ■ 
^ (eo + l)Pai * ■ ■ ■ * Pa„_2 + VbaiPa, * Paa * " " " * Pa„_2 * P^ 

+Pa2 -k {rjba.Pa^) -k Pa^ ic ■ ■ ■ ic Pa„_,, -k P^ + Pa^ * Pa-, * iVbaiPa^) * Paj ^ " " " ^ Pa„_2 ^ ^^ H 

+ (eo + l)Pai • ■ ■ ■ * Pa„_2 + Pa2 ^ iVba.Pa,) ^ Pa, ^ ' ' ' ^ Pa„^2 ^ P^ + ' ' ' 

+ ■■■ 

+o{v) 

= {{n - 2)(eo + 1) + \{n - 2)(n - 3)) P„, ^ ■ ■ ■^Pa_2 + 0{v) , 

where the symmetrization on ai • • • 0^-2 has been suppressed. The contributions from the 
terms with j = n and i = 1 + k for k = 0, . . . ,n — 2 are obtained by letting n ^ n — k in 
(B.0.6), and their sum is given by 

n-2 

^A;(eo + l + i(A;-l))P(„,^---^Pa„_2) = |(n - l)(n - 2)(n + 3eo)P(ai ^ ■ ■ ■ ^(^P.?)) 

fc=0 

plus trace parts. The contributions from the the terms with j = n — k for k = 0, . . . ,n — 2 
are obtained by letting n -^ n — A; in (B.0.7), and their sum is given by P(a^ -k ■ ■ ■ -k Pa„-2) 
times the numerical factor 

n-2 

l^{n - 1 - k){n - 2 - k){n - k + 3eo) = ^n(n - l)(n - 2)(n + 4eo + lXB.0.8) 

k=0 
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Hence, 

r7^^P(5^Pe*Pai---*Pa„_,) ^ (cq + ^^(n - 2) (n + 4eo + 1)) P(a, ^ ■ ■ ■ ^ Pa„_,) + ^(t]) 

= ^(n+l)(n + 4eo-2)P(,,*---^P„„_,) . (B.0.9) 

On the other hand, tracing the second term on the right hand side of (I.O.ll), we find «;„ 
times 

n[n — 1) 

The tracelessness of the right hand side of (I.O.ll) thus requires 

w X. X 2(2n + 2eo- 1) 

n[n — 1) 

which is equivalent to (3.1.56). 

Finally, let us show (3.1.58) in the case of s = 0, where it reads 

Acp„Tfe(„) = {Pa,Tfe(„)}^ = 2Tah(n)+'^ln VaihiTbin-l)} , (B.0.12) 

where, in the second term, the symmetric and traceless projection 

11a{hiTun-l)} = Va(biTb(n-l)) + ttn^(feib2^b(n-2))a , «« = ttn,0 = ——, ] (B.0.1 ^) 

2(n + Co — |) 
and the coefficient 

= "(";^^°-f'+^ . (B.0.14) 

8(n + eo+ 2) 

Let us first compute this coefficient by imposing the trace conditions on (B.0.12) using 
the contraction rules (3.1.49), (3.1.50) and (3.1.51). Thus, we contract (B.0.12) by 77"^", 
which yields 

{P",T,,(„_i)}, = Ai°)r7"^r74b,T,(„_2)c} . (B.0.15) 

On the right hand side, we use (B.0.13), and calculate 

(n + 26o + 2)(n + eo-l)-n + l 

V Va{bjb{n-2)c} - , ^^ ^b(n-l) 

n[n + Co ~ 2/ 

(n + 6o + |)(n + 26o) ^ 

= r^ n ^6{n-i) ' B.0.16 

n(n + eo- ^) 
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so that 



(n + eo + |)(n + 2 eo), 
n{n + eo - I) 



t-r ,ia6(n-l)|* — A„ 7 ^ H ^^(n-l)- (^C.U.i/j 



On the left hand side, we first use P°'-kTab(n-i) = Tah{n~i) *-P", which can be shown using 
the anti-automorphism r in (5.2.15). To calculate P°'-^Tah(-ri-i) we use the lemma (I.O.ll) 
and the ideal contraction rules (3.1.49) and (3.1.50): 

1 " 

1=1 



(eo + |(eo + l)(n - 1) + \{n - l)(n - 2) + ^^\ P(,, ^ ■ ■ ■ ^ A^o + 0{r^) 
(n + 2eo)(n + 2eo-l)(n + l) 



8(n + Co - I) 
(n + 2eo)(n + 2eo- l)(n + l) 



l^ + eo 



—^ J6(n-1) 

2' 



P(5,^---^A„_,) + ^(^) 



T5(„-i) + 0(r7) , (B.0.18) 



where we note that the trace parts (which are irrelevant for our calculations) must cancel 
among themselves. Substituting back into (B.0.17), we finally obtain (B.0.14). 

As a check of (B.0.12), one may verify the closure relation 

[Acp„,AcpjTc(„) = iAdu^J'ain) ■ (B.0.19) 

Using (B.0.12), the left hand side can be expanded as 

2Adp„Tfec(„) + 2A^°^r7b{ci|Adp„T|c(n-i)} -{a^h) 

The last term cancel upon the anti-symmetrization in a and b, as can be seen by expanding 
it explicitly using (B.0.13): 

Vb{ci\Va\c2T\c{n-2)} — {a *-^ b) 
= Vbci ylac2Tc(n-2) + an-l^C2C3^c(n-3)a) + ttn^ciC2 {Va{c:iTc(n-3)b) + ttn-l^{c3C4^c{n-4)b)a) — {a ^^ b) 

n-2 2anan-i\ ^■Rno1^ 

a„_l -an H -— VbciVc2C3Tc{n~3)a = , (B.0.21) 

n — 1 n — 1 / 



APPENDIX B. DETAILS OF THE PROCEDURE OF FACTORING OUT THE IDEAL I[V]20l 

where the symmetrization on ci,...,c„ has been suppressed. Expanding the two first 
terms in (B.0.20) using (B.0.13) and (B.0.14), one finds 

4-^n+l {Va{bTc{n)) + ttn+l^(6ci^c(n-l))a) + 4A^ ^ (^6(ci^c(n-l))a + ttn^(ciC2^c(n-2))6a) — (o ^^ &) 

n + 1 n + 1 / 

= 2nr]c^iaTb]c{n-i) , (B.0.22) 

which one identifies as the right hand side of (B.0.19). 



Appendix C 

Quadratic and Quartic Casimir 
Operators 



The quadratic and and quartic Casimir operators of 30(1^ + 1; C) are defined by 

C2[so{D + l;C)] = ^M^^'i^MAB, (C.0.1 

C4[5o{D + l;C)] = \Ma^ i^ Mb^ i^ Mc^ i. Md^ . (C.0.2 

Acting on lowest and higliest weiglit states |eo;so)'^, whicli are annihilated by Lf, they 
can be rewritten using (3.2.12)-(3.2.15), and the resulting values are 

C2[5o(D+l;C)]|eo;so] = eo{eoT {D - 1)) + C2[3o{D - l;C)\so] (C.0.3 

C4[so(D + l;C)|eo;so]| = eo(eo T P - 1)) (eo(eo T P - 1)) + |P - 1)P - 2)) 

+C4[so(D - 1; C)|so] - C2[so(D - 1; C)|so] , (C.0.4 

where the Casimir operators that are quadratic and quartic in angular momenta are 
defined by 

C2[so{D-l;C)] = iM^'Mrs, (C.0.5 

Ci\so{D-l-C)] = |M/^M/^Mi"^M/ , (C.0.6 

and given in the so{D — 1;C) irrep with highest weight Sq = (mi, . . . , my^i) by 



u-l 



C2[so(D-l;C)|so] = ^m,(m, + A), (C.0.7 

k=l 

C4[fio(D-l;C)|so] = J]mfc(mfc + Z}fc)(mfc(mfc + Dfc) + |(Dfc)(Dfc-l) + l-((E)0.^ 



fe=i 
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where D^ = D — 1 — 2k. The latter two equations follow by recursive use of (??) and (??) 
in the case of a highest weight state. 

To evaluate the Casimir operators in ith level of the adjoint representation, defined 
in (3.1.71), we use (C.0.3) and (C.0.3) with the highest weight {2i + l,2i + 1), which 
immediately gives (7.1.47) and (7.1.48) (with s = 2£ + 2). The same values follow for the 
massless lowest weight and highest weight spaces ©^(±(8 + 2eo); (s)). In the twisted ad- 
joint representation, we first rewrite the vr-twisted commutators in terms of commutators 
plus terms that can be calculated directly using the contraction rule (3.1.49). In the case 
of the quadratic Casimir we find 

Adc2[so(D+l;C)]('S') = Adc2[so(D;C)]iS) - {P"',{Pa,S}i,}i, 

= Adc,[ao(D;C)](5)-2eo5-2P"^5*Pa 
= Adc,[so(D+i;C)](5^)+4P"^5^P„, (C.0.9) 

from which P"- -k S -k Pa can be eliminated, which yields the explicit formula 

T{C2[50{D + 1; C)]){S) = 2kdc,[MD;C)]{S) - Adc,[,o(D+i;C)]{S,) - 4eo5(.C.0.10) 

At the £th level, defined by (3.1.83), the elements S^ carry highest weights (s + /c, s) and 
(s + /c, s + A;) with s = 21 + 2 and /c = 0, 1, . . . , of (the adjoint actions) of so{D; C) and 
so{D + 1; C), respectively, and we find that for all k 

T{C2[so{D + 1; C)]){Se) = {2C2[so{D; C)|(s + k, s)] - C2[5o{D + l; C)|(s + A;, s + k)] - 4eo) S, 

= {2C2[5o{D;C)\{s,s)]-C2[5o{D + l-C)\is,s)]-4eo)Se 
= C2[5o{D + l;C)\e]Se . (C.0.11) 

Similarly, in the case of the quartic Casimir, 

Adc4[so(D+l;C)]('S') = Adc4so{D;C)]iS) + 

+i[M,^ [M,^ {p„ {p", s},},ii + |[M„^ {p,, {p^ [m.^, su.u, 

+|{P„, {P^ [M,', [M,", Sll},}. + +i{P^ [Ma\ [M,^ {Pe, S},ll}. 

+i{p„ {p^ {P5, {p", 5}.}j J. + +H^^ {A, {p\ {Pb, 5UJJ. 

= Adc4MD;C)]iS) + C+iS) + C^iS) 

= Adc,[,o(D+i;C)]{S) + 2C4S) , (C.0.12) 

where C+{S) and C-{S) are the terms with an even and odd number of translation 
generators standing to the right of S, respectively. Eliminating C-{S) leads to 

Adc4[so(D+i;C)](5') = 2Adc4[so(D;C)]('S') - Adc4[s(,(D+i;C)]('S') + 2C+(S') . (CO. 13) 
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The quantity C+{S) can be calculated using of (3.1.50), (B.0.4), and Mab ^ S * M""^ = 
-Adc2[Bo(D;C)](^) + {M"^ * Mab, S}^, and one finds 

C4S) = Adc,[,o(D;C)]{S)-2eo{2el-eo + l)S . (C.0.14) 

Thus, using the above assignments of highest weights for Se, we find that 

Mc,[,o(D+i;C)]{Se) = {C4so{D; C)|(s + k, s)] - C45o{D + l; C)|(s + A;, s + A;)]) Se 

+ {C^lsoiD; C) I (s + k, s)] - Aeoi2el - eo + 1)) Se 

= C4so{D + l;C)\e]Se . (C.0.15) 



Appendix D 

Computing kQpTu^\ ^/^^ from the 
Mass Formula 



In this Appendix we shall derive the expression (3.1.64) for the coefficient A^* in (3.1.58) 
using the Casimir relation (7.4.12), or, equivalently, the linearized zero-form constraint 
(7.4.6) and the Weyl-tensor mass formula (7.4.10). 

Let us begin with the case of s = 0, where (3.1.58) reduces to (B.0.12). Starting from 
the hnearized zero-form master constraint (7.4.5), i.e. V$(o) — ie"" {Pa^ ^ (q)} i, = 0, and 
expanding $(o) using (7.6.16), we obtain the component form (7.4.6) of the constraint for 
s = 0, that is 

V6$a(„) - 2nr]b{ar<^a{n-l)} + ^^^^K™) = ^ ' (D.0.1) 

where we recall the definition (B.0.13) of the symmetric and traceless projection r7fe{ai$a(n-i)- 
The symmetric traceless part of (D.0.1) immediately gives (7.4.7) for s = 0, while the trace 
part of (D.0.1) can be used to derive the masses (7.4.10) for s = 0. to this end, one ffist 
contracts (D.0.1) with V^, which yields 

One then substitutes Vc$a{n-i) and Vc$a(ni) using (7.4.7), and takes the symmetric and 
traceless projection in a{n), which leads to 

V2$a(n) + 4Ai°)<l>a(„) + 4X^7]^^ {Vc{b^ain)) + an+lV{ba^^ain-l))c) = . (D.0.3) 
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Performing the traces, one ends up with the following expression for the mass: 



n + 1 \ n + eo + l 

"+' (n + l)(n + eo + |) 

Inserting (B.0.14), this expressions can be simplified, with the result 

Kn = -(n' + (2eo + l)^ + 4eo) , (D.0.5) 

in agreement with (7.4.10) for s = 0. 

Turning to the case of general s, we use (3.1.58) and the expansion (7.6.16) in the 
linearized zero- form master constraint (7.4.5): 

= Ve$-2{Pe,$}* 

s^n s,n 

•n+1 

- E ^^2A(r)r/,<,T,(,+„_i),,(,))$'^(^+")'^W . (D.0.6) 

s,n 

To read off the corresponding component equations, we rewrite the middle term using 

J-c ^a{s+n),b{s) ~ "^ llc{a^a{s+n)),b{s) ~ ^ llc{a^a{s+n)\30sff-i) 

and the last term using 

Vc{aTa(s+n-l)Ms)}'^"^'^^'''"^'^ = (^c(aT,(,+„_i)),5(,) + {Vaa and r/,5 traCCs)) <^-(^+^-Ws) 

= r7,(,T,(,+„_i)),,(,)$'^(^+")'^W = T,(,+„_i),5(,)<l>e^''(^+"-i)'^(^)> , (D.0.8) 

after which we arrive at (7.4.6). Contracting by V^ and we get 

V $a(s+n),b(s) = 2nAs+„_l,s'^'' V dVc{a^a{s+n-l),b{s)} ^TT^" "^ d^ c{a{s+n) ,b{4P ^^ ■^) 

where we recall that ric{a^a{s+n-i),b{s)} is given by (3.1.59). The next step is to use (7.4.6) 
to substitute the gradients on the right hand side. In the first term we obtain 

—4:^s+n-l,s^n V"" {Vca^d{a{s+n-l),b{s)) + Ois+n,sVa{2)^d{a{s+n-2)c,b{s)) 
+Ps+n,sVa{2)^d(a{n+s-2)b,cb{s-l)) + 1s+n,s11ab^d(a{s+n-l),cb{s-l))) 

= —4:^s+n~l,sKi^a{a{s+n-l),b{s)) 

= —4:^s+n-l,s^n ^s+n,s^a{s+n),b{s) 5 (D.0.10) 
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where the intermediate (■ ■ ■ ) Young projections imposed prior to the final symmetrization 
on a and b indices, and the coefficient As+n,s is defined by 

^a{a{s+n-l),b{s)) = ^s+n,s^a{s+n),b{s) ■ (D.O.U) 

To compute this coefficient, we expand the left hand side using the definition of the Young 
projector: 

^a{a{s+n-l)Ms)) = ^^ + ^) . . . (^ + X) (^ _ X) . . . ^ ^ s! SZ^"^)^ (^^^ J ^ ais+n- k)Hk) xi^l^^W) 

In the kth term, we cycle the 6-indices back to their original position, using ^{a{s-k)b{k),ai)a{k-i)b{s~k) 
0, which yields 

^a{s-k)b{k),a{k)b{s-k) = — 7— — -$a(s_fc+i)fe(fc-l),a{fc-l)b(s-fc+l) = /s+n\ ^Ji^^^aj-'i) 

s + n-fc + i [ ^ ) 

Thus, 

s + w^^^i,) s + n (s + l)n '^^^ s + n n + 1 

k=0 \ k / ^ ^"- k=0 

Using also (3.1.60), the first term on the right-hand side of (D.0.9) is found to be 

-4A,+„_i,,A(f)A,+„,, = -4A(f) . (D.0.15) 

Turning to the second term, substitution of the gradient yields 

~'^'^n+l^s+n,sV'' Vc{d^{a{s+n),b{s)}} 
= -^K+l^s+n,s ; — T S + n + 2eo + 3 + 2as+n+l,s ^-^ + ls+n+l,s ^a(s+n)Ms) 

n + s + 1 \ s + n J \ I K , 



{n + s + 2eo)(n + s + eo + |)(n + 2s + 2eo + 1) 
(n + s + l)(n + 2s + 2eo)(n + s + eo , ^, 



4AifjlA3+n, /'\' V ^^"''7 To' ^"o' f/'\' ^" ' ^^'li ^' ^a{s^n)m ■ (D.0.16) 



"+1^+"'^ (n + s + l)(n + 2s + 2eo)(n ' " ^ ' ^^ ^a(.+n),6(s) 
Thus, upon adding the two contributions, we find 



m- - -4AW - 4A(^) A , (^ + ^ + 2eo)(n + . + 6o + |)(n + 2. + 2eo + n 

where 77i^„ = — 4eo — 2s — (n + 2s + 2eo + 1)^, which serves as a recursion relation for 
determining An , given the initial datum Ag = 0, with solution given by (3.1.64). 



Appendix E 

Two-Component Spinor and 
Curvature Conventions 



We use conventions in which the generators of the various real forms of SO {5; C) obey 
[Mab,Mcd] = 4tr][c\iBMA]iD] , {MabY = (t{Mab) , (E.0.1) 

with rjAB = ijlah', — A^), where rjah specifies the signature of the tangent space. Under 
Mab -^ {Mab, Pa), the commutation relations decompose into 

[Mab,M,d]* = 4ir]l,\[bMa]\d] , [Mab, Pel = 2ir],[bPa], [Pa,Pbl = iX^Mab. 

(E.0.2) 
The corresponding oscillator realization is taken to be (3.3.23), which we repeat here for 
convenience 



M„, 



[Cin 



rabryay(S + {cTabryayp\ , Pa = -^{a a^ y aV f^ ■ (E.0.3) 

Here, the van der Waerden symbols obey 

(a'^)/(cT^)/ = V'''^ + (^'^')/ , (^'^)a"(a')/ = v'^'S^a + (^"')«^ (E.0.4) 



KbcdK')./3 = <! ., V J:. . \ (E-0-5) 



{o-ab)ai3 , (4, 0) and (2, 2) signature , 
_ ii(^ab)af3 , (3, 1) signature , 

and reality conditions 

r _(^a)/3a = _(a'^)°/3 for SU{2) , 

/'q/3 ~ 

[ i^^)^a = i'^^ap for Spi2) , 
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(K)./3)^ = { {^''U = K)/3a for5L(2,C), (E.0.6) 
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and 



((^«fe^ .^t 



lap) 



{a'^Y^ for SU{2) , 
{a^')^p ioTSL{2,C), 
(a'^')^/, for Spi2) . 



(E.0.7) 



The reality conditions on spinor oscillators are given in (6.2.25), (6.2.26) and (6.2.27). 
Spinor indices are raised and lowered according to the following conventions, A" = e'^^AjS, 
Aa = A^^epoi, where 



e'^'^e^s = 25. 



a/3 
7(5 



e"^e 



aj 



6^ 



and 



^^ ioiSU{2) 



1^0/3 



it 



-al3 



for SL{2, C) , 



(E.O.^ 



(E.0.9) 



e^p for Sp{2) . 
One may use the following convenient representations: 



SUi2) : 



a 



U,o- 



a" 



SL{2X) ■■ a'' = {-ia'^,-ia'a^] 



a 



t = la 



'-m^mVl 



e = la 



Sp{2) : 



a 



;i,^^), 



a 



-1,^^), 



e = la 



(E.0.10) 
^^.0.11) 
(E.0.12) 



where in the last case cr* = (a^, io"^, a^). The real form of the so(5; C)-valued connection 
VL can be expressed, using (6.2.57) and (E.0.3), as 



O 



Ai 



-dx^" 



^'^^ VaV/s + uj/^ VaVfi + 2ef VaV^ 



where 



u 



afi 



\af3 ,,ab -af3 



^ ( ^ \aB , ,ab ^c 



i- / ^ \ap , ,ab ,—, 

Likewise, for the curvature TZ = dQ + Q-kQ one finds 



X / „ \aa ^a 



(E.0.13) 



(E.0.14) 



TZa/B = du^p + cj„^ A up^ + e^5 A e^^ 



n 



af5 



n 



af3 



de^p + ^a7 A e^^ + u^^ A ej , 



and 



n 



ab 



cb , \2„a 



dcu"" + cu\ A cj"" + A"e" A e" , 



7^° 



rfe'^ + cu% A e^ . 



(E.0.15) 
(E.0.16) 

(E.0.17) 
(E.0.18) 
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Setting 7^ = gives the Riemann tensor 

R,,u,pa = -\^{gf,pgua-gupgf,a) , (E.0.19) 

corresponding to the maximally symmetric vacuum solution of gravity with action 



^ IQnG. 



-—- / d^x^^{R - 2A) , A = -3A2 . (E.0.20) 

TG4 J 



Appendix F 

Further Notation Used for the 
Solutions 



The gauge function L{x;y,y) defined in (6.3.19) can be written as 

2h 



1 + h 
where 

Xx, 



exp{-iyay) , (F.0.1) 



"" „ — ( ^a\ 



l + h 



, Xdct KP^ )aa-^a ; 1,-^ .U.Zj 



a;2 = riabX^'x'' , h = Vl - A%2 . (F.0.3) 



Useful relations that follow from these definitions are 

a' = —— , h = ——^ . F.0.4 

The Maurer-Cartan form based on L defined in (6.3.19) yields the the vierbein and Lorentz 
connection 

(F.0.5) 





e(o) 


a\aaj 
) "-^a , , a/3 


= - 


X\a' 




iXb 


with Riemann tensor given by 


















R{iS)ii.v,p(j 


= 


-A^ {9(0)f,pg(0),ya - 


-9(0) 


up9{o)i 


..) . 




In the 


case of type 


3 solutions, 


a useful definition is 














Kf3 


= 


2A(a/i/3) , A" 
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fXa = 


i 
2 • 







(F.0.6) 



(F.0.7) 
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It obeys the relation {b'^)a^ = — ;^(5^ and it defines an almost complex structure via the 
relations (see, for example, [132]) 

I 

bafS = ol*^" )al3Jab , Jab = (o"a6)" &a/3 , Ja'^Jc = —^a ■ (F.0.8) 

o 

Similarly, using the definition 

bap = a'"^ {aba) af3 , (F.0.9) 

we have the relations 

kp = ^(^"')a/3 Jab , Jab = (^a^,)"^ k^ , Ja'Jc = S'a ■ (F.0.10) 

o 

Finally, we have the following definition for spinors used in describing a Type 3 solution: 

U^ = ^ {aaX)a , V^ = 4^ (a^f,)^ . (F.0.11) 



' x^ vx^ 



Appendix G 
Weyl-ordered Projectors 



Weyl-ordered projectors P{y,y) can be constructed by recombining {y,y) into a pair of 
Heisenberg oscillators {ai,b^) {i,j = 1,2) obeying 

Kb']. = 51 . (G.0.1) 

For example, one can take 

ai = u = X^ya , 6^ = f = /i"|/a , (G.0.2) 

a2 = u = X^ya , b'^ = V = pi^tja , (G.0.3) 

where the constant spinors are normalized as 

A>a = f , A% = f . (G.0.4) 

The projectors, obeying the appropriate reality conditions, take the form 

ni,n2& ^+2 «i,n2£ ^+0 

where 6'„,,„2 ^ {Oj 1} and ^„,,„2 G {0, 1}, with 

(3, 1) signature : 6'„i,„2 = 6ni^n2 , (G.0.6) 

(4,0) and (2,2) signatures : ^„i,„2 )^ni,n2 independent , (G.0.7) 
and 

Pn„n2 = 4(-l)"^+"^-'^e-2S-^>-'L„^_^(4eit^i)L„^_^(4e2ti;2) , (G.0.8) 

Wi = Utti = b' -k tti + ^ = Oj T*r 6* — i (no sum) , (G.0.9) 
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with ej = rii/lriil and Ln{x) = ^e^-^{e~^x^) are the Laguerre polynomials. The projector 
property of P and P follows from 

{Wi - n,) ^ Pn,,n, = 0, (G.0.11) 

tI-T ni,n2) ~ -* -ni,-"2 • (G.0.12) 

Here, Wj — | is the Weyl-ordered form of the number operator, and 

e f |^i)(^i| for Uj > 

2(-l)"-ie-2^'"''L„._a(4e,t^,) = < _ _i (G.0.13) 



2 



2 



|ni)(nj| for rij < 



1 

(fe')"'~2 



where |nj) = -M 10) with Ui > belongs to the standard Fock space, built by acting 



1 
with 6* on the ground state |0) obeying ai\0) = 0, while \ni) = -^ 10) for n^ < are 

anti-Fock space states, built by acting with a^ on the anti-ground state |0) = obeying 
6*|0) = 0. Equation (G.0.10) holds formally, since the inner product between a Fock space 
state and an anti-Fock space state vanishes. However, the corresponding Weyl-ordered 
projectors have divergent i^r-products, as can be seen from the lemma 

e-^e*™ = Y^exp(^^..t;) . (G.0.14) 

Thus, lacking, at present, a suitable regularization scheme that does not violate associa- 
tivity and other basic properties of the T*r-product algebra, we shall restrict our attention 
to projectors that are constructed in either the Fock space or the anti-Fock space, i.e. 

Onun2 = 1 only if (ni,n2) G Q , (G.0.15) 

where Q is anyone of the four quadrants in the (ni,n2) plane. From (G.0.12), it fol- 
lows that these projectors are not invariant under the r map, and therefore the master 
fields Type 2 and Type 3 solutions will be those of the non-minimal model, where the r 
conditions are relaxed to tttt conditions, which are certainly satisfied. 

We also note that in order to solve the higher-spin equations it is essential that 

[-* ) -* J* / _, v^rai,ra2 "li"2 "ni,n2'^ni,n2/-' ni,n2 " 5 (^Vj.U.iOj 

ni,n2 

which holds for independent Oni,n2 aiid Oni,n2 parameters (in the Euclidean and Kleinian 
signatures). Moreover, one can work with a reduced set of oscillators, say ai = u and 
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b^ = V, by taking 9ni,n2 = ^(='=^2)^ni) where 9{x) = for x < and 9{x) = 1 for x > 0, 
and summing over all values of n2 using 

oo 

J2t'"Lk{x) = {1 - t)-^ exp{-xt{l - t)-^) . (G.0.17) 

fc=0 

Setting n = 111 and e = ei, this leads to 

P = J2 ^«^" ' ^ = Yl ^«^« (G.0.18) 

P„ = 2(-l)""te-=^^™L„(4eMt;) , (G.0.19) 

with suitable reality conditions on the 6n parameters. Finally, setting 6n = 6{±n), and 
using (G.0.17) once more, one finds that setting all 6'-parameters equal to 1 gives P = 1. 



Appendix H 

Calculation of F = L~^ ^ P ^ L 



In this Appendix we compute V = L^^ -k P -k L where L is the gauge function given in 
(F.0.1) and P is a projector of the form given in (G.0.5). Let us begin by considering the 
case of P = Pi = 2e 



-2uv 



I.e. 



V 



iK" 



oiyay i. ^yby 



k e" " k e 



-lyay 



fH.O.l) 



H + hf 

where yay = y^aa^ya and yhy = y'^ba^yp, with aaa and bap given by (F.0.2) and (F.0.7). 
The first :*r-product can be performed treating the integration variables (^q,, rja) and (^q,, fja) 
as separate real variables. Using the formulae (B.l) provided in [97], we find 

8h' 



V 



^iyay+{y~ya)h{y+ay) ^ ^-iyay 



(1 + hf 

The remaining T*r-product leads to the Gaussian integral 



V 



-e2' 



Mi-'Ej+S' Ni+{y-ya)b{y+ay) 



{1 + hyJ (27r)4 

where S^ = (^",f"; r^",!]") and Ej = (Ca,4;^a,^d 
plectic metric Q = eQ)eQ)e(Be, and 

M = 



A 



H.0.2) 



(H.0.3) 



N 



A -i 












i B 


•) 








2b ia + 2ba ' 
ia — 2ba —2aba 


7 


B = 




—ia 


—ia 



' i{l - 2ib)ay + 2by 








-2abay + ia{l + 2ib)y 








-iay 








-iay 













'E'^Qji, with block-diagonal sym- 

(H.0.4) 
(H.0.5) 

(H.0.6) 
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The Gaussian integration gives 



V 



iK" 



1 

e2 



N'(M-^)r'Nj+{y-ya)h{y+ay) 



From det M = det(l + AB), and noting that the matrices defined as 



(H.0.7) 



C 



BA-a^ 

2i 



—ah —aba 



C 



AB-a^ 

2i 



—a'^b —ba 
aba^ aba 



are nilpotent, i.e. C"^ = C"^ = 0, one finds 



detM 



A- a 



2\4 



and, using 1 — a^ = 2h/{l + h), the pre-factor in V is thus given by 



]h' 



{1 + hyVdetM 
Next, using geometric series expansions, one finds 



2 . 



(H,0.8) 



;h.o.9) 



(H.0.10) 



M-^ 



:i-a2 



i{l-a^)B + 2BC -{l-a^)-2iC 
l-a^ + 2iC i{l-a^)A + 2AC 



(H.0.11) 



and 



m'{M-')/Nj 



Aa^yby + 2(1 + Aa^ - a'^)ybay - (3 - a^)(l + a^)yabay 



(l-a2)2 
Adding the classical term in the exponent in (H.0.3) yields the final result 

/ [2ya-{l + a'')y]b[2ay + {l + a^)y\ 
^ = 2exp^ ^^—^^ 

The projector property V -kV = V follows manifestly from 

V = 2exp(— 2-u-u) , [u,v]-i: = 1 

where 

u = \"r]a , V = iJ,°'r]a , 

with 

[{1 + a^)y + 2ay]a 



|H.0.12) 



Va 



l-a2 



[lla,V(3]* = '^i(^at3 



(H.0.13) 



(H.0.14) 



(H.0.15) 



(H.0.16) 
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Thus, the net effect of rotating the projector Pi(u,v) given in (G.0.19) is to replace the 

_ 2 _ 

oscillators u and v by their rotated dittos u and v. We claim, without proof, that this 
generalizes to any n, viz. 

L-^i<Pn{u,v)i<L = Pn{u,v) . (H.0.17) 

Similarly, for Pn{u,v) we have 

L-^i<Pn{u,v)i<L = P„(^,5) , (H.0.18) 

where 

U = A°r/^ , 5 = fi'^f]^ , (H.0.19) 

with 

Finally, using [ria,f]a]-k = 0, we deduce that 

V = L-^P^L = J2^n^,n,Pm,n,{u,v;iL,i) . (H.0.21) 



Appendix I 

Traces and Projectors in Oscillator 
Algebras 



In this appendix we collect some basic properties of the representation theory of a single 
oscillator of importance to the doublet-oscillator realization of so(5; C) in Section 7.8. 

Trace and Supertrace 

We start from the complexified Heisenberg algebra 

U-kV — V-kU = 1, (1.0.1) 

generates an associative T*r-product algebra of Weyl-ordered functions f{u, v) with product 
f^g = f ^^^^e'^^^^^^^^f{u + ^,v + 09{u + ^V,v-^v), (1.0.2) 

JcxC ^ 

where dC,dC, = 2d(ReC,)d{lm.C,) . The algebra admits two inequivalent hermitian conjugation 
rules, 

u^ = V , f ^ = M , (1.0.3) 

u^ = -V , v^ = -u . (1.0.4) 

It also admits two inequivalent traces, namely, the cyclic trace 

Tr+(/) = jj^fiu.u), (1.0.5) 

obeying 

Tr+(/^(?) = Tr+(/(?) = Tr+((?^/), (1.0.6) 
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up to boundary terms, and the graded-cyclic trace 

Tr_(/) = l^, (1.0.7) 

obeying 

Ti-if^g) = i-iy^^^'^'^TT-ig^f), (1-0.8) 

for functions / and g with definite parity, f{—u,—v) = {—ly^-^' f{u,v) idem g. Note 
that the functions / and g in the argument of the traces are always supposed to be 
Weyl-ordered. 

Let us show that 

Tr±(/) = Tr^((-l)f^/), N = v^u, (1.0.9) 

where we use the notation 

xf = exp^(Alnx) , exp^A = ^—^, ^*" = Ai.---^A . (I.O.IO) 

"'='^ n times 

To this end, we begin by deriving the lemma 

exp(2wtanh^) , 

exp^iaw) = —^ ua > w = N + l = uv , (I.O.ll) 

with a G C\{±i7r, ±3m, . . . }. This follows by acting on both sides of (I.O.ll) with d/da 
and using 

w.fiw) = (--i|;-i-^)/H- (I-0-12) 

Thus, setting exp^ aw = r{a) exp(s(a)u'), one finds r' = —rs/A and s' = 1 — s^/4, subject 
to r(0) = 1 and s(0) = 0, with the solution r~^ = cosh(Q;/2) and s = 2tanh(Q;/2). To 
proceed with the proof of (I.O.ll), we need to examine the nature oi exp^{i{TT + e)N) more 
carefully in the singular limit 1] = — sin(e/2) -^ 0. Here, 

exp^^ 

exp^(i(7r + e)N) ~ -i ^ , (1.0.13) 

V 

so that, using (1.0.6), 

limTr+(exp,(^(7r + e)iV)^/) = -t\im [ ^'-^^fiu,u) = ^^.(1.0.14) 
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Moreover, from exp^(aA^) -kexp^^PN) = exp^{{a + P)N), it follows, using the regularized 
Weyl-ordered form, that 

lim[exp^(i(7r + e)A^)]''^ = limexp^(2i(7r + e)A^) (1.0.15) 

= „,„exp(2ta..hW. + .))7V -,(. + .)) ^ ^ 

e-*o coshi(7r + e) 

in agreement with (-l)f * (-l)f = (-1)*^ = 1- 

Inner Products and Projectors 

The two inequivalent traces Tr-t are related to two inequivalent inner products ± (^| ^') = 
J±(|^), 1^')) on the Fock space 

{n \ CO 

\n) = ^ |0) I , u\0) = , (1.0.17) 

Vn! J „=o 

defined by 

/±(/i|m),z/|n)) = fiu{±ir5mn, fi^ueC. (1.0.18) 

The relation is 

J±(|m),|n)) = Tr±(P„,J , (1.0.19) 

where 

Pn,m = -yl=v^^Po,o^u"' , Po,o = 2e-^^ , (1.0.20) 

Vm'.n'. 

can be identified as 

Pn,m = \n)+{m\ = \n){m\ , (1.0.21) 

where we use the convention that (\I'| = +(^|. To show (1.0.19), we use the cyclicity 
properties of Tr-t and 

M^Poo = p^Qi^v = , (1.0.22) 

to derive Tr±(P„^m) = (±l)"5m„Tr-|-(Po^o) where Tr-|-(Po,o) = 1; which yields the desired 
result. As a byproduct of (1.0.22) it follows that 

-* m,ra * P,q ^np^m,q • yi..\j.Zo) 
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The relation (1.0.9), between the traces, imphes 

^{^m = ^(M/|(-l)f |M/') , (1.0.24) 

inducing the hermitian conjugation rules (1.0.3) and (1.0.61), as follows 

The operator (— l)f^ has a finite normal-ordered representation, 

(-l)f = :e-^^:, (1.0.26) 

as can be seen by computing the projectors on even and odd states, 

oo 

Pi±) = Ei(l±(-l)")l^)(^l = |:(e^±e-^)|0)(0|:, (1.0.27) 

n=0 

adding them, viz. P(+) + P(_) =: e^|0)(0| := 1, to obtain |0)(0| =: e~^ :, from which it 
follows that 

P(±) = i(l±:e-2^:). (1.0.28) 

Finally, as an explicit check of Tr-|-(P„„) = (±1)" one can compute explicitly 

Pn,n = \n){n\ = 2{-ire-^^L,,{4w) , (1.0.29) 

either by direct evaluation of the ^^r-products in (1.0.20), or, by starting from (1.0.21) and 
using 

. ^au+bv . ^ ga„ ^ ^bv ^ ^au+bv+^ab ^ ^au+bv+\ab ^ ^j q gg^ 

and |0)(0| =: exp(— -uf) :, together with Fourier transformation techniques. This enables 
one to calculate 

Pn,n = |n)(n| = l:t;"e-^V: 
n! 

dkdk _ ^^i{ku+kv)-~kk . iJl)^) 



27r 



n \ 1 ,„ „ x„ / dkdk _i(^ku+kv)-^kk 



f^Q\n-pJ pl J 2tt 

p=0 ^ ^"^ 



2(_i)"e-^-L„(4t^) , (1.0.31) 
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where 

n! ax" -^ \n — pj p\ 

and the last step in the calculation follows from the identities 

n=0 n=0 p=0 ^ ^^ 

Anti-Fock Space and Discrete Maps 
Next, we introduce the anti-Fock space 

r m" 1 °^ 

^- = \n)- = ^= |0)- , t;|0)- = , (1.0.34) 

and define its two inequivalent duals JF^~ by 

±(m|n)- = (t1)"^5™„ . (1.0.35) 

One can identify ~^{m\n)^ = Tr±(Pj7^) with 

Pn,m = \n)-{m\ = -^u-^P,-,^v"', P^-, = 2e'^ , (1.0.36) 

Vnlml 

where we note that P^ „ -k P^^^ = (— l)"5„pP^ ^ and 

p-„ = 2e2-L„(-4t^) . (1.0.37) 

We also set JF+ = JF and P^^^ = Pn,m- 

The T^r-product algebra admits the automorphism vr and anti-automorphism r given by 

^(/(^>^)) = fiiv,iu) , r(/(M,t;)) = f{iu,w) . (1.0.38) 

These exchange the P^ projectors as follows 

Their self-compositions are given by 

oo 
vr O TT = TOT = Ad(_,)^., , N' = ^{{w-\)k Pn,n + (tf + ^ ^ P-„0l.p.4O) 

ra=0 



71 : 


J^^ © J^''^ - 


-^ J^^ © J^*^ , 


r : 


jr± ^ jr*T 


7 


R : 


jr± ^ jr*± 


7 


(|0)^) 


= 0)^, 


7r(±(0) = ^(0| 


(0)^) 


= ^(o|, 


ri^iO) = 0)^ 
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where Adx(^) = X -kY -k X^^, while their mutual composition defines the refiector 

R = 71 or, R{f{u,v))= f{-v,-u) , RoR = Id. (1.0.41) 

We note that {w =F 1/2) |n)^ = ±n|n)^ and "^{riKw =F 1/2) = ±n^{n\, while w\n)^ = 
±(n + j)\n)^ and ^(n|w = ±(n + j)'^{n\. The above maps extend naturally to 

(1.0.42) 
(1.0.43) 
(1.0.44) 

by defining 

(1.0.45) 
(1.0.46) 

such that (1.0.40) hold in the generalized sense that Adx(|^)) = X|\I^) and Adx((^|) = 
(^|X-^ It follows that 

R{\0)^) = ±(0| , i?(±(0|) = |0)± . (1.0.47) 

We see that the refiector acts in the real basis {|^)^,^(^|} as the hermitian conjugation 
(1.0.61). This is to be compared with the case of doublet-oscillators where the refiector 
is modified by the requirement thst it should preserve SU{2) quantum numbers (spatial 
spins) while fiipping f/(l) quantum numbers (the energy). 

Projectors and w- Invariants 

The projectors P^„ are special cases of the more general functions M,^ = M^{w) 
obeying the w-invariance condition 

{w-K)kM^ = (1.0.48) 

for K G C These functions can be written as 

M, = Afl^g(^)(a), (1.0.49) 

Jc 27r^ 

where A/'k G C; 

g(^){a) = e^("'-'') = (l + f)i"'^(l-f)i+V"' , s = 2tanhf ; (1.0.50) 
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and C a contour encircling in clockwise, so that its image F = s{C) encircles [—2, 2] 
counterclockwise. Taking C to be a small circle, F becomes a large contour. Enlarging C 
to the "box" -C = {ie + X : -L < X < L} U {L + ix : e < X < 27T - e} U {i{27T - e) - x : 
—L < a; < L} U {—L + i(27r — x) : e < a; < 27r — e}, F becomes a "dogbone" encircling 
[—2, 2]. The normal-ordered form of the group elements reads 

^W(a) = (l + A)2-":e^"': , A = ^^ = e° - 1 . (L0.51) 



1 2 



The composition rule 



^sn, ^ ^s'u, ^ ^L_e-"- , s" = ^^ , (1.0.52) 



1 + f ' 1 + x 



: e^"- : ^ : e^'"" = : e^""" : , A" = A + A' + AA' , (1.0.53) 

implies 



Changing variables, one finds 



{a + a') = g^^\a{s")) = g^^\ai\")) . (1.0.54) 



Jv 2Tn{l - ^) Jv ^7r2(l + A) 

Using the Weyl-ordered form and (1.0.12), one can then easily verify (L0.48). There exist 
other choices of contour C leading to tu-invariants, such as C = i[— tt, tt] and C = M 
leading to integrals over f/(l) and GL(1;]R), respectively, but we shall not consider them 
further here. 

For K = ±(n + 1/2), F collapses to a circle around the pole at s = =f2, so that 
M^(„^i^ = 2(Tl)"e^2-L„(±4t.) = P„±„ forAr^^i = l,Ar_^^_i = (-l)"^.0.56) 

Using the change of variables found in [77], and making use of analytical continuation 
and deformations of contours, one can calculate 

(M^^ 1 )*2 = AT i/ ^^^M^^ l^ = ±A/l, uM^^ 1 =(-l)-M^ 1 (1.0.57) 

^ Mn+^y ±(n+2) 7^2 27ri(l - ^) ±("+2) ±("+2) ±("+2) ±("+2) 

in agreement with (-P^„)*^ = (— l)"Pjf„. For /t ^ (Z + 1/2), the branch cut prevents F 
from collapsing, so that deforming back the contour it now encircles both s = —2 and 
s = 2, with the result that 

Mf = MA — — ^^M, = . (1.0.58) 

Jv 2m{l - %) 
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Interestingly, the case of /t = is closely related to the dressing function of the 5D higher- 
spin gauge theory based on spinor oscillators, introduced in [89] and later analyzed in more 
detail in [77]. The above analysis suggests that a suitable regularization of the dressing 
function has a well-defined vanishing self-composition, which would greatly simplify the 
perturbative weak-field expansion. 

Fermionic Oscillators 

It is also interesting to look along similar lines at the complexified Clifford algebra 

{7,(5}^ = 7*5 + 5*7 = 1, (1.0.59) 

with Weyl-ordering defined by 7 * 5 = 7(5 + 1/2 where 7(5 = [7, (5]*/2 = —6'j. The 
corresponding Fock space consists of a vacuum state |0) obeying 7IO) = and an excited 
state |1) = (5|0). The algebra (1.0.59) admits two inequivalent hermitian conjugation rules. 



7^ = (5, (5^ = 


7 


1 






(1.0.60) 


7* = -S , 6^ 


= - 


-7 . 






(1.0.61) 


ing to the inner products 












J±(/* ^),|^')) = ^±(1^),^^ ^')), 




9 = 


(;: 


for/+ 
for /_ ' 


(1.0.62) 



related by 

^(^1^') = ^(^|*(-l)f *^') , F = (5*7. (1.0.63) 

We note that ±(1|1) = ±-|-(0|0), and we choose ±(0|0) = 1. The description in terms of 
states and inner products can be replaced by the dual ^-algebra picture that makes use 
of the projectors 

Po = |0)(0| = 1-5*7 = 1(1-257), (1-0.64) 

Pi = |l)(l| = 5*7 = i(l + 257), (1-0.65) 

and the trace operations 

Tr+(/) = 2/(0,0), (1.0.66) 

Tr_(/) = - /"rf7rf7/(7,7), (1.0.67) 



where / = /(7, 5) is Weyl-ordered and we use the Berezin integration rule J d'jd'-f '-ff = 1. 
Interestingly enough, comparing to bosons, the definitions of the traces Tr+ and Tr_ are 
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interchanged. For example, we have Tr_|_(Po) = Tr+(Pi) = 1 while Tr_(Po) = — Tr_(Pi) = 
1. Finally, one can show that 

Tr±((-l)f^/) = Tr^(/). (1.0.68) 

To this end, we first simplify 

d-fd^ficg= d-fd^fg, (1.0.69) 

using the fact that the terms in f -k g involving at least one contraction do not survive 
the integration, as can be seen directly by expanding / = /o + /i7 + /27 + /377, idem g. 
Then, from P = Pi it follows that 



n=l 



^Pi = l + (e*'^-l)Pi = l-2Pi = -2tiQ.70) 

so that, using (1.0.69), 

Tr_((-l)f^/) = - /rf7rf7(-277)/(7,7) = 2/(0,0) = Tr+(/) , (1.0.71) 



where integration is performed using 77 = 5(7)^(7). The converse, i.e. Tr+((— l)f t^t/) = 
Tr_(/), then follows by letting / -^ (— l)f ^ / and using (— l)f • (— l)f = (—277) -k 
(-277) = 1- 
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